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ABSTRACT

Suppose that E is a finite-dimensional Banach space with a polyhedral
norm || - ||, i.e., & norm such that the unit ball in E is a polyhedron. R"
with the sup norm or R® with the l;-norm are important examples. If D
is a bounded set in E and T': D — D is a map such that ||T'(y) — T(z)|| <
|y — z || for all y and z in E, then T is called nonexpansive with respect
to || - ||, and it is known that for each z € D there is an integer p = p(z)
such that lim; o T/?(z) exists. Furthermore, there exists an integer N,
depending only on the dimension of E and the polyhedral norm on E,
such that p(z) < N: see [1,12,18,19] and the references to the literature
there. In [15], Scheutzow has raised a question about the optimal choice
of N when E = R", D = K", the set of nonnegative vectors in R®, and
the norm is the l/;-norm. We provide here a reasonably sharp answer to
Scheutzow’s question, and in fact we provide a systematic way to generate
examples and use this approach to prove that our estimates are optimal
for n < 24. See Theorem 2.1, Table 2.1 and the examples in Section 3.
As we show in Corollary 2.3, these results also provide information about
the case D = R™, 1e., T : R®™ — R" is l;-nonexpansive. In addition, it
is conjectured in [12] that N = 2" when E = R™ and the norm is the sup
norm, and such a result is optimal, if true. Our theorems here show that
a sharper result is true for an important subclass of nonexpansive maps
T : Rl lloo) = Rl {loo)-
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1. Introduction

The structure of the set of periodic points of stochastic matrices and the con-
vergence properties of iterates of stochastic matrices are well understood. Here
we shall try to obtain (among other results) sharp analogues for ¢;-nonexpansive
mappings of the known stochastic matrix theory. One motivation for such a study
is to understand nonlinear analogues of diffusion on finite state spaces, and this
is the point of view taken in [1] and [15]. However, we are also motivated by a
variety of other applications described in {10, 11], where cone mappings g which
are nonexpansive with respect to Hilbert’s projective metric are described. After
an appropriate change of coordinate (see [13, pp. 529-530]), such maps are often
nonexpansive with respect to the sup norm on R".

We begin by recalling some standard notation and basic theorems. Fix a
positive integer n and define K® = {z € R® : z; > 0 for 1 < i < n}, the
nonnegative vectors in R". For z,y € R" we define a partial ordering by z < y if
andonlyify—z € K*. If D C R*, amap T : D — R" is called “order-preserving
on D” if, for all z,y € D such that z < y, one has Tz < Ty. If || - || denotes some
norm on D, amap T : D — R™ is called “nonexpansive” (with respect to || - ||) if
IT(z) = T(W)|| < ||z — y|| for all z,y € D. As usual, ||- ||, and || - ||co denote the

£;-norm and the sup norm respectively, so

lzlls =) |zl and |lolleo = max{|zi| : 1 < i < n}.

i=1

If E is a finite-dimensional vector space, a norm || - || on E is called “polyhedral”
if B = {z| ||z|| < 1} is a polyhedron. Equivalently, a norm ||-|| on E is polyhedral
if and only if there exist continuous linear functionals ¢y, ¢2,...,9m on E such
that forallz € E

llzll = sup{lpi(z)] : 1 < < m}.

Obviously, the £;-norm and the sup norm on R" are polyhedral. As already
noted, if E is a finite-dimensional vector space with a polyhedral norm || - ||, D
is a bounded subset of E and T : D — D is a nonexpansive map, then for
every = € D there exists an integer p = p(z) such that lim;_.o T/?(z) exists.
Furthermore, there exists an integer N, dependent only on the dimension of E
and the polyhedral norm, such that p(z) < N for all z € D. See [1, 12, 18] and

the references cited there.
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The case that E = R® and ||- || = || - || plays a crucial role in [12, 18]. This
is because any finite-dimensional vector space E with a polyhedral norm can be
imbedded by a linear isometry into (R™, || - |{co) for some m. It is proved in [12]
that for (R",|| - |c) one has

(1.1) N < 2%y(n),

where

(1.2) +(n) < n! (enlﬁ)"

However, it is conjectured in R” that N = 2", and it is not hard to show that
this estimate is, if true, best possible (see [12]).

In work in progress, R. Lyons and the author have sharpened the estimates
(1.1) and (1.2) for general n and also established some weak evidence that the
conjecture may be true. For example, we have proved the conjecture for n =
3 (n =1 and n = 2 are fairly easy cases).

If F is some subclass of the set of nonexpansive mappings T : D — D, where D
is a bounded set in a finite-dimensional Banach space E with a polyhedral norm,
it may be possible to refine the number N. Thus it may be possible to find a
number N, < N such that if T € F and z € D, there exists p = p(z) < N, such
that limj—o T7P(z) exists. In our work below we shall indicate an important
class F of such (nonlinear) maps in (R",|| - ||oo) for which N, < 2" (in fact, we
shall give a much sharper estimate for N,). Specifically, we shall consider maps
T which, for all vectors z and y in some subset D, of D, satisfy

(1.3) T(z Ay) = T(z) A T(y).
Here z A y denotes the minimum of two vectors z and y:
(1.4) zAy=2z wherez =z; Ay; = min(z;,yi).

It turns out that our theorems also apply to maps T : K® — K" such that
T(0) = 0 and T is nonexpansive with respect to the £;-norm. For this class of
maps our estimates for sup{p, : ¢ € K"} provide a reasonably sharp answer to
a question raised by Scheutzow [15]. In fact we shall show with simple examples
that our estimates are optimal for n < 24. A trick used by Scheutzow [16] also
provides estimates on sup{p, : z € R"} when T : R* — R" is {;-nonexpansive
and has a fixed point: see Corollary 2.3. However, we do not investigate the

optimality of our estimates in this case.
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2. Basic Estimates for the Periods of Periodic Elements

We begin by recalling some further definitions, notation and results. A map
T:D CR" — R" is called “integral preserving (on D)” if for all z € D,

n n
(2.1) Y (Tz)i =) =i,

i=1 =1
where z; denotes the ith component of z € R®. The map T is called “sup-
decreasing (on D)” if

(2.2) IT2)|lco € l|2]|lo  forallz € D.

KET:K"®—> K" or T:R™— R" and T is integral preserving, then it is a result
of Crandall and Tartar [5] (see, also, Ackoglu and Krengel {1} and Scheutzow
[15]) that T is nonexpansive with respect to the £;-norm if and only if T is order-
preserving. If T : R® — R* u = (1,1,...,1) and T(z 4 cu) = T(z) + cu for all
z € R and c € R, it is also proved in [5] that T is order-preserving if and only
if T is nonexpansive with respect to the sup norm.

If T : D — R™ and there exists ¢ € D such that T?(z) is defined (where T?
denotes the pth iterate of T') and T?(z) = z, then z is called “a periodic point
(with respect to T').” The minimal such integer p is called the “period of z”. If
T : D — D we shall say that “T has period p” if p is the minimal integer such
that limg_.oo T*P(z) exists for all z € D. As noted in [15] and as we shall see in
detail later, if T has period p, it need not be true that there exists z € D such
that z is periodic with respect to T and z has period p.

If S C R" is a finite set, we shall write

z =min{z |z € S}
to denote the vector whose ith component z; satisfies
zi = min{z; |z € S}.

If S = {y’ € R*|1 <j < p} we shall also write

P
min{yly € 5} = A v’

j=1
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If A C R" is a finite set, the lower semilattice generated by A is defined to be the
smallest set V such that A C V and such that for all vectors y € Vand z € V
one has y A z € V. One can easily verify that

V={z|z=min{y|y € §},5 C 4}.
Equivalently, if A = {y/ € R"|1 < j < p}, then V comprises all vectors z which

can be expressed in the form

?
z=/\yi*, where1 <4 <p forl1 <k <p.
k=1

One can see that V' has a minimal zg such that 2 < 2z for all z € V, namely
zo = min{z |z € 4}.

If y and z are vectors in R™, we write y < z if y < z and y # 2.
If V is as above and I' C V and there exists { € V such that z < ¢ for all
z € T, then we define maxy(T'), the maximum of I in V, by

maxy(l') =min{( € V|{ > z2forallz€T}.

Notice that maxy(I') may differ from the maximum of 'in R*. fy €V, y is
called irreducible if

(21) y>maxv{(eV|(<y} =2
and, following [15], we define
(2.2) I(y) = {i]yi > z}.

The minimal element 2o € V is defined to be irreducible. The height of a vector
z € V, h(z), is defined by

(2.3)

h(z) = sup{k|Je; € V,0< j < k—1, suchthat eg < e; < ez <--- < -1 < z}.

We define h(zg) = 0 for the minimal element. As noted in [15], a simple induction
on h(z) shows that for every z € V,

(24) z = maxy {2 € V|z < z and z irreducible}.

One reason for studying the lower semilattice V is provided by the following
result of Scheutzow [15].
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LEMMA 2.1 (Scheutzow [15]): Let T : K® = {z € R : z > 0} — K™ be
a nonexpansive map with respect to the £;-norm and suppose T(0) = 0. Let
z € K™ be periodic with period p and let V be the lower semilattice generated
by A = {T'(z)|j > 0}. Then T(V) C V and for all y,z € V one has

(2.5) T(y A z) = T(y) AT(2).

Mappings which satisfy (2.5) on V need not be £;-nonexpansive. For example,
if A is a given n X n matrix, define a map T : R® — R" by

(2.6) (T(z))i = m}n(aij + z;).

The map in (2.6) arises in many applications, e.g., statistical mechanics {3, 4, 7]

and operations research [6, 9]. One can easily check that
T(yAz)=T(y)ANT(z) forally,z€R"

and
Ty+cu)=T(y)+cu forally €eR", ceR,

where u = (1,1,...,1). It follows from our previous remarks that T' is nonex-
pansive with respect to the sup norm on R”.

Motivated by the above remarks we shall consider the following situation: T :
D c R* - R"is a map and £ € D is a periodic point of T of period p. Let
A= {T¥():0 < j < p} and let V be the lower semilattice generated by A
and assume that T can be extended to V in such a way that (2.5) is satisfied for
all y,z € V. In this framework Scheutzow [15, Theorem 3.1] has proved that p
divides £em(1,2,...,n). (If S is a set of positive integers, fcm (S) will denote the
least common multiple of the integers in S and ged(S) will denote the greatest
common divisor of the integers in S.) If y € V is irreducible (as an element of
V), and the period of y is g, it is also proved in [15] that ¢ < n. fy € V is
irreducible and the period of y is g, then T7(y) is irreducible for all j > 0 and
I(T7y) N I(T*y) is empty for 0 < j < k < g, where I(n) is defined by eq. (2.2).

If, in the framework above, S denotes the set of periods p, of irreducible
elements y € V, we shall now find a variety of restrictive conditions on §. We

begin with a simple lemma.
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LEMMA 2.2: Let X be a set with a partial ordering < andT: D C X - X a
map which preserves the partial ordering: ¢ <y implies Tz < Ty. Assume that
& € D is a periodic point of T with period p. Then no two distinct elements of
A = {T¥(€)|0 < j < p} are comparable, i.e., if z,y € A and = # y, it is not true
that z < y.

Proof: The partial ordering is assumed such that a < band b < eimplya=15
and a < band b < ¢ imply a < ¢. If there exist z,y € A, z # y, such that
r < y, then there exists r, 0 < r < p such that y = T"(z) > z. Using the

order-preserving property of T, we find
(2.7) T (z) < TUV"(z) for all j > 0.

On the other hand, T'|A is one-one, so using that y # 2 we deduce that equality
does not hold in (2.7) for any j > 0. It follows from this fact, from (2.7) and
from properties of the partial ordering that

(2.8) TiN(z) # T*(z) for0<j <k

Equation (2.8) implies that the cardinality of A is not finite, a contradiction.
|

PROPOSITION 2.1: Let T : D C R® — R™ be a map and suppose that £ € D
is a periodic point of T of period p. i A = {T(¢)|j > 0} and V is the lower
semilattice generated by A, assume that T has an extension to V such that

T(zAy)=T(z)AT(y) forallz,yeV.

Then there cannot exist irreducible elements y',y?,...,y" of V, with periods
P1,P2,...,Pr respectively, such that p; > 1 for 1 < i < r, ged(pi,p;) = 1 for
1<i<j<randXi,p;>n

Proof: Suppose, to the contrary, that there exist irreducible elements like
y',4%,...,y". We already know that I(T%y*) N I(Ty*) is empty for 0 <i < j <
pr. Suppose we can prove that I(T*y*) N I(T’y*) is empty whenever 0 < i <
Pk, 0<j <p,and 0 <k < s <r. Then the sets I(T'y*),0<i<pp,1<k<r,
are pairwise disjoint, nonempty subsets of {1,2,...,n}, and there are Bicipi>n
such sets. This is impossible.
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Thus fix k and s with 1 < ¥ < s < rand i and j with 0 < ¢ < p; and
0 < j < p, Ifwewriten = Ty*),{ = T/(y*),A = ps and p = p,,n and
¢ are irreducible elements of V' of periods A > 1 and p > 1 respectively and
ged(), p) = 1. It remains to prove that I(n)NI(¢) is empty. Suppose not and fix
m € I(n) N I(¢). It must then be true that n < ¢ or ¢ < 7 (we know that { # ¢
because A # u). If not, we have (( An) < ¢ and ({ An) < n and this implies that

CADm <(m and ((AN)m < 0m,

which is impossible. For definiteness assume that n < (. We know that T/ is
order-preserving on V; and because T?|V is the identity, T~! = T?~! is also
defined and order-preserving on V. For any integers a and g it follows that

1= Tn) < T*N(Q) = ToNA(().

Because \ and u are relatively prime, for any integer v with 0 < v < p, we can
find integers a and B so

v =al+ .

By replacing £ by some power of T applied to {, we can assume also that

(<¢&
It follows that

n<T()<T"() for0<v<p and
(2.9) n <min{T*(£): 0 < v < p}.

However, the right-hand side of (2.9) is the minimal element and a fixed point
of T. It follows that 5 is the minimal element of V' and a fixed point of T, and
this contradicts the assumption that the period of 1 is greater than one, and we
conclude that I(n) N I({) is empty. |

Remark 2.1: In the notation of Proposition 2.1, let S = {m|m is the period of
an irreducible y € V}, so we know S C {1,2,...,n}. H¢=fcm(S)and y € V is
irreducible, it follows that

(2.10) T9(y) = y.
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Since we know that
(2.11) ¢ = maxy{y € V|y < £ and y irreducible},

it follows easily from (2.10) that
T 2 ¢

Lemma 2.2 now implies that T9(¢) = £, so p divides q. Since Proposition 2.1
imposes restrictions on the possible sets S, we already know more than just p
divides fcm(1,2,...,n). |

PROPOSITION 2.2: Let notation and assumptions be as in Proposition 2.1. There
2 ...,w™t of V of periods p;,p2,-- -, Pr+1
respectively such that w! < w*! for1<j<randp; >rfor1<j<r+1 and
ged(pi,pj) dividesr for 1 <t <j<r+1.

do not exist irreducible elements w!, w

Proof: Suppose, to the contrary, that irreducible elements w/ as above exist.
We know that w™! < T*¢ for some k, and by replacing £ by T*¢ we can assume
that

(2.12) wt! < ¢.
If 1 <j <r and a and 8 are any integers we have
w! = TPi (w') < TP (witly = ToPi+BPi1 (i +1y,
and since ged(pj, pj+1) divides r, we conclude that for any integer m we have
(2.13) w! < T™(wit?),
Taking j = r, we conclude from (2.12) and (2.13) that
w" <T™(€) forallmeZ.

Now choose k, 1 < k < r, and assume, by way of induction, that there exist
m;,1 < ¢ < k, with m; = 0, such that m; is not congruent to m; mod r for
1<i<j<kand

(2.14) wt=k < T™rmi(e) forall meZ andfor 1<j<k.
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Because w™t!~* € V, we know that there exist integers i, 1 < j < p, with
0 <ij < p, such that

(2.15) w1 F = min{T%(¢): 1< j < p}.

If every integer i,,1 < s < p, is congruent to some mj, mod r, then (2.14) and
(2.15) imply that

(2.16) wHF = min{T™+™i(¢):meZ and 1<j <k},

and using (2.16) and (2.5) we see that

(2.17) T (w1 k) = w1k,

Eq. (2.17) contradicts the assumption that p; > r for 1 < j < r + 1. It follows
that there exists an integer i,, which we relabel m;41, such that

(2.18) wTh < T (g)

and such that mi4; is not congruent to m; for 1 < j < k.
Using (2.13) and (2.18) we conclude that

wF < Tmrm(E) form € Z,
and since we already know that
wk <k <Tmi(E) formeZ, 1K<k,

the inductive step is complete. It follows that (2.14) is valid for k¥ = r which
implies that

(2.19) w' < min{T?(¢) : j € Z}.

Because the right-hand side of (2.19) is the minimal element of V' and because
w! € V, we have equality in (2.19) and w? is a fixed point of T, which contradicts
the assumption that p; > r. |

If one knows more information about the numbers ged(pi,p;) in Proposition
2.2, then the conclusion of Proposition 2.2 can be refined. There are many
examples of such results. Our next lemma presents only one such sharpening of
Proposition 2.2, but it is a refinement which we shall need later. The reader may
want to concentrate on the case p = 2 in the following proposition. The proof

becomes transparent then and various technicalities vanish.
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PROPOSITION 2.3: Let notation and assumptions be as in Proposition 2.1. There
do not exist irreducible elements w’ in V of periods pj,1 < j < m + 1 with the
following properties: (a) w! < w/*! for 1 < j < m, wherem = p? —~p+1
and p > 2 is an integer, (b) ged(pi,p;) dividesr = p2 for1 <i<j<m+1,
(c) there exists an integer t,0 < t < m, such that gcd(pm+1—t,p;) divides p for
1<j<m+landj#m+1l-tand(d)p;>p*=rforallj#m+1—1tand
DPm+1—t > P.

Proof: We can assume w™*! < £, We shall assume that the Proposition is false
and obtain a contradiction. First assume t = 0. For notational convenience write

A = P and g = prpq1. For any integers o and § we have
Tm\(wm) —w™ < TaA(wm+1) —= Tw\+ﬁp(wm+l).

Because gcd(pm+1-¢, p;) divides p for j # m+1—t, we derive that for any integer

v we have
w™ < Tvp(wm+1)) < T”p(f)

Writing r = p?, it follows that there exist integers mj = (j —1)pfor 1< j <p
such that m; and m; are not congruent mod r for 1 <i < j < p and

w™ < TYMi(¢) for v€Z and 1<j<p.

Furthermore, because py, > r, the same argument used in Proposition 2.2 shows
that there exists an integer m,4; such that m,; is not congruent mod r to m;
forl1 <j<pand

w™ < T™eH(§).

Now, arguing just as in Proposition 2.2, we see that for 0 < k¥ < m — 1 we have
wm k< TVMi(¢) forveZ, 1<j<p+k,

where m; and m; are not congruent mod r for 1 < i < j < p+ k. Taking
k=m—1,s0 p+k = r, the above inequality implies that

w! <TI(¢) foralljeZ

As in Proposition 2.2, this implies that w? is a fixed point of T, which contradicts
n>r.
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Next consider the case t = m. If we apply the argument of Proposition 2.2 to
the points w’,2 < j < m + 1, and note that 2 = m + 1 — p(p — 1), we see that
there exist integers uj,1 < j < m = p(p — 1) + 1, such that yu; is not congruent
topujmodrforl1<i<j<mand

(2.20) w? <TH(E) for1<j<m.
Since ged(p1,p2) divides p, the argument used in Proposition 2.2 shows that
(2.21) w! <TYPHHi(E) for 1<j<m andall veZ.

It follows that, by replacing u; by g + n;r for an appropriate integer n;, we can
assume 0 < p; < r, and eq. (2.21) will still hold and it will be true that u; # ux
for 1 < j <k < m. If wedivide S = {;|1 < j < m} into equivalence classes
by saying that p; is equivalent to pg if pj = pi (mod p), then each equivalence
class can contain at most p elements because pu; < p? for all j. Since there are
p(p — 1) + 1 elements in S, we conclude that for each integer k with 0 < k < p,
there exists j such that p; = k (mod p). Using this fact and (2.21) we conclude
that w! < TY(¢) for all j. This implies that w! is the minimal element of V' and
that p; = 1, a contradiction.

It remains to consider the case 0 < ¢t < m. Arguing as in Proposition 2.2, we
see that

w2t < TUmi(€) forally €Z and 1<j<t-1,

where m; and m; are not congruent mod r for 1 < i < j < ¢ — 1. Furthermore,

there exists m,, not congruent to m; mod r for 1 <1 <t — 1, such that
wm+2—t < ng (E).

Let k be an integer such that kp < t < (k + 1)p. First consider the case
t = kp. The same argument used in the case t = m shows that there are integers

n;j,1 < j <k, such that n; is not congruent to nj mod pfor 1 <i<j < k and
wmtt < T (&) for1 <5<k

(Each n; equals an appropriately chosen m;.) Writing A = pmy1-¢ and y =
Pm+2—¢ and recalling that ged(), u) divides p, we find that for any integers o and

B we have
wm+1—t = Tax(wm+l—i) < TaA+ﬂu(wm+2—t)
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and
wm+1—t < Tvp(,wm+2—t) < Tup+n,~ (E)s

forall v € Z and 1 < j < k. Because A > p, the usual argument implies that
there exists an integer ni4; such that ngy; is not congruent to n; mod p for
1<j<kand

wm+1—t < Tn""’l(f).

Because ged(pm+1-t, Pm—t) divides p, the same argument used above shows that
(2.22) w™Tt < TUPHTi(E) forveZ, 1<j<k+1

We clearly have £ < p— 1, and we can assume 0 <n; < pfor 1 <j<k+1. If
k = p—1, (2.22) implies that w™™* is the minimal element of V, contradicting
the assumption that pm—¢ > p%. (This part of the argument is also valid if
kp <t < (k+1)p.) If £ < p—1, consider all integers of the form n; + ip
for 1 < j <k+1andfor 0 <:¢< p. There are p(k + 1) such integers and
if we label them v; for 1 < i < (k + 1)p,v; is not congruent to v; mod r for
1 <i < j < (k+1)p. Furthermore, if we write 7 = kp + 1, we have

(2.23) wmtITT < V() for1<i<T4(p-1), vELZ

Now the same argument used in Proposition 2.2 shows that, for kp+1 <7 < m,
there are integers v;,1 < ¢ < 7+ (p—1), such that v; is not congruent to v; mod
rfor1<i<j<7+4(p—1). Taking r =m ineq. (2.23),s0 7 +(p—1) = r?,
we obtain a contradiction as in the proof of Proposition 2.2.

It remains to consider the case kp < t < (k+1)p, k < p—1. In this case
we see by the argument used in the case ¢t = m that there are k + 1 integers
n;,1 < j < k+1, such that n; is not congruent ton; mod pfor1 <: <j < k+1
and

w2t < Thi(E) for1<j<k.

The same argument as in the case t = kp shows that
w™tI=t < TV () forallveZ, 1<j<k+1.

Furthermore, because A > p, there exists an integer ng4o such that ngys is not
congruent to nj mod pfor 1 < j <k+1and

wm+l—t < Tre+3 ({)
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Just as in the case t = kp we find that
(2.24) w™t S TYPHRi(E) forveZ, 1<j<k+2

I k42 > p, (2.24) implies that w™~* < TJ(¢) for all j and w™~* is the minimal
element of V, a contradiction. Thus we can assume k + 2 < p. We can also
assume that 0 < nj < pfor 1 < j < k+2. As before consider the (k + 2)p
integers nj +ip,1 < j < k+2,0 < i < p, relabel them v;,1 <4 < (k +2)p, and
note that v; is not congruent to vj; mod r for 1 <i < j < (k +2)p. Also, setting
T = (k + 1)p, we see that

(2.25) wmtT < W™t < TVH(E) forveZ, 1<j<T+0p.

As in the case t = kp, eq. (2.25) is valid for (k + 1)p < 7 < m with integers
v;j,1 < j < 7+ p, which are pairwise incongruent mod r. Taking 7 =m — 1, we
find that 7 + p = r and that w? is the minimal element of V. Because p; > 1,w?
is not the minimal element of V, and this contradiction completes the proof.
|

Our interest in Propositions 2.2 and 2.3 derives from the fact that one can
determine conditions which imply that some given set of irreducible elements in
V is totally ordered. Our next lemma describes one such set of conditions. For

notational convenience, define, for y € V,
(2.26) Uy T) = y) = {T'(v) |5 2 0}

PROPOSITION 2.4: Let notation and assumptions be as in Proposition 2.1. As-
sume that y?,1 < j < s, is a set of irreducible elements of periods ¢; >
1,1 < j < s (Weallows = 0, in which case {y’|1 < j < s} is empty.)
Assume that 25,1 < j < r+1, is a set of irreducible elements of periods
pj > 1,1 < j <r+1. Assume that ged(gi,gj) = 1 for 1 <4 < j < s and
ged(gi,pi) = 1for 1 <i < s and 1 < k < r+1. Suppose that Q(z') N Q(27) is
empty for 1 <t < j <r+1. (Note that the latter condition is automatically
satisfied if p; # pj for 1 <i < j <r +1.) Finally, suppose that

3
pit+p; >""ZQI:
k=1
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for 1 i< j <r+1. Then there exists a permutation o of {1,2,...,r+1} and
integers k; with 0 < k; < p; for 1 < j < r +1, such that if w' = T (27) for
j = o(i), then w* < wit! for 1 < i < r. (Note that w' is an irreducible element

of V of period p,(;y.)

Proof: The argument used in Proposition 2.1 shows that if ( and n are irre-
ducible elements of V' of periods p; and p; respectively with p; > 1 for i = 1,2
and ged(p1, p2) = 1, then I(¢) N I(n) is empty. Applying this observation we see
that the sets I(T%(y?)),0 < i < gj,1 < j < s, are pairwise disjoint and nonempty,

F ] q’. —1 - .
= iy
r=u [ U e
i=0
contains at least m = T}_,¢; elements. Furthermore, the same argument shows

that I(T*(2/)) NT is empty for k € Z and 1 < j < r + 1. Thus I(T*(z7)) is

contained in I, where
I'={j|1<j<n,j¢T},

and I'" has n — m elements.
We first prove the Proposition in the case r = 1. We know that if z = 25k =1
or 2, then
I(Tiz)NI(T'(z)) =0 for0<i<j<pi

Suppose that for all i and j with 0 < i < p; and 0 < j < p; it is not true that
Ti(2') < T*(2?) and it is not true that T7(z?) < T%(z'). For convenience, fix i
and j and put ( = TY(2?) and 5 = T*(2!). Since we know that ( # 7, we are
assuming that ( An < ( and { An < n (otherwise { < 5 or < (). It follows that
I(¢)NI(n) is empty: if k € I(¢)NI(n), we would have {xAnx < (i and (x Ak < k.
Thus we are assuming that the nonempty sets I(T%27),0 < i < p;,j = 1 or 2, are
pairwise disjoint. However, there are p; + p2 > n — m such sets and each such set
is contained in I, which has n — m elements. This is impossible, so there exist
1,0 < i< p; and 7,0 < j < ps, such that

(2:27) Ti(2') < T(2?) or Ti(2%) < T'(2%).

Thus we have proved the lemma for r = 2. By applying T?*~* to both sides of
(2.27), we see that we can also take ¢ = 0 in (2.27). Also, the same argument
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shows that for z* and 2/ with 1 <i < j < r+1, there exists v = v(i, j) such that
0 <v < pjand

(2.28) T2 <z' or 2 <T"Z.

By using mathematical induction, we can now assume, by permuting z;,2 <
j < r+1, and applying powers of T, that 2/ < z/*! for 2 < j < r. For every
7,2 € j <r, there exists k;,0 < k; < p;, such that

Tr (') <2 or 2 <Thi(z?).

If TF3(2!) < 22, we let w! = T*2(2!) and w’/ = 27 for j > 2 and we are done.
Similarly, we are done if T*r+:(z!) > 2z™1. Otherwise, let m > 2 be the first
integer such that

T*(2') < 2™.

By definition we have that
TH(2') > 28 for 2<j<m,
8o
Thm (1) = 0™ 1 = Thm=kmo1(Thm-151) 5 Thn—km-1(;m=1) = ym=2,
Thus, if we define w’ =2/ for m < j <r+1 and
Thm(21) = ™1

and
Tkm—km—l(zm—j) = wm—j—l for 1 S ] S m - 2)

the conditions of the Proposition are satisfied. 1

The condition in Proposition 2.4 that

L]
Pitpi>n—) a
=1
for all 7, such that 1 < ¢ < j < r+1 is too restrictive for some of our applications.
Our next proposition gives another of the many possible variations of the theme

in Proposition 2.4.
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PROPOSITION 2.5: Let notation and assumptions be as in Proposition 2.1. As-
sume that m > 2 andr > 2 and that, for 1 < j <m+r—1, 2’ is an irreducible
element of V of period p; > 1. Assume that (z*) N Q(27) (see eq. (2.26)) is
empty for 1 <i<j <m+r —1. Suppose that

m
Zp,->n and pj+pr>n forall j#k

J=1
with 1<j<m+r—-1, m<k<m+r—-1

Then there exists a one-one map ¢ from {j|1 < j <r+1} to {j|]1 < j < m+r-1}
and integers k;,0 < kj < p;, for 1 < j < m+r — 1, such that if w' = T% (27),
where j = o(1), then w* < w't! for1 <i <.

Proof: Consider the sets I(T%(z')) for 1 < i < mand 0 < a < p;. By
assumption there are 72, p; > n such sets, and they are all nonempty. We also
know that I(T(z*)) N I(T?(2')) is empty for 0 < a < B < p;. A simple counting
argument implies that there are integers ¢ and j with 1 <1 < j < m and integers

0 < a < p; and 0 < B < pj such that
I(T*(z")) N I(TP(27)) # 0.
As we have seen this implies that
T*(2) < TA(2F) or TH(27) < T*(2").
Assuming for definiteness that the first inequality holds, we define v' = T(2%)
and v? = T#(z) and write ¢ = p; and g, = p;. Thus we have v! < v? and v* is
irreducible with period ¢z, k = 1,2.

We now work only with v,v? and the r —1 elements 2* form <k <m+r—1.
We know that p, + pr >nform<s<k<m+r—1and

q+pr>n and g@+pe>n for m<k<m+r-1L

It may happen that ¢; + g2 < n, but this will be irrelevant because we already
know that v! < v2. If we now apply the argument of Proposition 2.4, starting
with z™*1, we find that after relabeling v*!,v?, and Z*m<k<m+r—1and

applying powers of T' we obtain the conclusion of Proposition 2.5. 1

If S is a nonempty subset of {j : 1 < j < n}, we now place several conditions

on S which are motivated by Propositions 2.1-2.5.
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CONDITION A: S does not contain a subset @ such that (1) ged(s,j) = 1 for
all 4,5 € @ with ¢ # j and (2) Zieqi > n.

CONDITION B: S does not contain disjoint subsets ¢ and R which satisfy the
following properties: (1) ged(,7) = 1 for 1,5 € Q with i # j. (2) ged(s,k) =1
foralli € Qand k € R. (3) Rhasr +1 elements, r > 1,7 > r for all ¢ € R,
and ged(i, j) divides r for all 4,7 € R with i # j. (4) i + 7 > n — (Zxeqk) for all
i, € Rwith i #j.

The possibility that Q is the empty set in Condition B is allowed. In that case
conditions (1) and (2) in B are vacuous and Lzeqk = 0.

A little thought shows that if S satisfies condition B (with r = 1) then S
satisfies condition A, but we prefer to state condition A separately for simplicity.

CoNDITION C: S does not contain disjoint subsets @ and R with the following
properties: (1) ged(i,j) = 1 for all 4,7 € Q such that i # j. (2) ged(, k) = 1 for
alli € Q and k € R. (3) R has m + 1 elements wherem = p> —p+1 and p > 2
is an integer and ged(i, j) divides r = p? for all ¢,7 € R with i # j. (4) There
exists ¥ € R such that ged(y,) divides p for all j € R,j # v, and v > p and
j>ptforj#4. (5)i+j >n—(Treqk)foralli,j € R withi#j.

CONDITION D: S does not contain a set R with the following properties: (1)
R={pjli<j<m+r—1}, wherem >2,r 22, andp; #pjfor 1 <i<j <
m+r—1. (2) ged(pi,p;) divides r for 1 <i < j<m+r—1and p; >r for
1<i<m+r—1 (3)ZR,p; > nand pj + px > n for all j # k such that
1<j<m+r—-landm<k<m+r-1L

K S C {j|1 < j < n} wesay that S is “admissible for n” if S satisfies conditions
A,B,Cand D. If § C {j|l £j < n} and S is admissible for n, then one can
check that S is admissible for n + 1; but it may happen that S is admissible for
n + 1 and not admissible for n.

We define an ad hoc function ¢(n) by

(2.29)  ¢(n) = sup{lem(S)| S € {1,2,...,n} and
S satisfies conditions A, B, C and D }.

We have (1) = 1, and the values of (n) are tabulated in Table 2.1 below for
n < 24. Because the fact that S is admissible for n implies that S is admissible
for n+1, we have that p(n) < ¢(n+1). It is also clear that if § C {j : 1 < j < n}
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and Zjesj < n, then S is admissible for n, and this implies that

(2.30) ¢(n) > sup{lem(S)|S C {1,2,...,n}, Y _j <n} =4(n).

j€s
The function ¥(n) in (2.30) is the maximal order of an element of the permutation
group on n letters.

THEOREM 2.1 : Let T : D C R" be a map and suppose that £ € D is a periodic
point of T of (minimal) period p. If V is the lower semilattice generated by

A={T(®)|j 20},
assume that V C D and that
T(zAy)=T(z)AT(y) forallz,yeV.

Then p divides lem(S), where S C {j|1 < j < n} is some set which satisfies
conditions A, B, C and D. Furthermore, p < ¢(n), where p(n) is defined in
(2.29).

Proof: For each z € V, let p, denote the period of z. Let
S1 = {p: |z € V,z < £ and z is irreducible}.

We know (see Remark 2.1) that p divides lem(S;). Hlem(S;) =1,81 = {1} =S,

and we are done. Otherwise, take S = S; — {1} and note that p divides lem(S).
We claim first that S satisfies condition A. If not, there are irreducible elements

¥/ in V,1 < j < m, of periods pj,1 < j < m, such that ged(p;i,p;) = 1 for

1<i<j<mandpj >1lforl<j<mandI%,p; >n. (In the notation of

condition A, @ = {p; : 1 < j < m}.) However, this contradicts Proposition 2.1.
We next claim that S satisfies condition B. If not, let

Q={gj|l1<j<s} and R={p;|1<i<r+1}

be sets satisfying (1), (2), (3) and (4) in condition B and let y/,1 < j < s, be
irreducible elements in V of period ¢;,1 < j < s, and 2°,1 < i < r+1, be
irreducible elements of periods p;,1 < i < r+ 1. Proposition 2.4 implies that, by
permuting the z* and applying appropriate powers of T, we can assume 2* < z*+1
for 1 <1 < r. Under these operations the corresponding periods are permuted



364 R. D. NUSSBAUM Isr. J. Math.

and it remains true that gcd(p;,p;) dividesr for 1 <i < j <r+1and p; > r for
1 < i < r+ 1. However, Proposition 2.2 asserts that this is impossible,

The proof that S must satisfy condition C follows as above if one uses Propo-
sition 2.3 instead of Proposition 2.2. Details are left to the reader.

If S fails to satisfy condition D and R is as in condition D, then there are
irreducible elements 27,1 < j < m 4+ r — 1 with periods pj,1 < j <m+r—1,
such that R = {p;} satisfies conditions (1), (2) and (3) in D. By using Proposition
2.5, we obtain irreducible elements w',1 < i < r + 1, of periods p; > r such that
w' < wt! for 1 < i < r and ged(pi,p;) divides r for 1 < i < j < r+1. This
contradicts Proposition 2.2.

It follows that S is admissible for n and obviously p < lem(S) < p(n). ]

We tabulate (Table 2.1) the values of ¢(n) for 1 < n < 24 and indicate admis-
sible sets S for which ¢(n) = lem(S).

Even for relatively small values of n like 23 or 24 it is not a trivial matter
to compute ¢(n) by hand, so it may be worthwhile to indicate a verification
procedure for this table. One can check that S = {6,14,16,20} is admissible
for n = 20, so ©(20) > 1680. Because ¢ is monotonic, it suffices to prove
that ¢(23) = 1680 in order to verify that p(j) = 1680 for 20 < 7 < 23. I T
is a set which is admissible for n = 23 and T # {1}, lem(T) is a product of
terms chosen from 2%, 0 < o <4,3%, 0<8<2,57,11,13,17,19 and 23.
By a laborious case-by-case analysis, one can show that if T contains an odd
number j > 9, then lem(T') < 1680; it is easiest successively to eliminate odd
numbers in order of decreasing size. It follows that if lem(T") > 1680, T contains
only even numbers and odd numbers j < 7. If 22 € T and lem(7) > 1680,
note that condition A and the fact 11 ¢ T imply that T contains only even
elements. Again, a case-by-case analysis shows that, if 22 € T and T contains
only even integers, then lem(T') < 1680, so if lem(T) > 1680,22 ¢ T. Note that
lem(6,8,14,22) = 1848, and T = {6,8,14, 22} satisfies conditions A, B and C,
but not D, so condition D is needed. Similarly, condition C is needed to eliminate
T = {12,16,20,22}. Another case-by-case analysis shows that if lem(T") > 1680,
then 18 ¢ T. Thus one can show that if lem(T') > 1680 and T is admissible for
n = 23, then T contains no odd integer j > 9 and 18,22 ¢ T. It follows that 9,
11, 13, 17, 19 and 23 cannot be factors of lem(T'), so

lem(T) <16 x 3 x 5 x 7= 1680.
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Table 2.1: Values of p(n) for 1 <n < 24

" p(n) n o(n)

1 1 13} 120

2 2 = lem(2) 14| 168 = lem(8, 12,14)
3 3 =lem(3) 15| 180 = lem(9,12,15)
4| 4=1m@) |16] 336 =1m(12,14,16)
5| 6=1lm(23) [17]| 420 = lem(3,4,10,14)
6| 12=lem(4,6) |[18| 420

7| 12 19| 840 = lem(5,8,12,14)
8| 24=1m(6,8) |20] 1680 = lem(6,14,16,20)
9 24 21| 1680

10| 60 = lem(4,6,10) |22| 1680

11 60 231 1680

12| 120 = lem(8, 10,12) | 24 | 2640= Icm(16, 20,22, 24)

Theorem 2.1 provides constraints on the possible period p < ¢(n) of a periodic
point £ of T. We illustrate one such constraint.

COROLLARY 2.1: Let notation and assumptions be as in Theorem 2.1. If py
and p, are distinct prime numbers and a and (8 are positive integers such that
oy +pf > n and plpg > n and p§ > pf, it follows that p #pi’pg.

Proof: Suppose not, so p = p‘l”pg . We know that p divides lem(S), where

S = {p: |z € V,z <,z is irreducible of period p.}. It follows that there must
be irreducible elements z and y in V of periods m;p§ and mgp.“,9 respectively,
where m; and m; are integers and mypf < n and mgp.f < n. We know that
208 > p? + p«f > n, som; = 1. Condition A implies that p§ and mgpg must have
a common factor. It follows that p; divides my, which contradicts the assumption

that plp,i,9 >n. |

A typical application of Corollary 2.1 and Theorem 2.1 is that, for n = 12, the
number p in Theorem 2.1 is never equal to 115 for j > 2, an integer.

In view of the difficulty of computing ¢(n) precisely, it is important to have
upper and lower bounds for ¢(n). As usual, we denote by [z] the greatest integer
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m < z. We define (m) = lem({j|1 < j < m}).

PROPOSITION 2.6: If o(n) is defined by eq. (2.29), then

(2.31) p(n) < nlem({j]1 < j < [Z]}) = nb(Z)),

(2:32) p(n) 2 Rem({jlL < j < [T]+1}) = 26((] + 1).
Furthermore, we have, for all n,

(2.33) o(n) < nexp(1.03883[§]) and p(n) < 2"
Given any € > 0, we have, for n sufficiently large,

(2:34) p(n) < nexp((1+¢)(7]).

Proof: Suppose that S C {j|1 < j < n} satisfies condition A. It suffices to prove
that
lem(S) < nﬂ([g]).

If j € S and j < [n/2], then j divides 6([n/2]). If [n/2] < j < n and j = mym,
where m; > 1,m; > 1 and ged(my, m2) = 1, it follows that m; < [n/2] and m;
divides 6([n/2]) for ¢+ = 1 or i = 2 and therefore j = mym; divides 8([n/2]). If
j € S, the only remaining possibility is that j = p{', where p; is a prime and
[n/2] < p§ < n. However, there can be at most one such element in S; for if
k€ Sandk=p?, where p; is a prime and [n/2] < k <nand k # j, then p; # p2
and ged(j, k) = 1 and j + k > n, which contradicts condition A. It follows that
either (a) lem(S) divides 8([n/2]) (if S does not contain an element j = p§ such
that p; is a prime and [n/2] < j < n) or (b) lem(S) divides p§'6([n/2]), where p;
is a prime and [n/2] < p{ < n. In either case, (2.31) is satisfied.

Next define T' = {2j]1 < j < [rn/4] + 1}. In order to prove (2.31), it suffices
to prove that T satisfies conditions A, B, C and D because then ¢(n) > lem(T).
Condition A is obvious, since all elements of T are divisible by 2. If condition
B fails the set @ in condition B must be empty and the number r in B satisfies
r > 2. But then the set R must contain at least 3 elements and at least two of
these elements must be less than or equal to 2[n/4]. However, this contradicts
the assumption that ¢ + j > n for all ¢, € R,i # j, and condition B is satisfied.
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Essentially the same argument shows that condition C is satisfied; details are
left to the reader. To see that condition D is satisfied, suppose not and let
pj € T,1 <j <m+r~1, be as in condition D. Because m > 2 and r 2> 2 it
follows that p; < 2([n/4] — 1) for some j,1 < j <m+r—1. If j < m, select k
so that m < k < m +r —1 and observe that p; + pr <n. fm<j<m+r -1,
select k so that 1 < k¥ < m and again observe that p; + px < n. Thus we obtain
a contradiction in either case, and we conclude that condition D is satisfied.

It is a classical result (see Theorem 12 in [14]) that

6(m) < exp(1.03883m) forall m >1.
Furthermore, given ¢ > 0, there exists an integer m, such that
6(m) < exp((1+¢)m for all m > m,.

Thus, the first part of eq. (2.33) and eq. (2.34) are immediate consequences of
eq. (2.31).

Table 2.1 shows that ¢(n) < 2" for n < 24, and it is a simple calculus exercise
(left to the reader) to prove that

nexp(1.03883[n/2]) < 2" for alln > 16.

We conclude that ¢(n) < 2" for all n. [ |
As an immediate consequence of Theorem 2.1 and our earlier remarks we have

COROLLARY 2.2: Let K" = {z € R"|z > 0} and let T : K™ — K™ be a map
such that T(0) = 0 and T is nonexpansive with respect to the £;-norm on R™.
Then, for every ¢ € K™, there exists an integer p = p, such that limi_,o, T*?(z)
exists. The integer p divides lem(S) where S C {j|1 < j < n} is a set which
satisfies conditions A, B, C and D. It is also true that p < ¢(n), where ¢(n)
is defined by eq. (2.28), tabulated in Table 2.1 for n < 24 and estimated in
Proposition 2.6 for general n.

Theorems 4.1 and 4.3 in [15] suggest that results like Corollary 2.2 can be used
to provide information about the case of an £;-nonexpansive map T : R” — R".
Unfortunately, this author and Michael Scheutzow have independently observed
an error in the proof of Theorem 4.1 in [15]. However, Scheutzow has provided
an elegant correction in [16], and with the results of [16] and Corollary 2.2, we

can study the case of an ¢;-nonexpansive map 7 : R — R".
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COROLLARY 2.3: Let T : R® — R" be a map which is ¢1-nonexpansive and
has a fixed point zo. Then, for every z € R", there exists a minimal integer
p = p, such that limg_,o, T*?(z) exists. The integer p divides £em(S), where
S C {j:1<j<2n} and X is admissible for 2n. It is also true that p < ¢(2n),
where ¢ is defined by eq. (2.28).

Proof: By replacing T by S™!T'S, where S(z+2,), we can assume that T'(0) = 0.

For notational convenience we write
K* ={(y,2):y,2 € K"}.
Scheutzow defines an isometry v of R® into K" by
y¥(z) = (z vV 0,—(z A 0)).
K I' ¢ K?® denotes the range of v, it is observed in [16] that there is an ;-
nonexpansive retraction p of K2" onto I' given by
p(y,2) =((yV2)-2(yVz)-y).

Thus, if we define T} : K*® — K" by

Ti(€) = (YT~ 'e)(€),

T1(0) = 0,T; is £;-nonexpansive and
Tj =Tiy"p.

Using these observations and Corollary 2.2, we obtain the conclusions of Corollary
2.3 from the known results for Tj. |

The next corollary also follows immediately from our previous results.

COROLLARY 2.4: Let E = (R",|| - ||) be a finite-dimensional Banach space of
dimension n with a polyhedral norm || - ||. Assume that D C E is a bounded
set and T : D — D is a map which is nonexpansive with respect to || - ||. Let
D O D be a set such that for all z,y € D,z Ay € D. Assume that T has an
extension T : D — D such that T(z A y) = T(2) AT(y) for all z,y € D. Then
for every x € D, there exists an integer p = p, such that limj—.c T*P(z) exists.
The integer p, divides lem(S), where S is some set which is admissible for n.
Furthermore, we have p; < @(n) < 2" for all n where ¢(n) is defined by eq.
(2.28). (See also Table 2.1 and Proposition 2.6.)
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Remark 2.2: KT : E — E is nonexpansive with respect to ||-|| and T has a fixed
point w, then the bounded set D in Corollary 2.3 can be taken to be D = Br(w),
the ball of radius R and center w.

As a very special case of Corollary 2.4, we mention a class of examples which

arises in many applications (3, 4, 6, 7]. ]

COROLLARY 2.5: Let A be an n x n matrix, define A by

k
1 . . . .
(235) A= inf{;Zaj..jmu <ji<nfor1<i<k+1andjrs1 =1}
i=1
and assume A = 0. (The inf in eq. (2.35) is taken over all k > 1 and all sequences
{31,725, k+1} satisfying the given conditions.) Define T : R® — R" by

(2.36) (T(z))i = min(a;; + z;).

Then for every z € R™ there exists an integer p = p, such that limg_,o T""(z)
exists. There exists a set S, admissible for n, such that p divides lem(S), and
Pz < p(n), where @(n) is defined in eq. (2.29) and p(n) < 2".

Proof: We have already noted that T is nonexpansive with respect to || « ||oo,
that T(z 4+ cu) = T(z) + cu for all z € R" and ¢ € R(v = (1,1,...,1)), and
T(zAy) = T(z) AT(y) for all z and y in R™. If ) is defined by (2.35), it is known
[3] that there exists w € R™ such that

Twy=Au+w, u=(1,1,...,1),

so if A = 0, T has a fixed point in R™. Corollary 2.5 now follows immediately
from Corollary 2.3 and Remark 2.2. |

Remark 2.3: If minj(a;j) = 0 for 1 < ¢ < n, one can easily check that T'(0) =0
and A = 0, and the general situation (for A = 0) reduces to this case by a change

of coordinates. [ ]

Remark 2.4: The estimate p, < ¢(n) is not best possible for the class of maps
in Corollary 2.4. It is proved in [13] that if T is given by eq. {(2.35) and A = 0, so
T has a fixed point, then there is a set S C {k|1 < k < n} such that Z;csj <n
and such that if p = lem(S), then limg_,0o T*?(z) exists for all z € R”. In [13]
the set S is described in terms of the matrix A = (a;;). In particular this proves
that p < y(n) for ¥(n) as in eq. (2.30). This also proves a conjecture which was
made by R. B. Griffiths (8] in response to a question from this author. ]
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3. Examples Concerning the Optimality of Estimates for Periods

In this section we wish to give some systematic ways of constructing integral-
preserving, order-preserving maps T : K™ — K™. We shall use these examples
to prove that ¢(n) is a best possible upper bound (in the context of Theorem
21)for1<n <24,

In order to save space we collect our hypotheses. We shall always denote by u
the vector in R® such that u; =1for 1 <i<n.

Definition 3.1: A map T : K™ — K" satisfies H3.1 if T is integral-preserving
and order-preserving and T(cu) = cu for all ¢ > 0. |

All of our subsequent examples will satisfy H3.1. Recall that if T satisfies H3.1,

T is nonexpansive with respect to the £;-norm and T is sup decreasing,.

LEMMA 3.1: Suppose that n = mr, where m and r are positive integers, and
consider K™ as the r-fold Cartesian product of K™. If f : K™ — K™ satisfies
H3.1 and T : K™ — K™ is defined by

(3'1) T(yl’ yz’ M ] yr) = (f(yr)’ yl’ yz’ L ] yr_l ),

wherey’ € R™ for1 < j < r, then T satisfiesH3.1. If 27 € K™ is a periodic point
of f of period pj for 1 < j <r and if Uz) N Q(z*) isempty for 1< j <k <r
(see eq. (2.26)), then z = (2',2%,...,2") is a periodic point of T of period
rlem({p;[1 < j < r}).

Proof: We leave to the reader the easy verification that T satisfies H3.1. Because
Q(27) N Q(2*) is empty for j # k, one can see that T7(z) cannot equal z unless j
is a multiple of r. Furthermore, we have that

T'"(2) = (f*(z"), £(z%),..., f*("))-
Thus the smallest value of s such that T°"(z) = z must be divisible by p; for
1<j<rs0s=lem({p;l1 <j<r}} |
Note that if p; # pi for j # k, then Q(2) N Q(2*) is empty for j # k.

The proof of the next lemma is trivial and is left to the reader.

LEMMA 3.2: Suppose that n = m + r, where m and r are positive integers, and
consider K™ as the Cartesian product of K™ and K™. If f : K™ — K™ and
g: K™ — KT both satisfy H3.1 and if T : K™ — K™ is defined by

T(y,z)=(f(y),g(z)), yE€EK™, z€ K,
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then T satisfies H3.1. If j € K™ is a periodic point of f of period p, and 7 € K"
is a periodic point of g of period p;, then T = (¥, %) is a periodic point of T of
period lem(py, p2).

With the aid of Lemmas 3.1 and 3.2, we can already show that the estimate
P < p(n) is optimal for 1 <n < 11.

LEMMA 3.3: For 1 < n < 11, there exists a map T : K™ — K" such that T
satisfies H3.1 (see Definition 3.1), and T has a periodic point z of period ¢(n)
(see Table 2.1).

Proof: For 1 < n < 5 it suffices to take T to be an appropriate permutation.
Since ¢(6) = ¢(7) = 12,¢(8) = ¢(9) = 24 and ¢(10) = ¢(11) = 60, it suffices,
by using Lemma 3.2 with » = 1 and ¢ the identity on K7, to prove Lemma 3.3
for n = 6,8 and 10.

By Lemma 3.1, it suffices, for n = 6, to find a map f : K3 — K3 which satisfies
H3.1 and has periodic points § and z in K® of period 3 and 2 respectively. For
then the map T in eq. (3.1) will have period 2 lem(3,2) = 12. If f is defined by

fr v, ) =((w V) + (@A) - Ly, (A +(y2V1)-1),

f satisfies H3.1, and if § = (2,1,1) and Z = (1,0,1), ¢ and Z have period 3 and
2 respectively. (Recall that a V b = max(a,b).)

Since 24 = 2 lem(4, 3), Lemma 3.1 shows that to prove Lemma 3.3 for n = 8, it
suffices to find a map f : K* — K* which satisfies H3.1 and has periodic points
# and 7 of periods 4 and 3 respectively. Such a map is provided by

Fly1,v2,93,94) = ((ys A1)+ (ya V1) — 1L,y1,¥2,(ys V1) + (ys A1) = 1),

with § = (2,1,1,1) and z = (1,0,0, 1).

Finally, since 60 = 2 lem(6,5), Lemma 3.1 shows that to prove Lemma 3.3
for n = 10, it suffices to find a map f : K% — K5 which satisfies H3.1 and has
periodic points § and Z of periods 6 and 5 respectively. A map of this type is
given by

f(z1,22,23,24,25) = ((za V1) + (25 A1) — 1,21,22,(z3 A1)+ (z5 V1) — 1,24)

with § = (2,1,1,2,1) and Z = (1,0,0,0,0). W
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The example of a map T which we have constructed here for n = 6 can be
shown to be equivalent, by a change of variables, to an example in [15].

To continue further it seems useful to have a more systematic way of generating
examples of maps satisfying H3.1. In the following work we modify our notation
slightly and define

(3-2) K}={z€eR"|2>0} and K ={zecR"jz<0}.

LEMMA 3.4: If S : R? — R? is defined by
(3.3) S(z1,22) = ((z1 V 0) + (z2 A 0),(z1 A 0) + (z2 V 0)),

then S? = S o S is an integral-preserving, order-preserving, sup-decreasing re-
traction of R? onto K2 UK? = D?.

Proof: I f and g are any two integral-preserving, order-preserving maps of R"
into R™ or K™ into K™, it is easy to see that go f is integral-preserving and order-
preserving. One can check that S is integral-preserving and order-preserving, so
S? is also. A direct calculation shows that if z € K3 or K2, then §%(z) = z. It
remains to prove that $%(z) € K2 UK? forallz € R%. If z € R? and z; 2 0
and 22 <0, a calculation gives

(z1 +22,0) if 2142220,

S%(z) =
(=) {(0,371 +z2) if 7 +22<0,

so S?(z) € D?. A similar calculation applies if z; < 0 and z; 2> 0, so S%isa
retraction onto D2.

Because S%(cu) = cu for all ¢ € R,u = (1,1), and S? is order-preserving, one
obtains that [|S?(2)]|leo < ||z]loo for all z € R2. |

Our real interest, of course, is in proving the analogue of Lemma 3.4 for R".

THEOREM 3.1: K K} and K" are defined as in eq. (3.2) and if D" = K} UK?®,
there exists an integral-preserving, order-preserving, sup-decreasing retraction p
of R" onto D™.

Proof: For1<j,k<nandj #k, define a map Sj; : R® = R" by

Si(z) =y,
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where
yi=z; fori#5,k y;i=(xjV0)+(zx A0) and yx=(z;A0)+ (zxVDO0).

Because Sj; is integral-preserving and order-preserving, S;‘-’k is also, and a calcu-
lation as in Lemma 3.4 shows that S7,|D" is the identity map. If { € R" and
n= S?k(ﬁ), one can also verify as in Lemma 3.4 that if £, = 0 for some r, then
7 = 0; and if £;&x < 0, either n; =0 or g = 0.

We have already proved Theorem 3.1 in the case n = 2 in Lemma 3.4, so
assume by induction that the theorem is true for R®~! n > 3, and consider R®
as R! x R*"1. Let o be the integral-preserving, order-preserving retraction of
R"*~! onto D™~! and define 7 : R® — R" by

7(z1,2') = (21,0(c')), z€R, ' eR"L

Note that 7 is integral-preserving and order-preserving and 7|D" is the identity
map. Similarly Sfj is integral-preserving and order-preserving for 2 < j < n and
S3;|D™ is the identity map. Define a map p by

(3’4) pP= 53251235?4 cee S?nTa

where composition of maps is indicated in (3.4). We know that p is integral-
preserving and order-preserving and p|D" is the identity, so it suffices to prove
p(R™) C D*. For z € R™, define 7(z) = £, so we know §; > 0 for all j > 2
or ¢; < 0 for all j > 2. For definiteness assume that {; > 0 for 2 <j < n. If
&1 2 0,p(z) € K} and we are done, so assume §; < 0. If §; +£, 2 0, a calculation
gives

an(é) = (0,627&%' . a£n-—la§1 + £n) € Dn,

so p(z) € D™ and we are done. Thus we assume that £, + &, <0, so

S3.(8) = (&1 +én, &2y .- €n—1,0).
Applying the map S%,_; we see that if {1 + € + €n—1 > 0, then
Stao1Sta(6) = (0,62,6s, - €n-2,61 + En1 + £, 0) € D",
so p(z) € D™ and we are done. Thus we can assume that §; +£n-1 +£n < 0 and

S%n—-lsfn(g) = (61 + En—l + €m£2, se ,fn—'.’a 0, 0)
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Continuing in this way we see that if, for j > 3,

then
(35) Sl2] ce S?n(f) = (El + Zﬁhfﬁ&h vee afj—laoaoi v ,0) )
k=j

where the final n — 5 + 1 coordinates on the right side of (3.5) equal zero and
& + I5_;& < 0. Thus we either obtain that S5%;+++ 5%,(£) € D for some j >3,
so p(z) € D, or

5%...8%,(6)¢ D and

S?ﬁisfn(f) = (El +E€k’62’0a"-’0> = (71’772:0’"',0) =1

k=3

where 7; < 0 and 72 > 0. But now a calculation gives

(077)‘1 +"72v0)--- ’0) if M +7’2 g 07

s, ={ :
an() (m +12,0,0,...,0) if 5, +n2 <0.

In either case S2,(n) = p(z) € D", and the proof is complete. (The map p is
sup-decreasing because p is order-preserving and p(cu) = cu for all real c.) n

Remark 3.1: An examination of the proof of Theorem 3.1 shows that we have
proved that the retraction can be chosen to be a composition of some of the maps
S |

Qur next theorem is an extension of Theorem 3.1.

THEOREM 3.2: Let aj,0 < j < k, be a strictly increasing sequence of real
numbers with ap = 0. For 0 < j < k define

Bj={z € K"aju<z <aju} and Bi={z€ K"|oyqu <z}

and

>+

I
o
R
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Then there exists an integral-preserving, order-preserving retraction r of K™ onto
B.

Proof: First assume that k = 1, let p be a retraction as in Theorem 3.1 and
define r(z) by

r(z) = p(z — aqu) + ayu.
Because p is integral-preserving and order-preserving, r is also. Thus we have,
forz € K™,

r(z) 2 r(0) = p(—aqu) + oyu = —a1u + ayu = 0.

Because p(z — ayu) € D} U D™, we can thus say that r(z) € By or r(z) € B.
Also if z € By or By, then z — aju € D2 or D} and p(z ~ ayu) = z — a;u and
r(z) = z. Thus r is the desired retraction.

Assume, by way of mathematical induction, that we have proved the theorem
for some k > 1. Let ;,0 < j < k+1 be a strictly increasing sequence of real
numbers with ag = 0. Let B; be as defined in the theorem and define B} by

B;- ={z € K"|aju <z <ajpu} for0<j<k, B;;_H ={z|z 2 ap41u}.
By induction there exists an integral-preserving, order-preserving retraction
k
o: K" — U B;.
=0
Let p be the retraction in Theorem 3.1 and define p; by

p1(z) = p(z — ar414) + oryu.

Define a map r by

r(z) = o(p1(2)).
Because p; and o are integral-preserving, order-preserving maps of K™ to K™, r
is also. We claim that r is a retraction of K™ onto B’ = Uf:(}B.’,-.

If z € K®, we must prove that r(z) € B'. If { = p;(z), we know that £ > az41u
or £ < agyru. In the first case, o({) = £ € By, because o leaves elements of
By fixed. If € < ag414, we know that 0(¢) € B and o(§) < o(ar41u) = ar414,
and these two facts imply that o(£) = r(z) is an element of BU}_, B C B'.

We leave to the reader the routine verification that r|B’ is the identity map.

By induction, the proof is complete. |

Our immediate motivation for proving Theorems 3.1 and 3.2 is the following
result.
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THEOREM 3.3: Suppose that for1 < j <r, f; : K™ — K" is a map which
satisfies H3.1 (see Definition 3.1) and f; has a periodic point z? of period p;.
Then there exists a map T : K™ — K" which satisfies H3.1 and has periodic
points €7 of period p; for 1 < j < r. Furthermore, Q(¢7,T) N Q(€¥, T) is empty
for1<j<k<r.

Proof: Select a positive number f; such that
zj<,3ju forl1<;j<r-1
Define a9 = 0 and a; = 2;9:1[3,- for 1 < k < r —1. Define B; by
Bj ={zlaju <z < aj;u} for0<j<r-—1 and B, ;= {z|ay-1u < z}.
Define ¢/ = z7 + aj—1u for 1 < j <r and for z € Bj_; define
F(z) = fi(z — ajqu) + aj_qu, 1<j5j<r

Because B; N By is either empty or consists of a single point of the form cu and
because fj(cu) = cu for all ¢ > 0 and 1 < j < r, the map F is well-defined on
B = U;;(l, B;. Using in addition the order-preserving property of f;, one sees that
F(B;) C Bj for 0 < j <r —1. It is also not hard to verify that F is integral-
preserving and order-preserving as a map of B to B and that ¢/ is a periodic
point of F of period pj. By Theorem 3.2 there exists an integral-preserving,
order-preserving retraction r of K™ onto B. lf one defines T = For, T satisfies

H3.1 and ¢’ is a periodic point of period p; of T. |

With the aid of Theorem 3.3 we can complete the proof that the upper bound
p(n) is optimal for 1 < n < 24.

THEOREM 3.4: For each n,1 < n < 24, there exists an integral-preserving,
order-preserving map T : K™ — K™ such that

T(cu) = cu for all ¢ > 0,
u = (1,1,...,1), and T has a periodic point z of period ¢(n). (The function
¢(n) is defined in eq. (2.29) and tabulated in Table 2.1.)

Proof: We have already proved Theorem 3.4 for 1 < n <11 in Lemma 3.3.
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For n = 12, note that ¢(12) = 120 = 2 x (12 x 5). By Lemma 3.1 and Theorem
3.3, it suffices to find a map T : K® — K® which satisfies H3.1 and has periodic
points y and 2z of period 12 and 5 respectively. We have already proved that
there exists f; : K® — K°® which satisfies H3.1 and has a periodic point of period
12, and there is clearly a permutation f; : K¢ — K® which has a periodic point
of period 5. The existence of T now follows from Theorem 3.3.

Since ¢(13) = ¢(12) = 120, the existence of T : K3 — K3 which satisfies
H3.1 and has a periodic point of period 120 follows from Lemma 3.2 and the
corresponding result for n = 12.

Since p(14) = 168 = 2 x (7 x 12), it suffices by Lemma 3.1 and Theorem 3.3
to find maps f; and f, of K7 into K7 which satisfy H3.1 and possess periodic
points of period 12 and 7 respectively. However, we already know there is such
a map with periodic point of period 12 and there is a permutation f; which has
a periodic point of period 7.

Since ¢(15) = 180 = 3x lem(4, 5,6), it suffices, with the aid of Lemma 3.1 and
Theorem 3.3, to find maps fi, f and f3 of K® into K® which satisfy H3.1 and
have periodic points of periods 4,5 and 6 respectively. Clearly, the maps fi, f2
and f3 can be taken to be appropriate permutations.

For n = 16, we know that ©(16) = 336 = 2 x (7 x 24), so by the same argument
already used, it suffices to find maps f;, f; of K8 into K® which satisfy H3.1 and
have periodic points of period 24 and 7 respectively. Again, we already know
there is such a map f1, and the map f; can be taken to be an appropriate
permutation.

Since ¢(17) = ¢(18) = 420, the usual argument using Lemma 3.2 shows that
it suffices to find an example for n = 17. By Lemma 3.2 it suffices to find a map
f1 : K1® - K which satisfies H3.1 and has a periodic point of period 60 and
amap f; : K — K7 which satisfies H3.1 and has a periodic point of period
7. We already know that f; exists and f; can be taken to be an appropriate
permutation.

We know that there is a map f; : K'? — K'? which satisfies H3.1 and has a
periodic point of period 120, and there is clearly a permutation f, : K” — K’
which has a periodic point of period 7. It follows by Lemma 3.2 that there is
amap T : K — K'® which satisfies H3.1 and has a periodic point of period
840 = ¢(19).

Since ¢(n) = 1680 for 20 < n < 23, it suffices as usual to find a suitable map
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T : K20 — K?°, Because 1680 = 2 x (40 x 21), Lemma 3.1 and Theorem 3.3 show
that it suffices to find maps f; and f; of K° to K9 such that each map satisfies
H3.1, f1 has a periodic point of period 40 and f, has a periodic point of period
21. The map f; can be taken to be an appropriate permutation. To prove the
existence of a map like f;, we apply Lemma 3.1 and Theorem 3.3 again. Since
40 = 2 x (5 x 4), it suffices to find maps g; and g; of K® into K® which satisfy
H3.1 and possess periodic points of period 4 and 5 respectively. The maps g1
and g2 can be taken to be permutations of order 4 and order 5 respectively.

We know that ¢(24) = 2640 = 2 x (120 x 11), so by Lemma 3.1 and Theorem
3.3, it suffices to find maps f; and f; of K2 into itself which satisfy H3.1 and
have periodic points of period 120 and 11 respectively. A map like f; is already
known to exist and f2 can be taken to be a permutation of order 11. |

Remark 3.2: Lemmas 3.1 and 3.2 and Theorem 3.3 can be used in general to
construct maps T : K™ — K™ which satisfy H3.1 and have periodic points of a
given period p < p(n). In this way one obtains a lower bound for ¢(n). Thus, if
n = 28,9240 = 2 lem(140, 33), and using Lemma 3.1 one finds that there exists a
map T : K*® — K?® which satisfies H3.1 and has a periodic point of period 9240
if there exist maps f; : K'* — K4, = 1,2 which satisfy H3.1 and have periodic
points of period 140 and 33 respectively. There is a permutation map f; and in
R of order 3 x 11. Also, there are permutation maps g; and gz in R” of orders
10 and 7 respectively, so Lemma 3.1 implies that there is a map f; : K¢ —» K4
which satisfies H3.1 and has a periodic point of period 140 = 2 lem(10,7). It
follows that (28) > 9240, and with further effort one can actually prove that
¢(28) = 9240. Similarly, one finds that ¢(48) > 2((2640) x 17 x 7) = 628320.
|

Remark 3.3: For n > 1, let P(n) denote the set of positive integers p such that
there exists T : K™ — K™ which satisfies H3.1 and has a periodic point of period
p. f r > 2 divides n and py,ps,...,pr are elements of P(n/r), we know that
r lem({p;|1 < j < r}) € P(n). Similarly, if n; and ny are positive integers such
that ny + n, = n and py € P(ny) and p; € P(ny), then lem(py,p2) € P(n).
Finally, of course n € P(n). Is it true that every element of P(n) arises in one of

these ways? |
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