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ABSTRACT. In this paper we obtain theorems which give the Hausdorff dimen-
sion of invariant sets for a family of contraction mappings which are infinites-
imal similitudes on a complete, perfect metric space. We work in a setting
similar to that of Mauldin and Williams [13] but the underlying space is not
assumed to be finite dimensional and the maps are more general than simili-
tudes. We use the theory of positive linear operators and generalizations of the
Krein-Rutman theorem to obtain formula for the Hausdorff dimension as the
nonnegative real o for which the spectral radius of certain positive operators
L+ equals one. We also obtain results for the case of infinite iterated function
systems.

1. INTRODUCTION

Given N contraction mappings 6;, 1 < i < N, on a complete metric space (X, d),
there exists a unique, nonempty compact set C' such that C' = Ufil 0;(C). Cis
called an invariant set or an attractor for the family {6;}2,. A general problem is
to obtain theorems which allow the accurate estimation of the Hausdorff dimension
of C. A well studied case is when the maps 6; are “similitudes”, i.e., when for
1 < i < N, there exists 7, 0 < r; < 1, with d(6;(z),60;(y) = r.d(x,y) for all
z,y € X. If, in addition, X is a normed linear space with metric d derived from
the norm on X and if the similitudes 6; are onto maps (which is necessarily true
if X is finite dimensional), then a theorem of Mazur and Ulam (see [14] or [23])
implies that each 6; is an affine linear map. Moran [15] and Hutchinson [7] have
studied the case that each 6;, 1 < i < N, is an affine linear similitude on a finite
dimensional normed linear space X. Provided the “pieces” 6;(C) do not overlap
too much, they have proved that the Hausdorff dimension of C' is the same as the
“similarity dimension” « and is determined by the equation Ef\il rg = 1. More
precisely, one needs the “open set condition”, i.e., the assumption that there exists
a nonempty, open set U such that the sets ;(U) are contained in U and are pairwise
disjoint. Mauldin and Williams [13] have generalized the idea of “self-similarity” to
“graph self-similarity” which allows a larger class of sets like C', but still the maps
in question are affine linear similitudes. Schief [22] works in a setting similar to ours
and considers similitudes on general complete metric spaces and obtains analogous
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results. Interestingly, he has shown that in this generality, the open set condition is
no longer sufficient and must be strengthened to the “strong open set condition”.

It is of considerable interest (see [2, 3]) to allow maps #; which may not be
affine linear. For example, in studying subsets of R defined by properties of their
continued fraction expansions, one is led to maps 6; : [0,1] — [0,1] defined by
0;(x) = (x +m;)~, m; a positive integer.

In this paper we shall consider a complete, perfect metric space (X, d) and maps
0; : X — X,1<i< N, where 0; is a contraction mapping and an “infinitesimal
similitude” (instead of a similitude) for 1 < ¢ < N. If G is a bounded open subset
of C, 0; : G — G is analytic and §;(G) C Gfor 1 < j < N and X = U;V=1 0;(G)
with appropriate metric d, we obtain an important example for which the mappings
f; : X — X are contractions and infinitesimal similitudes. For the general definition
of infinitesimal similitudes and their properties, see the beginning of Section 3. If
C denotes the nonempty, compact invariant set for {6;}¥ ; and if 6,(C) and 6,(C)
are disjoint for 1 < i < j < N, we shall obtain below a formula for the Hausdorff
dimension of C. In fact, we shall obtain such a formula in a setting similar to
that of Mauldin and Williams, but using contractions and infinitesimal similitudes,
rather than affine linear contractions which are similitudes.

The classical Krein-Rutman theorem (see [8]) considers a positive (in the sense
of mapping a suitable cone to itself), compact, linear map T : X — X which has
positive spectral radius r and asserts the existence of a positive eigenvector v with
T(v) = rv. Generalizations, particularly allowing noncompact T, can be found in
[1, 9, 18, 19, 21]. Our approach in this paper will be to use generalizations of the
Krein-Rutman theorem. To each nonnegative real ¢ we shall associate a positive
linear operator L, on a Banach space Y of continuous functions. We shall prove
that L, has a positive eigenvector with eigenvalue r(L, ), the spectral radius of L.
We shall prove that o, the desired Hausdorff dimension, is the unique value of ¢ > 0
for which r(L,) = 1. We shall not use the thermodynamic formalism. Curiously, we
have found no references to the Krein-Rutman theorem in the Hausdorff dimension
literature, despite its relevance. Analogues of the operator L, we consider are
sometimes called “Perron-Frobenius operators” or “Frobenius-Ruelle operators”,
although the theory originally developed by Perron and Frobenius is restricted to
matrices with nonnegative entries, and generalizations to infinite dimensions pose
substantial difficulties.

For the convenience of the reader we shall now state our main theorem in the
simpler setting of iterated function systems on a compact, perfect metric space. For
the more general case see section 3.

Let (S,d) be a compact, perfect metric space. If § : S — S, we shall say that
6 is an infinitesimal similitude at ¢ € S if for any sequences (sy), and (t), with
sk # ty for k> 1 and s — t, t — t, the limit

. d(B(sk), 0(tk)) _

(1.1) klggo Asetr) (DO)(t)

exists and is independent of the particular sequences (si), and (t;),. We shall say

that 6 is an infinitesimal similitude on S if # is an infinitesimal similitude at ¢ for
allt € S.

Assume that for 1 < i < N, 6; : S — S is a Lipschitz map with Lipschitz

constant ¢; < ¢ < 1. Then we know that there exists a unique, compact, nonempty
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set C' C S with

Assume the map 60; : S — S is an infinitesimal similitude on S and the map
t — (D0;)(t) is a strictly positive Holder continuous function on S for 1 <4 < N.
For o > 0, define L, : C(S) — C(95) by

N

(1.2) (Lo f)(t) = D ((DO:)(1)7 f(6:(1)).

i=1

It follows (see Theorem 5.4 in [19]) that L, has a strictly positive eigenvector u,
with eigenvalue equal to the spectral radius (L, ) of L,. We also have the following
lemma.

Lemma 1.1. The map o — r(Ly) is continuous and strictly decreasing. Further-
more, there is a unique og > 0 such that r(Ls,) = 1.

We are now ready to state the theorem about the Hausdorff dimension of the
invariant set C.

Theorem 1.2. Let 6; : S — S for 1 < i < N be infinitesimal similitudes and
assume that the map t — (D0;)(t) is a strictly positive Hélder continuous function
on S. Assume that 0; : S — S is a Lipschitz map with Lipschitz constant ¢; < ¢ < 1
and let C denote the unique invariant set such that

Further, assume that 0;, 1 <1i < N, satisfy
0;(C)N0O;(C)=0 for1<i,j<N,i#j

and are one-to-one on an open neighborhood of C'. Then the Hausdorff dimension,
dim(C) of C is given by the unique oo such that r(Ls,) = 1.

To see that this is a special case of our general theory of later sections, let
V={1},£={1,2,...,N} and ' = V X £ in the terminology below.

We should remark that our proofs require that the pieces 6;(C), 1 < i < N,
be pairwise disjoint. It would be very interesting to find variant arguments which
allowed some overlap. For instance, we do not know if the strong open set condition
is sufficient to get the results in this generality.

The paper is organised as follows. In §2 we introduce the basic set up and prove
the existence of the invariant set. In §3 we discuss the Perron-Frobenius operators.
In §4 we give the main theorems about the Hausdorff dimension of invariant set.
In §5 the results are extended to infinite iterated function systems. In §6 we show
that choosing the appropriate metric give a large class of examples of iterated
function systems to which our theory can be applied. For instance, we discuss the
Carathéodory-Reiffen-Finsler (CRF) metric on bounded open subsets of C.
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2. INVARIANT SETS

Let V and & be finite sets and for each v € V' let (S,,d,) be a complete metric
space. Let I'" be a subset of V x &, and o : I' — V. For each (v,e) € T, let
O(v,e) : Su — Sa(v,e) be a Lipschitz map with Lip(6, ) < ¢ < 1. Recall that a
map ¢ : (S1,d1) — (S2,ds) is said to be Lipschitz if there is a constant ¢ such that
da(9(s),9(t)) < cdy(s,t) Vs, t € Sy, and

Lip(®) := sup{W :s8,t€81,s ;ét}.

Notation and assumptions will be as in the preceding paragraph for the remainder
of the paper. We shall keep in mind two important particular cases.

Example 2.1. (Mauldin- Williams graph) Let V be the set of vertices and £ be
the set of edges of a directed multigraph. Let i(e) and ¢(e) denote the initial and
terminal vertices of edge e € £. The set T is defined by (v,e) € T" if and only if
v = t(e). The map « in this case is a(v,e) = i(e). See chapter 4.3 in [4] for a
discussion of the Mauldin-Williams graph.
Example 2.2. Let (T,d) be a bounded complete metric space. Assume T =
UZ:1 Ty, , where each T}, is closed subset of T and T, N1} = () for k # I. For
1 <i<m,let 6 :T — T be a continuous map such that 0;(Ty) C T, r),
1 < k < p, where v(i,k) € {1,2,...,p}, and Lip(0;|T;) < ¢ < 1. In this case, we
take V={k:1<k<p}, Spy=Tpfor 1<k<p E={i:1<i<m}, T =VxE.
The map a(k,i) = v(i,k),1 <k <p,1 <i<m,and O ;) = 0;|Tk.

For w € V| define

I, ={(v,e) €T :a(v,e) =u}
and
E,={e€&:(u,e) eT}.

For n > 1, define

I = {[(vi,€e1),. .., (Un,en)] : (vs,€5) €T, a(vigr, €i41) = 05,1 < i <n—1}.
For u € V,n > 1, define

an) = {[(Ula 61)7 ceey (Una e’n)] € F(n) : Oé(U]_,@]) = U}

Define Voo = {u eV : r{ £0 Vn>1}.

Before we prove the next theorem we need to recall the definition of the Hausdorff
metric. Let (S,d) be a complete metric space. If A C S, we define the diameter of
A by

diam(A) = sup{d(s,t) : s,t € A}.

We shall say that A is bounded if diam(A) < co. For A C S and s € S we define

d(s,A) = inf{d(s,a) : a € A}.
If AcC S and é >0, we define Ns(A) by

Ns(A)={se S:d(s,A) < d}.
If A and B are nonempty, closed, bounded subsets of S, we define

D(A,B) =inf{0 > 0: A C Ns(B) and B C Ns(A)}.

If B(S) denotes the collection of nonempty, closed, bounded subsets of S, then it
follows that (B(S), D) is a metric space. The metric D is called the Hausdorff
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metric. It is known (see [16], Exercise 7, pages 280-281) that if (S, d) is a complete
metric space, then (B(S), D) is also a complete metric space.

Theorem 2.3. Let V.E,T',a be given as before, and 0, ) : Sy — Sa(v,e) be a
Lipschitz map with Lip(0(,.¢)) < ¢ < 1 for all (v,e) € T. Assume I'y # 0 for all
u € V. Then there exists a unique list (Cy)vev of nonempty closed bounded sets
C, C S, such that

(2'1) Cy= U e(v,e) (C

(v,e)€ly,

for allu € V. Furthermore, C, is indeed compact for allv € V, so we may remove
the closure in the above equation.

Proof. Let B(S,) denote the collection of closed, bounded nonempty subsets of
S, with the Hausdorff metric D,. Then since S, is a complete metric space,
we know that B(S,) is a complete metric space. So the finite cartesian product
[I,cv B(Sy) with the sup metric is also a complete metric space. Define the map

@ : H’UEV B(SU) - HUEV B(S'U) by

O(A)ver) = | U bo(A)

(v,e)eTl, wev

Note that for any u € V, U(v,e)el‘u 0(v,¢)(Ay) is nonempty because I', is nonempty
by assumption, and A, is nonempty for each v € V. Also it is bounded because
0(v,e)(Ay), being the image of bounded set A, under a Lipschitz map 0,), is
bounded, and a finite union of bounded sets is bounded. Thus the map © is well
defined.

We claim that © is a contraction map. Let A = (A4, )yey and B = (B,)yev be
in [],cy B(Sy). Then D(A, B) = max,cy Dy(Ay, B,) and

D(©(A),0(B)) =maxDy | | J bue(dn), | 0ueB

ueV
(v,e)€ly (v e)ely,

Let § > D(A, B), and take any (v,e) € Ty, a, € A,. Since D,(4,,B,) <
D(A, B) < 4, there exists b, € B, such that d,(a,b,) < . Then

du(a(v,e) (av)a a(v,e)(bv)) < Cdv(avv bv) < cd.
This shows that (J, .)er, O(v,e)(Av) is contained in a cé-neighborhood of
U a(v,e)(B
(v,e)ely

Similarly we can prove the other way. So,

D, U a(v e) U a(v e) <cd

(v,e)€Ty, (v e)el,

for all w € V. Hence, D(©(A),0(B)) < ¢d. Since 6 > D(A, B) was arbitrary, we
have proved that D(©(A),0(B)) < cD(A, B).
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Therefore we have a contraction map © on a complete metric space. By the
contraction mapping theorem, © has a unique fixed point, say (C,)ycy. Thus we
have Cu = U(v,e)el"u 9(1,76)(01,).

To see that C, is compact for all v € V' let us restrict the map © to [], o K(S,),
where IC(S,) denotes the collection of nonempty compact subsets of S, with the
Hausdorff metric D,. It is a straightforward exercise to prove that [], ., K(S,) is
a closed subset of the complete metric space [], .y B(Sy), so [, e K(Sy) is itself a
complete metric space. Then © maps the complete metric space [], o K(S,) into
itself, and is a contraction map as seen above. Thus © has a unique fixed point in
[T,ev K£(Sy). The fixed point must be the same as (C,)yev, since otherwise the
original map © would have two fixed points. Therefore C,, is compact for all v € V,
and the theorem is proved. O

Remark 2.4. The assumption ', # @) for all w € V in the above theorem may be
too strong for some examples. A weaker assumption under which we can prove the
existence of an invariant list is Vo # (). Note that I';, # @ for all v € V implies
Voo =V, 50 Vo # 0.

First we claim that u € V, implies that there exists v € V,, with (v,e) € T,
for some e € £. Suppose not. Then for all (v,e) € Ty, v ¢ V. This implies,

since V is a finite set, there exists n > 1 such that FS)”) = () for all (v,e) € T,,.

But since u € V., there exists [(vi,e1), (v2,€2),..., (Vnt1,€nt1)] € Fq(L"H), which
implies [(ve,e2),..., (Vnt1,€nt1)] € FE,?) and since a(vi,e1) = u, (v1,e1) € Ty.

This contradicts T\ = @ for all (v,e) € T'y,. Hence the claim.
Now consider the map © : [[,cy.  B(Su) — [[,ev. B(Sy) by

@((AU)UEVDO) = U e(v,e) (Av)

(v,e)ely,
V€V UEVie

Note that © is well defined because of the above claim. Again by the contraction
mapping theorem, we have (Cy)yev..,Cy C S, is compact such that

Cu = U 9(1),@) (Cv)

(U1€)€F’(l/
veEV

Equ}valently, under Athe assumption that Yoo # (), all we have Adone is replace V'
by V i= Vo, T by I' := {(v,e) € T'jv € V} and a by & := «|I', and then apply
Theorem 2.3.
Remark 2.5. Applying the previous result to Example 2.2, we get nonempty com-
pact sets Cy C T}, for k € V, such that

Cv=|J 06i(C) for k € Ve

v(i,l)=k
1€V

If we let C' = Ulevoo Cj, then C' is a nonempty compact set and it satisfies

C:G@w)

Thus we have a compact invariant set for the family of maps 6;, 1 < i < m.
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Remark 2.6. We can relax the condition Lip(f(,.)) < ¢ < 1 for all (v,e) € T'in
the previous theorem to the following weaker condition. Suppose for some fixed
n > 1 the composition of any n of the maps 0, ), whenever the composition is
defined, is Lipschitz with Lipschitz constant < ¢ < 1. Then it is easy to see that
O™ is a contraction map on a complete metric space, where © is the map defined
in the proof of the theorem. It is then well known that the map © has a unique
fixed point. Thus the conclusion of the previous theorem holds under this weaker
assumption.

3. PERRON-FROBENIUS OPERATORS

From now on, let V = {1,2,...,p} with S1,S5,...,S, the corresponding com-
plete metric spaces. We do not necessarily assume that S;, 1 < j < p, is compact.
Let

X; =Cp(S;) ={f:S: — R: fis continuous and bounded}
for 1< i < p with | f]| = sup.cs, |/(5)].

Define a linear map A : X; X Xo x -+- x X, = Xj X Xo x -+ x X, by

(3.1) (AF);(8) =D bije)(8) faie)Oe)(5)) for s € S;
eckE;
where f = (fi, f2,..., fp) and the functions b(;.) € X; are given. We assume

throughout this section that E; = {e € £ : (j,e) € I'} is nonempty for all j € V.
Define for M > 0,2 >0,1<j<p

(3.2) K;(M,\) ={f€X;:0< f(s) < f(t)exp(M(d;(s,1))) for all s,t € S;}.

Remark 3.1. From the definition, it follows that if f € K;(M,\) and f(t) = 0 for

some t € S;, then f(s) =0 for all s € S;. Thus f € K;(M,\) implies that either f
is identically zero on S; or f is strictly positive on S;.

If Y is a real Banach space, a closed set K C Y is called a closed cone if
MK+ pK C K forall A >0,u>0and KN (—K) = {0}.

The following lemma follows by the same argument used in Lemma 5.4, p.89, in
[19]. We give the proof for the reader’s convenience.

Lemma 3.2. Let K; := K;(M, \) be as defined in (3.2). Then K is a closed cone
in (X5, |.11), and {f € K; : || fl| <1} is equicontinuous.

Proof. It is easy to verify that K is a closed cone, and the proof is left to the reader.
To prove the equicontinuity of {f € K : || f|| < 1} let f € K; with ||f|| < 1. We
claim that for any s,t € S; we have

[f(s) = f()] < M(d;(s, ).
According to the previous remark, either f is identically zero on S; or f is strictly

positive on S;. The inequality is obvious in the first case. In the later case, we may
assume that 0 < f(s) < f(t) < 1. The definition of K; implies that

[ In(f(s)) = In(f(1))| < M(d;(s,t))*.
The mean value theorem implies that for some £ with In(f(s)) < & <1In(f(¢)) <0
we have

£ (s) = f(#)] = exp(In(f(#))) — exp(In(f(s)))
= exp(§)| In(f (1)) — In(f(s))| < M(d;(s,t))*.
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Since this is true for any f € K; with || f|| < 1, equicontinuity follows. O

Lemma 3.3. Assume for some My > 0, b oy € K;(Mo, \) for all (j,e) € T'. Then
there exists M > 0 so that the map A defined above maps [5_, K;(M, )\) into itsef.

Proof. Let f; € K;(M,\) for 1 <i<pands,t€S;. Then
(AD);(5) = Y by () faie)Be (5)

eckE;
Since b(j ey € K;j(Mo, A), bje)(s) < bje)(t) exp((Mo(d;(s,t))*). Also
fOé(jae) (e(j,e) (S)) < fa(j,e) (e(j,e)(t)) exp(M(d (4,e) (9(1 e)(s)7 e(j,e) (t))))\)
< fa(j,e)(e(j,e)(t)) exp(Mc ( ( )A)

Thus
=D b () fatie) O (5)
eck;
<D by () fate) (0.0 (1) exp((Mo + M) (d; (s, 1))
e€l;

= (Af); (1) exp((Mo + Mc*)(dy (s, 1))

So, if we choose M such that My + Mc*» < M, which can be done because ¢ < 1,
then

(Af);(5) < (Af);(t) exp(M (d;(s, 1)),
so (Af); € Kj(M,\) for 1 <j <p. O
We should note that observations similar to Lemma 3.3 have been made earlier

by other authors. See the proof of Theorem 5.4 in [19] and [2], for example.
We shall use the following notations.

f(n) = {[(jl;el) s (jnaen)] : (ji76i) € Fa 1 S { S naa(jivei) = ji+171 S 1< n}

P = ([ 1), G ea)] €T 1 = 5.
We shall also use (J, E') where J :7(171, .eydn), E = (e1,...,e,) as a shorthand
notation for [(j1,€1),.-.,(Jn,en)] € li(").
For (J,E) = [(j1,€1),-- -, (Jn, en)] € T, define for s € S,

b, (8) = b(j1,e1) (5)b(jz,e2) Or,e0) (5)) ** Dgnen) O —1sen-1) © 0 01 ,e0) ()
and

01.8)(8) 7= 05 e0) © - 0 051 e1) ()
Let us compute AZ2.
(A21);,(5) = (A(A[));, (5)
= Z b(jlvel)(5)(Af)a(j1,e1)(0(j1,€1)(5))
e1:(j1,e1)€T

Using
(Af)a(jl,el)(e(jhel)(s)) = Z b(j2’62)(0(j1,€1)(3))fa(j2,62)(9(j2762)(0(j1,€1)(8)))7

e2:(j2,e2)€T
J2=a(j1,e1)
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we get

(A%f);,(s) = Z b(1,5)(8) faiares) (05,2 (8))-

(J,E)ef;?
This computation suggests the formula for A™ given in following lemma.
Lemma 3.4. Let n > 1. Then for f = (f1,fa,..., fp) €[, Xs and 1 < j; <p
(3.3) (A1) (5) = D b)) fatnen Oup(s), s€S8;
(J,B)er™

Also the operator norm of A™ is given by

3.4 A"™|| = max su b s).
(34) A" Do, sup Zﬁ( ) (7.B)(5)
(J,E)er

Proof. The equation for A™ follows by a simple induction on n. If f € [[?_; X;
with [[f[| < 1, ie., [f;(s)| < 1Vs € S;,1 < j < p then the equation for (A" f);(s)
gives

(A" < Y bm(s)
(J,E)er(™
Taking supremum over s € S; and then maximum over 1 < j < p gives
A" < 11;1?%(}7 SS;JSP Z bs,e)(8)-
’ (1,B)er{
If we take f = (f1, fa,..., fp) where f; is identically equal to one on S; then
(A" f);(s) = Z b(s,z)(s)
(J.E)er(™
Therefore we get the equation for | A™||. O
Lemma 3.5. Let (Sj)§:1 be bounded complete metric spaces, assume that I'; :=
{(k,e) € T|a(k,e) = j} is nonempty, and let (C;)%_, be the unique invariant list of
compact sets given by Theorem 2.3. Let (J,E) = [(j1,€1), -, (jn, en)] € T and

01,2)(8) = 03, en) © 000, e)(8),8 € Sj,. Then there exists My > 0 such that
foralln >1

da(jmen)(e(']’E)(S), Coz(jn,en)) < Mic" Vse Sj1
where ¢ < 1 is the constant such that Lip(0(;.)) < ¢ for all (j,e) € T.

Proof. Since the metric spaces (S;), 1 < j < p are bounded we can find M; so that
d;i(s,C;) < My Vs € S;,1 <j<p. Let(je) €I and s € S;. Then we can find
t € Cj such that dj;(s,t) < M;. Since 0(; ) (t) € Co(je),

daje) (0.0 (), Cagie) < dagie) (0,)(5), 05,00 (t)) < edj(s,t) < M.
The result now follows easily by an induction on n. O

Let us recall the definition of Kuratowski’s measure of noncompactness 3. If
(S,d) is a metric space and B C S is a bounded set, then 3(B) is defined by

B(B) =inf{d >0: B = U?ZlBj,k < oo and diam(B;) < 6 for 1 < j < k}.
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Suppose that K is a closed cone in a Banach space Y and L : Y — Y is a bounded
linear map with L(K) C K. Define

1Ll = sup{[IL(y)]| - y € K, [yl < 1}.

Define ri (L), the cone spectral radius of L, and ok (L), by

ric(L) 1= lim [[L7" and

ok (L) := limsup(B(L"(UV)))"/"

where U ={y € K : |ly|| < 1}.

It is a special case of results in [10] that if ox (L) < rx (L), then there exists
y € K\ {0} with L(y) = ry, r = rx(L). (Note that the definition in [10] of px (L),
the cone essential spectral radius of L, satisfies px (L) < ox(L). The definition
of px(L) in [10] differs from that in [9] and [18]. It is shown in [10] that the
earlier definition has some serious deficiencies.) We shall use this result to prove
the existence of a non-zero eigenvector for the map A given by (3.1).

Theorem 3.6. Consider the map A defined on H?:l Cy(S;) by

(AN;(9) = D b () faie) O (s)  Jors €S,
eckE;

where f = (f1, fay..., [p). Assume that T'j # 0 for 1 < j < p and that for some
My >0, bgje) € Kj(Mo,\) for all (j,e) € . Let K be the cone H§:1 K;(M,N),
where My + MM < M. Then ||A"||x = [|A"®| for all n > 1, where ||A™| is
given by equation (3.4), and rx(A) = limy,_oo ||[A"||%. If rx(A) > 0, there exists
u = (u1,uz,...,up) € K\ {0} with Au = ru, where r = ri(A). If by (s) > 0 for
all (j,e) €T and all s € S, then rg(A) > 0.

Proof. Tt is enough to show that px(A) < rx(A). Let (Cj)_; be the unique
invariant list of nonempty compact sets given by Theorem 2.3 and let C' = H§:1 Cj.
Let U = {f € K|||f|| < 1}. From Lemma 3.2, we know that U is equicontinuous.
Let us write U|c = {f|c|f € U}. Then U|c is a bounded equicontinuous family
of functions from the compact set C' into RP. So, by Ascoli’s theorem, it is totally
bounded. Therefore, given € > 0, we can write Y = U;leul, q < oo, such that
lflc — glcll < € provided f and g are in the same U;. Let f,g € U and 1 < j < p.
Then using Lemma 3.4, we have for s € S

(A™1);()=(A"9);() < D by () atimen) 05 () ~Gatinen) (OiE) ()]
(J.B)er(™

Using Lemma 3.5, there exists 7 € Cy(j, ¢,) With d(0(s,g)(s),7) < Myc™.
Since fa(jinen) € Kain,en) (M, A) and || f|| < 1, we have as in the proof of Lemma 3.2

[ fatnien) 001,8)(8)) = Fatuen) (1) < Md(0(1,m)(5), 7)* < M (Mic™).

The same is true for g. Also, if we assume that f, g € U for some [, 1 <[ < g then
| faGin.en)(T) = Ga(jn,en) (T)] < €. Therefore, by triangle inequality

| FaGimen) 01.8)(8)) = GaGinen) Orm)(5)] < €+ 2M (Mic™) if f,g € U.
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So,if fgelUyand 1 < j <p,
(A" £);(5) = (A"g);(s)] < (e +2M(Myc™)*) > bmy(s).

p(n)
(J,E)er;

Taking supremum over s € S; and max over 1 < j < p and using equation (3.4),
we get
|A™ f — A"g|| < (e +2M (Mic")™)[| A"
for f,gel;, 1 <1<q.
Thus A™(U) = U}, A™(U;) with

diam(A"™(U))) < (e +2M (Myc™)™) | A™|

So, BA™(U)) < (e + 2M (Myc")*) [ A
Since € > 0 was arbitrary, 3(A™(U)) < 2M (M;c™)*||A™|| which implies
(BA™U)))" < (2MM) 7 | A™| .

In general, it is obviously true that ||A"||x < ||A™]]. On the other hand, if
f=(f1,f2...,fp) and f;(s) = 1 for all s € S}, then f € K; and we have seen
in the proof of Lemma 3.4 that ||[A™(f)|| = ||A™||. It follows that ||A™||x = ||A™]|
for all n > 1 and that rx(A) = lim,_o ||A"||* = r(A), where ||A"|| is given by
equation (3.4) and r(A) denotes the spectral radius of A. Taking the limit in our
estimate for (3(A™(U)))" gives

ox(4) = lim (BA"U))* < (Mr(A).

If rx(A) > 0, it follows (because 0 < ¢ < 1) that ox(A4) < rx(A), and we are
done. If we assume that by (s) > 0 for all (j,e) € I and s € s;, then because
bij,e) € K;(Mo, M), there exists 6 > 0 such that b(;.)(s) > 0 for all (j,e) € I and
s € §;, and it follows easily that rg(A) > 6 > 0. O

Remark 3.7. Suppose u = (u1,ug, .. ., Up) is a nonzero eigenvector of the linear map
A with eigenvalue 7(A) given by Theorem 3.6. Then for any 1 < j < p, either u; is
identically zero or u; is strictly positive on S;. To see this note that u; € K;(M, \),
S0

0 < uj(s) < uj(t)exp(M(d;(s,t))*) for all s,t € S;.

Thus u,;(t) = 0 for some ¢ € S; will imply that u;(s) = 0 for all s € §;. Also, since
u is nonzero, at least one of the coordinate function wu; is strictly positive.

Remark 3.8. In general (in the context of the Krein-Rutman Theorem), if rx (L) =
0, it need not be true that there exist v € K \ {0} with L(v) = 0. Suppose,
however, that K and A are as in Theorem 3.6, that b .y € K;(Mo, ) for all
(j,e) € T and that rx(A) = 0. We claim that there exists an integer N such
that ANV = 0 and that there exists v € K \ {0} with A(v) = 0. Because S; is
bounded and b(;.) € K;(Mo, ), we have already seen that either b(;.y(s) = 0
for all s € S; or there exists 0(;) > 0 with b(;c)(s) > dj,e) for all s € S;. Let
P ={(j,e) € T|bg,e(s) > 0 for all s € S;}. Because P is a finite set (since I' is
finite), there exists § > 0 with b;.)(s) > ¢ for all s € S; and for all (j,e) € P. For
n > 1, define P(™ c T by

P = {(J,E) e T™|(jr,ex) € P for 1 < k < n}.
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If P(") is nonempty, it easily follows from equation (3.4) that ||A”|| > 6", so if P(™)
is nonempty for all n > 1, rx (A4) > §, contrary to our assumption. Thus there must
exist an integer N such that P is empty for all n > N. However, if (J, E) € T(")
and (J, E) ¢ P™, b s p)(s) =0 for all s € S, so we find that A™ =0 for all n > N.
If w e K\ {0}, let p < N be the least positive integer such that AP(w) = 0. If we
define v = AP~ 1(w) € K \ {0}, A(v) = 0.

4. HAUSDORFF DIMENSION

Recall that a metric space (S, d) is called perfect if every point of S is a limit
point of S, i.e., for each s € S, there exists a sequence (sy), in S such that s # s
for all £ and s, — s as k — oo.

Let (S1,d1) and (S2,d2) be perfect metric spaces. A map 6 : S; — Sy is said to
be an infinitesimal similitude at s € S if for any sequences (s), and (t), in S
with sy # t for k > 1 and s — s, txp — s, the limit

(w) o 4200052, 0(0))

dn et PO)

exists and is independent of the particular sequences (si), and (tx),. We shall say
that 0 is an infinitesimal similitude on S; if 8 is an infinitesimal similitude at s for
all s € S7. Notice that the assumption that S; is perfect implies that for every
s € S1, there exist sequences (sy), and (tx), as above.

We list some basic properties of infinitesimal similitudes that we shall need.

Lemma 4.1. If 0 : Sy — Sy is an infinitesimal similitude, then s — (DO)(s) is
continuous.

Proof. We argue by contradiction and assume that s — (D)(s) is not continuous.
Then there exist € > 0 and s € S; and a sequence (sy), in S with di(sx,s) — 0 as
k — oo such that

|(DO)(s) — (DO)(s)| > € > 0.

Since Sp is perfect and 6 is an infinitesimal similitude, for each k > 1, there exist
1

tr and wy in Sy with ¢ # wg, 0 < dy(sk, tr) < %, 0 < di(sk,wr) < 3 and
do(0(tr), 0(wy)) €
AT (DO)(sk)| < 7
Since s, — s as k — o0, it follows that ¢, — s and wy, — s as k — oo as well. So,
by definition,
da(0(tk), 0(wr))
di(tr, w)
So, for k large enough, |(D0)(sx) — (D8)(s)| < §, a contradiction. Hence, s
(DO)(s) is continuous. O

— (DO)(s) as k — oo.

The following lemma states an analogue of the chain rule for infinitesimal simil-
itudes.

Lemma 4.2. Let 0 : S — Sy and ¢ : S; — S3 be given. If 0 is an infinitesimal
similitude at s € S1 and v is an infinitesimal similitude at 0(s) € So, then 1 o0 is
an infinitesimal similitude at s and

(4.2) (D( 0 0)(s) = (DY) (0(s))(DO)(5)-
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Proof. Let (si), and (t), be sequences in Sy with s, # ty, k> 1, s — s, t), — s
as k — oo. Then 0(s;) — 0(s), 0(t) — 0(s) as k — co. We consider two cases.
Case I. Assume that (D6)(s) # 0. We claim that there exists a positive integer
ko with 0(sy) # 0(tx) for all k > ko. If not, there exists a subsequence k; — oo
such that 0(sg,) = 0(tx,) for i > 1. Writing o; = si, and 7; = t,, we have that
0; — 8, T — 8, 0; #1; and (D0)(s) = lim; % = 0, which contradicts
our assumption. It follows that, for k > kg, we can write

ds(¥(0(sr)), ¥(0(tr))) _ ds(¥(O(sk)), ¥(0(tk))) d2(0(sk), 0(tr))

di(sk, tr) da(0(sk), 0(tx)) di(sk, tk)

As k — oo, the limit of the right hand side exists and equals (D) (0(s))(D8)(s),
so the limit of the left hand side exists and equation (4.2) is satisfied.

Notice that if s, and t; are sequences with s — s, tp — s, sp # ty for all k and
O(sk) # 0(tx) for all k > ko, then the argument above proves that

i 23 (00sr)), ¥ (0(tr)))
im
k—o0 dl(sk, tk)
even if (D0)(s) = 0.
Case ITI. Assume that (D0)(s) = 0. Let si and ) are sequences in S1 with s, — s,

tr — s and sy # t; for all k > 1. If there exists kg > 1 such that 0(sg) # 0(tx) for
all k > kg, the argument above shows that

i a(00(1)), 0(6(t0)))

k—o0 dl(sk,tk)

= (DY)(0(s))(DO)(s),

= (D¥)(0(5))(DO)(s) = 0.

If there exists k1 such that 6(sx) = 0(tx) for all k > ki, we certainly that
i 23((0(sk)), ¥(0(tr)))
im
k—o0 dy (s, tg)
Thus we can assume that K7 :={k > 1:60(sx) # 0(tx)} and Ko :={k >1:6(sx) =

0(tr)} are infinite sets. However, our previous argument (Case I) shows that

b 06(0(51). 0 (0(0)

k—oo,ke K1 dl(Skatk)

=0.

= (D9)(6(s))(D)(s) =0,

and it is clear that

d3(¥(0(sk)), ¥ (0(tk)))

k—o0,kE K> di(Sk,tr)

:O7

so we conclude that

. (00, 6(0(81)

= 0.
k—o0 dq (Sk,tk)

O

The following lemma gives a “mean value theorem” and will be crucial in the
proof of the main theorem.

Lemma 4.3. Suppose that (S1,d1) and (Ss,ds) are bounded, complete metric spaces
and that 6 : S1 — S is an infinitesimal similitude. Assume, also, that 0 is one-to-
one and Lipschitz and that (D0)(s) > m > 0 for all s € S1. Let K C Sy be compact,
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nonempty set. For each yu > 1, there exists an open neighborhood U, of K and a
positive number € = e(p) such that for every s,t € U, with 0 < di(s,t) < e(p),

1 d2(0(s),0(t))
p(DO)(s) < W < u(DO)(s)
Proof. For (s,t) € S;x.S; with s # ¢, define F(s,t) = %. If (s, 8) € S1 x5,
define F(s,s) = (D0)(s). Because we assume that 6 is Lipschitz on S;, there is a
constant M7 with F(s,t) < M for all (s,t) € S; x S;. Because we assume that
(DO)(s) > m > 0forall s € Sy and 6 is one-to-one, F'(s,t) > 0 for all (s,t) € S1x.S5;.

We claim that F' is continuous on S; x Sy. It suffices to prove that if (sg,tx) —
(s,8), then F(sg,tr) — F(s,s) = (D0)(s). If s # ty for all k > kg, we know
that F(sg,tx) — (D0)(s) by the definition of (D0)(s). If s = t; for all k > kq,
F(sg,tr) = (DO)(sk) for k > k1, and Lemma 4.1 implies that (D8)(sx) — (D6)(s).
Thus we can assume that J; := {k|sx # tx} and Jo := {k|sx = tx} are infinite sets.
But in this case, the same reasoning implies that limy_,o0 ke, F(Sk, tr) = (DO)(s)
and limy oo ke, F(sk, tr) = (DO)(s), s0 limy_ o0 F(sk, tx) = (DO)(s).

Lemma 4.1 implies that s — (D#)(s) is continuous on Sy, and (s,t) — F(s,t) is
continuous on Sq x Sy. Thus if we define G(s,t) by G(s,t) = %, (s,t) — G(s,1)
is continuous on S; x S7 and G(s,s) = 1. Since K x K is compact, G|K x K is
uniformly continuous, so given p > 1, there exists e(p) > 0 with

p < G(s,t) < p

for all (s,t) € K x K with dy(s,t) < e(u). We claim that there exists an open
neighborhood U, of K such that for all s,t € U, with di(s,t) < e(u), p=' <
G(s,t) < p. We argue by contradiction and suppose not. For m a positive integer,
let Vi, = {s € S1]di(s,K) < %} By assumption, there exist s,,,t,, € V,, with
d1(Smstm) < €(p) and G(spm,tm) < p=t or G(Sim, tm) > p. Because di(spm, K) — 0
and di (t,,, K) — 0, we can, by taking a subsequence, assume that s,, — s € K and
tm — t € K and d;(s,t) < e(u). By continuity of G, we either have G(s,t) < pu~*
or G(s,t) > p. However, because s,t € K and dq(s,t) < e(u), p=! < G(s,t) < i, a
contradiction. Thus an open set U, exists and, in fact, we can take U, = V,, for
some m > 1. O

Remark 4.4. For each € > 0, define pu(e) > 1 to be the infimum of numbers p > 1

such that p=1(D)(s) < % < u(DO)(s) for s,t € K with 0 < dy(s,t) <e.
Lemma 4.3 implies that lim._,o4 p(€) = 1, and clearly p(e) is an increasing function

of e for € > 0.

Throughout this section we shall make the following assumption.

H4.1 Let V = {1,2,...,p} and S1,55,...,5, be bounded, complete, perfect
metric spaces. Let £ be a finite set, I' C V x £ and a : I' — V. For each
(4,e) € T, 0y : Sj — Sagje) is a Lipschitz map with Lip(6(;.)) < ¢ < 1. Also,
I''={(J,e) el :a(j,e)=i}#0for1<i<pand E; ={e € E: (j,e) e} #10
for 1 <j <p.

If H4.1 is satisfied then Theorem 2.3 implies that there exists a unique list of
nonempty compact sets C; C S;, 1 < j < p with

(4.3) Ci= |J 0ye(C) for1<i<p.
(4,e)€T:
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We shall further assume the following.

H4.2 For each (j,e) € T', the map 0(; ) : S; — Sq(je), given in H3.1, is an
infinitesimal similitude and (D0 .))(s) > m > 0 for all s € 5.

Notice that since ;) is Lipschitz with Lip(6; .)) < ¢, if 0(; o) is an infinitesimal
similitude, we have (Df;.))(s) < c.

Assume that H4.1 and H4.2 are satisfied. For o > 0, define

J H Cy(S;) — H Cy(S5)

by

(44)  (Laf)j(s) = Y (DO;.0))(9)7 fate)(Oe)(5)) for s € Sj, 1< j < p.
eck;

Recall that a map f : (S,d) — R is said to be Holder continuous with Holder
exponent A > 0 if there exists a constant C' € (0, 00) such that

If(s) — f(t)| < C(d(s,t))* for all s,t € S.

Let us assume the following.
H4.3 For each (j,e) € T, the map s — (D6, .))(s) is Holder continuous with
Holder exponent A > 0.

Lemma 4.5. If H4.1, H}.2 and H4.3 hold, and o > 0, then the map
s ((Dbje)) ()7
is in the cone K;(My, \) defined in (3.2) for some My (depending on o).

Proof. Fix (j,e) € I'and 0 > 0. Let f(s) = (D .))(s). The hypotheses H4.1 and
H4.2 implies that 0 < m < f(s) < c. By H4.3

|f(s) — f(t)] < O(d;(s, 1)) for all s,t € S;.

Let s,t € S;. By the mean value theorem, there exists £ between f(s) and f(t)
such that

[In(f(5)) = (£ ()| = %If(é’) —f)l < %C<dj(57t)))\ < —C(d;(s,1)*

1
m
So, f(s) < f(¢) eXp(%C(dj(s,t)))‘) which implies

77 < S0 exp(Mo(d; (5, 1)) where My = 7

This completes the proof. ([l

Now applying Theorem 3.6 to the linear map L, defined in (4.4), we get an
eigenvector u, € K \ {0} with Lyu, = 7(Ly)u, and r(L,) > 0.

Lemma 4.6. The map o — r(Ly) is continuous and strictly decreasing. Further-
more, there is a unique o9 > 0 such that r(Ls,) = 1.

Proof. Let u, be the positive eigenvector of L, with eigenvalue r(L,). Let us write
bije)(t) = (DO e)(t)) for (j,e) € . We know that 0 < m < by oy (t) < ¢ < 1 for all
teS;. Let 0 <o <o'. Then

(b)) = (bjoey (£))7 7 (bse) ()7 < €7 7 (bse) (£))°
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Therefore, (b(j,e)(#))” = u(b(je) ()7, where = (1)7 7 > 1.
(Lotwg)5(1) = Y (b)) (o) atse) (B0 (1))

e€E;

> 1Y (b)) (tor)agie)(O.e (1)

c€E;
= 1(Louer);(t) = pr(Lo)(uor);(t)-
So, Lougr > p r(Lyr)ugs. Tterating this inequality k times, we obtain
Lyugr > (ur(Lor)) ugr

If e denotes the function identically equal to one in each component, we have
Ugr < ||ug|le. Thus

Lyuor < Ly (luorlle) < lluar|| L5 (e)-
Taking norms, we get
luo NIL5 () 2 ILguor || = (ur(Lor))* o |l
So, ||LE|| > ||ILE(e)|| > (ur(L,+))* from which it follows that
H(Lo) = Jim |E5[5 > pur(Lor)

Since p > 1, we have proved that r(L,) > 7(Ls/).
Next we prove the continuity of o — r(L,). Let o > 0 be fixed. Given v < 1,
select & > 0 such that

I/(b(j,e)(t))g < (b(j’e)(t))g, < I/_l(b(j’e) ()7 for t € Sj, |0 —o'| < 6.

Then, using the argument as above, we have vr(Ly) < r(L,» < v~1r(L,) whenever
|o — 0’| < 4. Since v < 1 was arbitrary, this proves that o — r(L,) is continuous.

Since ||LE|| > ||LEe|| > 1, we see that 7(Lg) > 1. Also if |€| denote the cardinality
of £, then from the definition of L, and using the fact D(;.)(t) < c for all t € 5}
and (j,e) € T, it is clear that || L,|| < |E]c” — 0 as 0 — o0. So r(Ly) < || Ls|]| — 0
as 0 — oo. It follows by the continuity and strict monotonicity of o — r(L,) that
there exists a unique oy > 0 such that r(L,,) = 1. O

Definition 4.7. We define strong connectedness to be the property that for each
pair j and k in V there exists for some n > 1, (J, E) = [(j1,€e1),- .-, (Jn, €n)] such
that (j;,e;) € T, for 1 <i <n, j1 =4, a(ji, €;) = Ji+1, 1 <i < nand a(jn,en) = k.
Note that in this case we have a map 0(;g) = 0(j, ¢,) 0+ ©0(j, e,) Which maps S;
into Sg. Note also (compare H4.1) that strong connectedness implies that T'; #
for1<i<pand E; #0 for 1 <j <p.

From now on we shall always assume strong connectedness.
H4.4 The property of strong connectedness is satisfied.

Lemma 4.8. Assume that the hypotheses Hj.1, H4.2, H}.3 and Hj.4 are satisfied
and let u, € K \ {0} be a nonzero eigenvector of L, with eigenvalue r(Ly). Then
each component (ug)j is a strictly positive function on S; for 1 < j < p. Fur-
thermore, there are constants | and L with 0 <l < L < oo such that for every j,
I<j<p

(4.5) I < (us);(t) <L forallt €S,
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Proof. Suppose for some j, 1 < j < p, (us); equals zero at some point in .S;. Then,
since (uq); € K;(M,A), it follows, as shown in Remark 2.2, that (u,); is identically
equal to zero on S;. Fix a k, 1 < k < p. By strong connectedness, there exist n > 1
and (J', E') = [(J1,€1)s- - (Jn,€n)] € I_’§.") with j; = j, and a(jn,e,) = k. Since
Louy = r(Ly)ug, it follows that Llu, = (r(Ly))"us. So, using the formula for L7
given by lemma 3.4 with A replaced by L., we get

(T(LU))HWU)]'(S) = Z b(J,E)(S)(uU)a(jmen)(Q(J,E)(S))7

(n)
(J,E)el

where b; ) (s) = ((D(;,e))(s))7. The left hand side in the above equation is zero
because (uq);(s) = 0. Thus, since each term in the sum in the right hand is
nonnegative, it follows that each term equals zero. In particular, (uq),(0(s,£)(s)) =
0 since bz, g)(s) is strictly positive by H4.2. This implies (ug),, is identically equal
to zero on Si. Since this is true for any k, 1 < k < p, we arrive at a contradiction
that wu, is identically zero. Thus (u,) ; 1s a strictly positive function on S; for
1<j<p

Since each S; is bounded, there is a D < oo such that diam(S;) < D for 1 <
J < p. Then, since (uy); € K;(M,A), it follows that

0 < (ug);(s) < (ug);(t) exp(MD?) for all s,t € S;.
From this it is easy to see that there are constants 0 <[ < L < oo such that
1< (uo);(t) <L forallteS;,1<j<p.
|

Let C; € S, 1 < j < p be the invariant list of nonempty compact sets such that

Ci= |J 04.(C) for 1<i<p.
(4,e)€T;
Our goal is to determine the Hausdorff dimension of sets C;.

Let us recall the definition of Hausdorff measure and Hausdorff dimension. Sup-
pose (X, d) is a metric space and A C X. We define, for ¢ > 0 and o > 0,

HZ(A) = inf {Z(diam(Ak))” A C U A, diam(Ag) < e} .
k=1 k=1

It follows that H? is an outer measure. For a given ¢ > 0, the function € — H7 is
decreasing and we define
H(A) = lim HZ(A) =supHZ(A).
e—0+ >0

It follows that H? is a Borel measure and is called Hausdorff o-dimensional measure.
It is not hard to prove that there is a unique number oy > 0 such that H?7(A) =
oo for0 < o < o9 and H?(A) = 0for 0 > 0g. The number oy is called the
Hausdorff dimension of A. We refer the reader to [5] and [11] for the basic properties
of Hausdorff measure.

First we shall prove that Hausdorff dimension of C} is independent of ¢, 1 < i < p,
under the assumption of strong connectedness.
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Lemma 4.9. Assume that the hypotheses Hj.1, H4.2, H}.3 and Hj.J are satisfied
and let C; C S;,1 < j < p be the unique invariant list of compact, nonempty sets
such that
Ci= |J 04.e(Cy) for1<i<p.
(4,e)€T;
Also assume that 0; ) is one-to-one on C; for all (j,e) € I'. Then dim(C}), the
Hausdorff dimension of C;, is independent of j for 1 < j <p.

Proof. First we claim that dim(0;.)(C;)) = dim(C}) for any (j,e) € I'. Since 0; )
is a Lipschitz map with Lipschitz constant ¢, H7(0(; . (C;)) < c"H?(C;) for any
o > 0. This implies dim(6(;¢)(C;)) < dim(C;). To prove the other inequality,
it is enough to show that there exists mg > 0 such that d(0;.)(s), 0. (t) >
mod(s,t) for all s,t € C;. We abuse notation here by letting d denote d; and
du(je)- Suppose not. Then for each k > 1, there exists s, # ¢, € C; such that
d(0j,e)(sk), 0(j,e) (tx) < k™ 1d(sp, tr). Since Cj is compact we may assume, by taking
subsequences, that there exist s,t € C; such that s — s and t;;, — t as k — oo.
Letting k — oo the previous inequality implies d(6;¢)(s),0(;.c)(t) = 0. Since 0, )

A0 (58).0¢ ) (t) _
d(sk,tr)

is one-to-one on €}, we must have s = ¢. But then 0 = limy,_,

(D8j,¢y)(t) which contradicts H4.2.

Now, since 0(; ¢)(Cj) C Cy(je), dim(Cy(je)) = dim(f; ) (Cy)) = dim(Cj) for all
(j,e) €T. Let 1 < j <pand 1<k < p. By strong connectedness, there exists
[(41,€1)s- -+, (Jn, en)] such that j1 = j, a(ji,e;) = Ji+1,1 < i <nand a(jn,e,) = k.
So,

dim(Cy) = dim(Cyj, ¢,)) = dim(C;, ) > dim(C}j,_,) > -+ > dim(C;,) = dim(C}).

Since j and k were arbitrary, it follows that dim(C;) = dim(C}) for all 1 < j,k <
p. ([

We introduce a ‘weighted’ Hausdorff measure using the strictly positive eigen-
vector u, of L, with eigenvalue r(Ly). Let 1 < j < p. Define for A; C S; and
e >0,

(4.6)
HI(A;) = inf {Z(ua)j(gjk)(diam(Ajk))U Ay C | Aje G € Ajy, diam(4) <
k=1 k=1

From Lemma 4.8, we know that there exist constants 0 < [ < L < oo such that
for1 <j<pl< (ug)j(t) < L for all t € S;. This implies that, for A; C 5},
HT(A;) and HZ (A;) are equivalent
(4.7) IH7(Aj) < HI(A)) < LHZ(4A)

Theorem 4.10. Assume that the hypotheses Hj.1, H4.2, H/.8 and H/.4 are sat-
isfied and let C; C S5, 1 < j < p be the unique invariant list of compact, nonempty
sets such that
Ci= |J 0y.e(Cy) for1<i<p.
(4,e)€l;

Also assume that the map 0 .y is one-to-one on an open neighborhood of C; for
(j,e) €Ty, 1 <i < p. If dim(C;) denotes the Hausdorff dimension of (C;) and og
denotes the unique nonnegative real number such that r(Ls,) = 1, then dim(C;) <
oo for 1 <i<p.
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Proof. Fix € > 0. Let § > 0. We can choose a covering {4, }72, of C; and points
&k € Aji such that diam(A;;) < € and

(4.8) > (o) (&x) (diam(Ajx))” < HI(Cy) + 6.
k=1
Since C; = U 0(j,e)(C;), we have that {f;.)(Ajx) : 1 <k < oo,(j,e) € Ty} is

(7,e)el’y;
a covering of C; with

diam(6; ¢y (Ajx)) < ¢ diam(Ajz) < ce.

Furthermore, using Lemma 4.3 and Remark 4.4, there exists j1(; ¢)(€) with pu(; ¢)(€) —
1+ as € — 0+ such that for any &, € Aji,

(4.9) diam(0(j ) (Ajn)) < pigse)(€) (D)) (Ejr)diam(Ajy).
Let pu(e) = max(j eyer t(j,e)(€)-

<SS (o) (g (E0)) (iam(A4;1))°

k=1 (j,e)el’;

< (€)Y (ue)i(0(j.e) (1)) ((Dbj.e)) (€51)) (diam (A )7

k=1 (j,e)€T;

Summing over i, 1 < i < p, we have

o0

Z'F{; = GZ Z je (gjk))((De(j,e))(gjk»(j(diam(Ajk))o'

i=1 k=1 (j,e)el;

Rearranging the sum, we get

g
p%@
Mg

g;
]

(o) i(0(5,e) (§51)) (DO ey ) (&)

j=1 k:l i:(j,e)€l;

= (u(e))” Z > (Lotug)j (€e)(diam(Ajx))”

I
=
D
N—
SN~—

q
<
—
~
q
S—
(7=
(2
—
<
q
N—
—
@‘r
>
B
5
b
<
>
N—
S~—

HZ(C0) < (n(0)7r(Lo) Y- (HI(Cy) +4).

=1 j:l

Since ¢ < 1, H7(C;) < HI(C;). Also § > 0 was arbitrary. Therefore,

(4.10) Y HIC) < (M(E))“T(Lo)zﬂ (Ci)

Using Lemma 4.6, r(L,) < 1 for all o > 9. Since p(e) — 1 as e — 0, given o > oy,
we can choose € > 0 small so that (u(€))?r(Ly) < 1. By the definition, H7 (C;) < 0o
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because we can take a finite e-cover of the compact set C;. Thus, if o > oy, (4.10)
can hold only if

P
This implies for each i, 1 < i < p and ¢ > op, lim_o; H?(C;) = 0, and hence
using (4.7), lim._oy HZ(C;) = 0, i.e., H7(C;) = 0 for all ¢ > 0. Thus, by the
definition of Hausdorfl dimension, dim(C;) < oy. O

We define for 0 <n <€, and 4; C S;
(4.11)

oo

HZ,(A;) = inf {Z(ug)j(gjk)(diam(Ajk))o Ay C | Aje &k € Ajrom < diam(Ayy) <

k=1 k=1
Lemma 4.11. Let 1 < j < p and A; be a compact subset of S;. If o > 0 and
€ >0, then

lim HC
n—0+ €n

(4;) = HZ(4;).

Proof. For 0 < n < ¢, we have Hgn(Aj) > HZ(A;) because the infimum is taken
over a smaller set. So,

Jim HE,(A)) = He (4))
To prove the reverse inequality, take § > 0 and choose a covering {A;; : 1 < k < oo}
of A; by sets Aji with diam(A;z) <€, 1 <k < oo such that

(oo}
inf {Z(ug)j(gjk)(diam(Ajk))” &Gk € Ajk} < HZ(A4;) +6.
k=1
Without loss of generality, we can assume that the sets A,k > 1 are open. Since
Aj is compact, there exists a finite open subcover of A;, so there exists an integer

[ < 0o such that
l

Aj - U Ajk.
k=1
Let 0 < 19 < € be such that ny < mini<g<;diam(A;z). Then, for 0 < n < ny, we
have

1

HZ,(A;) < inf {Z(uo)j(fjk)(diam(/ljk))” &Gk € Ajk} :
k=1

So, for every § > 0, there exists 1y, 0 < 19 < €, such that

H,(A;) < HI(A;) +6 for 0<n < no.

This shows } )
WEI& HY,(Aj) < HI(A;)
and completes the proof of the lemma. O

Lemma 4.12. Let 1 < j <p and A; be a compact subset of S;. Let o > 0 be such
that H? (A;) = 0. Then for every €1 and ex with 0 < €1 < €3, there exists an g > 0
such that for any B; C A,

7:[0'

€1,M

(Bj) =MHZ, ,(B;) for 0 <n<no.
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Proof. Since H?(A;) = 0, it follows that HZ(A;) = 0 for every € > 0. By using
(4.7), it also follows that HZ(A;) = 0 for every € > 0. So, by lemma 4.11,

lim HC

Jim HZ, (A7) = 0.

This implies that there exists 79 > 0 such that for 0 < n < g
HO (Aj) < ley?,

€2,M
where, as before, [ > 0 is such that (u,);(t) >l for all t € Sj.
If B; C Aj, then ﬂgz,n(Bj) < 7:{22’77(14]») < le1?. Therefore, given 6 > 0, there

exists a covering {Bjj : k > 1} of B; such that n < diam(Bj;) < €3 for £k > 1 and

inf {Z(ug)j(gjk)(diam(fgj N &k € Bjk} <HZ, ,(Bj) +6 <let®.
k=1

Next we claim that actually diam(B;,) < € for all k& > 1. Suppose not, then
there exists an index k; such that diam(Bji,) > €. By considering the term
corresponding to index &y in the sum and using (uq);(§5x) > 1, we get

inf {Z(uo)j(fjk)(diam(Bjk))” &Gk € Bjk} > ler?

k=1
which gives a contradiction. Thus diam(B;;) < €; for all £ > 1 and we conclude
that

7:{0

el7,](Bj) < ﬂgQ,n(Bj) +4§ for 0 <n <.

Since § > 0 was arbitrary, we conclude

HZ, ., (B;) < HZ, (B;) for 0<n <.
Since ﬁgn(Bj) is a decreasing function of €, the reverse inequality is obvious. Thus,
we obtain

HZ, ., (B;) =HZ, (B;) for 0<n <.

O

Lemma 4.13. Assume that the hypotheses H3.1, H3.2, H3.3 and H3./ are satisfied
and let C; C 8, 1 < j < p be the unique invariant list such that

Ci= |J 040(C) for1<i<p.
(j,e)el"i

Also assume that the map 0 .y is one-to-one on an open neighborhood of C; for
(j,e) € Ty, 1 < i < p. Suppose forv > 0, {Af1 ca € A;(v)} is a partition of C;
consisting of compact subsets such that diam(AL) < v. Then there exists an €9 > 0
such that for0 <n<e<e and1 <i<p

(4.12) ) (LoYHEH (ML) < D Hinen(0i.e)(AL))

ecel;

where p(v) — 1 as v — 0 and (DO ¢))(t) > m for all t € S;.
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Proof. Fix v > 0,1 < i < p, o € A;(v) and e € E;. Let 0 < n < me. For
any & > 0, there exists an open covering {A4; : j > 1} of 6(; ) (A%) such that
n < diam(A;) < me and

(4.13)  inf Z Uo)a(ie) (&) (diam(4;))7 1 & € Aj o <HT, (05,0 (AL)) + 6.

Since G(i,e)(/\g) is compact, there exists a finite open subcover and, by relabelling,
we can assume that there exists an integer k < oo such that

k
(4.14) 0(ie) (ML) C | Aj C Nine(B(i.6)(AL))
j=1
The last inclusion holds because diam(A;) < me and we may assume that each A;,
1 < j <k, intersects 6; ¢)(A%). Since diam(f; .y (AL)) < ¢ diam(AL) < v,

(4.15) diam(Nye(0(i,¢)(AL))) < cv + 2me < v
provided € < g = (1 — ¢)v/2m. From (4.14), we have
(4.16) U 05 (A7) COGL (Nime (01,00 (L))

Since 0(; ¢) is one-to-one on an open neighborhood of C;, we may assume that 6; .
is one-to-one on 9(1 o) (Nme(0(i ey (AL))) by choosing € small enough. So, we have a
map

9(_1 e) me(e(i,e) (Afx)) - 9(_1 e)( me(e(i,e)(Afx)))'
Using Lemma 4.3 and Remark 4.4, there exists p1(v) — 14+ as v — 0+ and

L N CON N ()
(4.17) ()7 (D)) < — d(a:,y() =

for all 2,y € Npme(0(i,)(AL)), 2 # y because d(z,y) < v from (4.15). In particular,
foranyxyEA],lgjgk:

A055 @), 05% (1)) < () (DL W), y) < p(v)

< () (DOL,)(9)

1
—— _diam(A4,).
(DOie)) (07 )y !

So,

(4.18) diam (0" (A;)) < pa(v)

(ire) diam(A;)

(DO ,e))(71)
for some 71 € 9&’18)(Nm5(9(i7e) (A¥)))-
Since diam(A;) < me, for v small enough,

. _ 1
dlam(Q(i}e)(Aj)) < ,ul(z/)gme <.

Also, by choosing zg, 3o € Nme(ﬁ(i’e)(Ag)) with d(zo,yo) = diam(A;), we get
1

dlam(ﬂ(l e)(A ) 2 d(o(z e)(xO)’o(z e)(yO)) > (v )71 (D@(‘ ))( —1 %)
e (i,e)

dlam(A])
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Since diam(A;) > 7 and (D6, e))(ﬁ(z e)yo) <c <1, weget dlam(O( ) (4;)) >nifv
is small. Thus, we have obtained 1 < dlam(ﬂ(l e)(A )) < eand Af, C UJ 19, e)(A )
from (4.16). Therefore,

k
7:(0 {Z i(G5) dlam(e( (A NG € 9_16 (Aj)}~
Using (4.18), we get

k i j {ruo 7 _
e ) < e mf{z e Jagi.) (B (6)) (iam(A7)” (u)i(6y) @ee(w)(m}

((DQ(I e) ( U)a(z,e) (9(1',8) (Cj))

j=1
Choose 72 € 0,;. e)( Nine(0i,)(A%))) such that
(ug)i(72) - (u0)i(G5)
(uo)a(i e) (0(2 e) (TZ)) - (ua)a(i e) (9(2 e) (C]))
' (A;), 1 < j < k. Using this together with (4.13), we get

for all ; €6,

(i.0)
o 4 /1’1( )a’ (uU)i(TQ) o ) i
Hen88) = B, ) )7 ool e ) el (86 +0)

Since § > 0 was arbitrary,

(10) Az, () < Wodlre) iz 6y (ML)

((DOi,e))(11))7 (Uo)agi,e) (Oie) (12)) "
The final step consists of replacing 71,72 by a £ € AY. From (4.17), it follows that

im0 (N O (ML) < () v <

where k is independent of v. In particular, we have that d(71,72) < kv, so by

continuity, there exists a function po(v) such that pe(v) — 1 as v — 0 and
o (ua)a(i,e) (e(i,e) (§)> o (uo)a(i,e) (H(i,e) (7—2))
/’I’Q(V)((De(l’e))(g)) (Ug)l(f) S ((De(l’e))@—l)) (Ug)i(’rg)
¢ € A,. Using this (4.19) implies
(ua)a(i,e) (e(i,e) (f))
(ua)z(g)
where p(v) = p2(v)(p1(v)) 7. Now, we sum over e € E;, and use that
D (DO, (€)) (o) agie) (06,6 (€)) = (Latia)i(€) = (Lo ) (u)i(€)
eckE;
to obtain (4.12). O

Hinen (0,0 (A0)) = n(v) ((DO(i,e)) (€))7 HE , (AL,

Now we are ready to prove the remaining inequality.

Theorem 4.14. Assume that the hypotheses H3.1, H3.2, H3.8 and H3.4 are sat-
isfied and let C; C S;, 1 < j < p be the unique invariant list such that

Ci= |J 0y.e(Cy) for1<i<p.
(4,e)el;
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Also assume that the map 0 0y is one-to-one on an open neighborhood of C; for
(jae) el, 1 <i<p, and e(j,e)(cj) n e(j’,e’)(Cj/') =10 for (j,@) € Fia(jlve/) €
Ty, (4,e) # (5',€'). Let og be the unique nonnegative real number such that r(Ly,) =
1 and By denote the common Hausdorff dimension of C; for 1 < i < p. Then

Bo > 0¢.

Proof. Suppose By < 0g. Then there exists a o < o9 such that H?(C;) = 0 for
1 <4 < p. This implies for every € > 0, HZ(C;) = 0 and using (4.7), we have

(4.20) HI(C;) =0 fore>0.

Let (Ja E) = [(jl)el)a : (Jnaen)] € F and H(JE) - 9(]1 e1) ©- 9 (Jns€n)-
Then diam(G(J,E)(Cjn)) < ¢"diam(C}, ). So, given v > 0, we can Choose n=n(v)
large enough such that

diam(6 ;. )(C;,)) < v for all (J,E) € T,
For 1 <i < p, we have
(4.21) cGi= U bumnC)
(J,B)er™

with the union being pairwise disjoint using the disjointness assumption. By the
previous lemma,

pW)r(LoYHZ 1 (001,8)(C.)) € Y Hiney(Oiie) (00,5 (C)))
eck;

where p(v) — 1 as v — 0. Since H?(C;) =0 for 1 < j < p, using Lemma 4.12, we
get 779 > 0 such that for 0 < n < ng

(4.22) Hepen0i.0)(001,5)(C5.))) = HE ) (0(3.0) (0(5.5)(C,))

Therefore, the previous inequality becomes

(4.23) p()r(Le)HE ) (001,2)(C3,)) < Y HE (0.0 (05,1 (C,)))

eckE;

Now from (4.21), since the union is disjoint, we can choose € > 0 so small that
Ne(0(1,£)(Cj,)) N N0, 21(Cj,)) =0
for all (J,E), (J',E") € T\, (J,E) #

(J’
HZ,(Cy) = Z HE (00,5 (Cj,))-
(J,E)er{™

E'’). This implies that

Therefore, we can sum (4.23) over all (J, F) € an) to obtain

p)r(Le)HZ(C < Y Y HT (0.0 (05, (Cj,))-

(J,E)er(™ e€E;

Now we sum over ¢ = 1,2, -+ ,p to get

0(5.2)(Cj,)))-

I M@
M
M
(™
X
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Note that 0¢; ¢)(0(,£)(Cj,)) C Caie), so collecting the terms with a(i,e) = j,
1 <7 <p, weget

pr(Le)d HI(CH <D > Y H (060 (0,)(Ci,)))-
i=1 j=1

(i,e)€ly (1, B)er(™

Since C; = U(i,e)erj U(J Ber(™ (i) (005, (C},)) with disjoint union, we get

(4.24) pw)r(Ly) Z HZ,(Ci) < D HE,(C)

Since o < 0, Lemma 4.6 implies r(L,) > 1, so we can choose v > 0 small enough
so that u(v)r(L,) > 1. But, for 1 < i < p, we have ’}:[‘;,I(C'i) > 0 by the definition
of ’I:(‘E’n Also using Lemma 4.11 and (4.20), ’}:[‘6’,] (C;) < oo for n small enough. So,
(4.24) cannot be true. Therefore, our initial assumption must be wrong. Thus,
Bo = 0. U

Combining Theorem 4.10 and Theorem 4.14, we have proved the following the-
orem.

Theorem 4.15. Assume that the hypotheses H3.1, H3.2, H3.3 and H3.4 are sat-
isfied and let C; C S;, 1 < j < p be the unique invariant list such that

Ci= |J 0y.e(Cy) for1<i<p.
(j,e)EFi

Also assume that the map 0 .y is one-to-one on an open neighborhood of C; for
(.j7e) el, 1 <i<p, and e(j,e)(cj) n e(j’,e’)(cg/') =10 for (.jae) € Fia(jl7e/) €
Ty, (4,e) # (37, ¢€'). Let og be the unique nonnegative real number such that r(Ly,) =
1. Then the Hausdorff dimension of each C; for 1 < i < p is the same, and if [y
denote the common Hausdorff dimension of C;, then By = og.

5. INFINITE ITERATED FUNCTION SYSTEMS

Let (S,d) be a compact metric space, and for 1 < i < 0o, §; : S — S be a
Lipschitz map with Lip(6;) < ¢ < 1. Then, following the proof of Theorem 2.3, we
can prove that there exists a unique nonempty compact set K such that

(5.1) K = fj 0,(K)

We wish to find a formula for the Hausdorff dimension of K. As in the case of finite
iterated function systems, we study Perron-Frobenius operator L : C(S) — C(S)
of the form

(5.2) (LF)(E) = bilt) f(6:(1))
i=1
We shall make the following assumptions.
H5.1 For 1 < i < oo, the function b; : S — R is nonnegative and continuous.
Furthermore, for each t € S, b(t) = Y=, bi(t) < oo and b: S — R is continuous.
H5.2 For 1 <i < o0, 6;: S — S is a Lipschitz map with Lip(6;) < ¢ < 1.
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If H5.1 is satisfied and the maps 6; are all continuous, it is easy to verify that L
defines a bounded linear map on C(S). We refer the reader to Section 5 of [19] for
a detailed discussion of such operators.

Let K(M,\) = {f € C(S):0< f(s) < f(t) exp(Md(s,t)*) for all 5,t € S}.

Lemma 5.1. Suppose that H5.1 and H5.2 are satisfied, and let L : C(S) — C(S)
be defined by eq.(5.2). Assume that there exist My > 0 and A > 0 such that for
each i > 1, b; € K(My, ). Also assume that for all t € S, .72, b;(t) > 0. Then
there exists M > 0 such that L(K(M,\)) C K(M, ) and L has a strictly positive
eigenvector u € K(M, \) with eigenvalue r(L) > 0.

Proof. Since ¢ < 1, we can choose M > 0 so that My + Mc* < M. We claim that
L(K) C K, where K := K(M,\). Let f € K,i>1 and s,t € S. Then we have

F(0:(s)) < f(0:(£)) exp(Md(0;(s), 0;(£))*) < f(6:(t)) exp(Mc d(s, t)*) and
bi(s) < bi(t )exp(Mod(s,t)’\).
Thus

This proves that L(K) C K.

By Lemma 3.2, {f € K : | f|| < 1} is equicontinuous, and hence it is compact
by Ascoli’s theorem. It follows that px (L) = 0, where pg (L) denotes the cone
essential spectral radius of L. The constant function e = 1 is in K, so

ric(L) = lim |L"(e)||* = r(L)

The opposite inequality is obviously true, so rx (L) = r(L). By assumption b(t) =
Yooy bi(t) > 0forallt € S, and b : S — R is continuous by H5.1. Therefore,
there exists 6 > 0 with . b;(t) > 6. So L(e) > de from which it follows that
r(L) > 6 > 0. Thus px(L) < rx(L), which implies that there exists v € K,
|lu]l =1, with L(u) = ru, » = r(L). From the definition of K (M, \) it is clear that
u € K\ {0} implies u(t) > 0 for all t € S. O

Throughout this section we shall make the following assumption.

H5.3 Let (S,d) be a compact metric space and assume that for 1 < i < oo,
0; : S — S is an infinitesimal similitude on S and is a Lipschitz map with Lip(6;) <
¢ < 1. Assume that D6;(t) > 0 for all t € S and that Df; € K(My, ) for some
My >0, A > 0.

Lemma 5.2. If > 77, (Db;(t.))* < oo for some t. € S and s > 0, then for any
o>5, 22, (D8;(t)? < oo foralltesS.

Proof. Since D0;(t) < 1 for all ¢t € S, (D6;(t))” < (D6;(t))® for ¢ > s. So
Y2 (DO;(ts))® < oo implies that > .~ (D0;(t.))° < oo for ¢ > s. Thus we
only have to prove that for any ¢t € S, >°.°,(D6;(t))* < oco. Let t € S. Since
DO; € K (Mo, \), D;(t) < DO;(t.) exp(Mod(t,t,)"). Therefore,

(DO;(t))® < (DO;(t.))* exp(sMyd(t, t,)>)

o0
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from which the result follows. O

Assume H5.3 is satisfied. Define for o > 0 with Y > (D6;(¢))? < oo,

(Lo f) () =D _(DO:(£)° F(6:(t))
i=1

Let o > 0 satisfying above be fixed. If H5.1 is satisfied with b;(¢) := (D#0;(t))°
for ¢« > 1, we know that L, defines a bounded linear map on C(S). By H5.3,
Do; € K(My, \) for some My > 0, A > 0. This implies that b; € K (oM, \) for all
i > 1. Therefore, if we choose 0 < M < oo such that oMy + Mc* < M, L, maps
K (M, ) into itself and has an eigenvector u, € K(M,\) with eigenvalue r(L,).

Let o9 = inf{o > 0: 32, (Db;(t))° < oo for all t € S}. There are two possible
cases.
Case I: -2 (D0;(t))° < oo for o > oo but Y2, (Db;(t))7° = occ.
Case II: Y2 (Db;(t))7 < oo for 0 > o¢ and o=, (DO;(t))° = oo for o < oy.

Note that L, is defined for ¢ > o in case I and for o > og in case II.

Lemma 5.3. The map o — r(L,) is strictly decreasing and continuous for o > oy
in case I and for o > og in case II. Also, r(Ls) — 0 as 0 — oo.

Proof. The proof of strictly decreasing and continuity is exactly the same as the
proof of Lemma 4.6 and we omit the details. To see the last part, fix s > 0
with sup,cg > ioq(DO;(t))* < K < oo. Let 0 > s. Then since DH () < ¢

i1 (DOi(1))7 < 777 332, (DO (t))". Therefore, || Lo || < suppegs 352, (DOi(t))” <
¢ *K which implies ||L,|| — 0 as ¢ — oo because ¢ < 1. Since r(L ) [| Lo ||
the result follows. O

We should note that in the case of infinite iterated function systems there need
not be a value of ¢ for which r(L,) = 1 because we cannot guarantee a o for which
r(Ly,) > 1. It is possible that r(L,) < 1 for all the values of ¢ for which L, is
defined. Let

(5.3) O =inf{oc > 0:7(L,) < 1}

We want to claim that, under suitable disjointness condition, the Hausdorff di-
mension of the invariant set K is equal to 0.

By Lemma 4.3 and Remark 4.4 we know that given € > 0, there exists a p;(€)
such that for every t,s € S with 0 < d(s,t) <,

ple) (00 0) = HHDLD < o Do)

and lim, o4 pi(€) = 1. In the case of finitely many 6;’s a uniform pu(e) satisfying
the above property could be chosen by taking the maximum over i. But for the
infinite case we cannot guarantee a uniform p(e) which would work for each 6;. So
instead we shall make the assumption that a uniform p(e) can be chosen. For a
specific problem we would have to check that this condition is indeed satisfied. For
some important examples like complex continued fractions, which has been studied
by other authors (see Section 6 of [12]), this condition can be easily verified.

H5.4 Given ¢ > 0, there exists a u(e) > 1 such that for every ¢,s € S with
0<d(st)<e

(o) (Do) (1) < TEEED < () (D01) 1)
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and lim¢_,o4 p(e) = 1.
Now we are ready to prove the upper bound for the Hausdorff dimension of K.

Theorem 5.4. Assume that H5.3 and H5.J are satisfied. Also assume that H5.1
is satisfied with b;(t) = (D0;(t))? for o > o¢. Let dim(K) denote the Hausdorff
dimension of the invariant set K and o be as defined in eq. (5.3). Then dim(K) <
Ooo-

Proof. Once we assume the existence of a uniform pu(e) as defined above, the proof
is exactly similar (in fact simpler since we are in the setting of iterated function
systems) to the proof of Theorem 4.10, and is left to the reader. O

To prove the other half, dim(K) > o, we shall consider the infinite iterated
system as the limit of finite iterated systems and use the result that we have for
the finite case.

Define for N > 1 and f € C(S),

N
(Lo f)() = 3_(DO:(1))7 £ (0:(1)).

For N > 1, let K be the unique nonempty compact invariant set satisfying

N
Ky =J0:i(Kn)
i=1
and let o be the unique positive real number such r(L,, ~) = 1. We shall assume
the following hypothesis.
H5.5 For each N > 1, 0;(Ky)N6;(Kn) = 0 for 1 <i < j < N, and 6; is
one-to-one in a neighborhood of Ky for 1 <i < N.
By Theorem 4.15 we know that, assuming H5.5, dim(Ky) = oy.

Lemma 5.5. For each N > 1, Ky C Kny1 and Ky C K. Hence, dim(K) >
dzm(KN) = ON-

Proof. For any closed bounded nonempty set A C S, and N > 1, let O(A) =
Uz, 0:(A) and Oy5(A) = Y, 60;(A). Then O(A) > On(A) and On41(4) D
On(A). Also D(0%(A),K) — 0 as k — oo where D denotes the Hausdorff metric.
Taking A = Ky we get OF(Ky) D 0% (Ky) = Ky, and since D(0F(Ky),K) — 0
as k — 0o, we get that K O Ky. Similarly, Kn11 O Kn. O

It is easy to see that ||L, — Lo n|| — 0 as N — oo for o > o0 in case I and for
o > o0g in case 1I.

Remark 5.6. Let X be a real or complex Banach space and L : X — X, Ly :
X — X, k > 1 be bounded linear operators. Assume that limy_, ||Lx — L|| = 0.
Then we have that limsupy,_,. r(Lx) < r(L). But, in general, it is not true that
limg— 00 7(Lg) — 7(L). In fact, Kakutani gave an example of a sequence of bounded
linear operators L on a Hilbert space which converges in the operator norm to an
operator L satisfying r(Ly) = 0 for all k£ > 1 and (L) > 0. The example can be
found on pages 282-283 of [20]. If, in addition, we know that p(L) < r(L), where
p(L) is the essential spectral radius of L, then it is true that r(Ly) — r(L). By
the natural extention of L to the complexification of X, we can assume that X
is a complex Banach space. Then, if o(L) denotes the spectrum of L, recall that
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o(L)N{z € C: |z| > p(L)} consists of isolated points each of which is an eigenvalue
of L of finite algebraic multiplicity. Then exactly the argument on pages 227-228
of [17] proves that r(Lg) — r(L).

Lemma 5.7. Let (S,d) be a compact metric space and suppose that L : X =
C(S) — X be a positive bounded linear map, i.e., f(t) > 0 for allt € S implies that
(Lf)(t) >0 for allt € S. Let e denotes the function identically equal to 1. If r(L)
denotes the spectral radius of L, we have r(L) = lim,_.o ||L"¢||%. Furthermore, if
w € X such that u(t) > 0 for all t € S, then (L) = lim, oo | L™u|| . Finally, if
Lu = ru with u(t) > 0 for allt € S, then r(L) =r.

Proof. We shall write f < g to mean f(t) < g(¢) for all t € S. Since L is linear
and maps nonnegative functions to nonnegative functions, it follows that Lf < Lg
whenever f < g. If f € X with ||f|| <1, we have —e < f <e. So, —L"e < L"f <
L™e which implies that [(L™f)(t)| < |L™e(t)| for all t € S. Thus ||L™f|| < ||L™e||
whenever ||f|| <1 which gives |[L™|| = ||L™e||. Taking the nth root and taking the
limit as n goes to 0o, we get (L) = lim,, . ||L™e

Now let u € X such that u(t) > 0 for all ¢ € S. Since S is compact, there exist
0 <m < M < oo such that me < u < Me. This implies mL"e < L"u < ML"e,
so m|| L] < ||L™u|| < M]||L™el||. Taking the nth root and taking the limit, we
get lim, o0 | L™u||# = lim, .o |[L™||* = r(L). To see the last part, note that
Lu = ru implies L™u = r™u. So, |L™u|* = r|u|. Since |u| > 0, [u]+ — 1.
Thus we get (L) = r.

n .,

Corollary 5.8. Let (S,d) be a compact metric space and suppose that L : X =
C(S) — X and Ly : X — X be positive bounded linear maps. Assume that || Ly —
L|| — 0 as k — oo. Suppose Lu = ru with u(t) > 0 for allt € S. Then r(Lj) —
r(L)=r.

Proof. First we know that » = r(L) by the previous lemma. Now we have that
|ILxu — Lu|| — 0 as k — oo. Because u is strictly positive, given ¢ > 0, there exists
ko such that Lyu > (1 — &)ru for all k > ko. This implies for any n > 1, ||Lpu|| >
(1 = &)™ ||u|| for k > ko. Using the previous lemma, r(Lg) = lim, oo | L7 ul| >
(1 —9)r for k > kg. Since 0 > 0 was arbitrary, liminfyx_ ., r(Lg) > r. Thus we are
done because we always have limsupy,_, ., (L) < r(L). O

Lemma 5.9. Assume that H5.3 and H5.4 are satisfied. Also assume that H5.1 is
satisfied with b;(t) = (DO;(t))” when Lo is defined. r(Ly n) T 7(Ly) as N — oo for
o > og in case I and for o > o¢ in case II.

Proof. Let 0 > oy if we are in case I or ¢ > o if we are in case II. Then L,
defines a positive bounded linear operator on C(S). Clearly L, ye < L, nyt1€, SO
|ILs nell < ||Lo,n+1€l|. Using the previous Lemma, we get that 7(Le ny < 7(Lo, N1
It is easy to see that ||Ly — L, n|| — 0 as N — oo using H5.1. Since we know that
L, has a strictly positive eigenvector with eigenvalue r(L,), using the previous
corollary, we must have r(Ly n) — 7(Le). O

Now we can prove the lower bound for the Hausdorff dimension of K.

Theorem 5.10. Assume that H5.3, H5.4 and H5.5 are satisfied. Also assume
that H5.1 is satisfied with b;(t) = (D0;(t))? for o > o¢. Let dim(K) denote the
Hausdorff dimension of K and oo be as defined in (5.3). Then dim(K) > 0o
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Proof. If 09 < 04 then for g < 0 < 000, Ly is defined and r(L,) > 1 by the
definition of o, and the fact that o — r(L,) is strictly decreasing. So, using the
previous lemma, there exists N, such that r(L, ) > 1 for all N > N,. Since
r(Loy n) =1, oy > o for all N > N,. Therefore, dim(K) > dim(Ky,) = on, >
o. Since this is true for any o with 0y < 0 < 0o, it follows that dim(K) > 0. If
00 = 0oo then for o < 0o, Do, (DO;(t))° = oo, so for large N (depending on o),
Zfil(DQi(t))U > 1 for all ¢ € S. This implies that (L, n) > 1, so oy > 0. Thus
dim(K) > o for all o < 04, and hence dim(K) > 0. This completes the proof of
the theorem. d

Combining the previous two theorems we have the following theorem.

Theorem 5.11. Assume that H5.3, H5.4 and H5.5 are satisfied. Also assume
that H5.1 is satisfied with b;(t) = (DO;(t))? for o > o¢. Let dim(K) denote the
Hausdorff dimension of K and o be as defined in (5.3). Then dim(K) > 0o

In the next example we discuss a special infinite iterated function system that
is generated by complex continued fractions. This has been studied in section 6 of
[12]. We show how our theory is applicable to this particular example.

Example 5.12. (Complex continued fractions) Let I = {m +ni : m € N,n € Z},
where Z is the set of integers and N is the set of positive integers. Let X C C be
the closed disc centered at the point % with radius % For b € I define 0, : X — X
by .
(=) = b+ 2z

The collection of mappings {6, : b € I'} is not really a conformal iterated function
system because 6; is not a strict contraction as |67(0)] = 1. Therefore we consider
the system {0, 00, : b,c € I'}. Tt is easy to verify that 6, o 6. is a strict contraction
for each b,c € I with a uniform Lipschitz constant ¢ < 1. Let K be the unique
compact invariant set for this system. First note that 6,(z) = 0.(w) implies that
|z —w|] = |b—1¢|. So, if |[b—c| > 1 then 6,(X) N 6.(X) = (. Furthermore, if
|b—¢c| =1 then 6,(z) = 0.(w) implies that z and w belong to the boundary of X
and |z —w| = 1.

Lemma 5.13. 0, 00.(X) is contatined in the interior of X.

Proof. First we claim that 6,(z) € 0X implies z = 0. Let b = m + ni, m € N,
n€Zand z=x+yi € X. Then 0y(z) € X implies |b+% — 3| = § which implies
|2—b—z| = |b+z|. Therefore, (2—m—x)?+ (n+y)? = (m+x)*+ (n+y)? which
implies m +x =1, i.e., z =1 —m. Since m > 1 and x > 0 for z € X, it follows
that m =1 and = 0. But 2 = 0 implies that z = 0.

Now suppose that 6, 0 0.(z) € 0X for some z € X. Then, by the above claim,

0.(z) = 0, which is impossible by the definition of 6.(z). O

Let us verify H5.5. By the previous lemma we know that for any b,c € I,
0p 0 0.(X) is a compact set contained in the interior of X. So if we take finitely
many b;, ¢;, the union of the images would still be a compact subset of the interior
of X. So, for any N, Ky is a compact subset of the interior of X which means
diam(Ky) < 1. We claim that if X C int(X) with diam(X) < 1 then 6, 0., (X)N
Oy, © 0c,(X) = 0 for any (by,c1) # (ba,c2). Suppose instead that 6y, (6., (z)) =
Oy, (0, (w)) with z,w € X. This implies that by + 6, (2) = by + O, (w). If by = by,
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this would imply that 6., (z) = 0., (w), i.e., ¢1 + 2z = ¢2 + w, which is impossible
because |z —w| < 1 and |¢; —co| > 1. If by # by, we must have |0, (2) — 0, (w)] =1
which is possible only if both 6., (z) and 8., (w) belong to the boundary of X, which
is possible only if z = w = 0. This is a contradiction to the fact that X is in the
interior of X. Thus the disjointness condition in H5.5 is satisfied. Also for any
b € I, the map 6 is clearly one-to-one.

For b € I, we have DO,(z) = |0'(2)| = ﬁ. So, DOy(z) > 0 for all z € X. We
claim that there exists 0 < My < oo such that DO, € K(My, ) with A = 1. Let
z,w € X. We have

(DOy)(2) < (D) (w) exp(Mo|z — wl)

1 1

& < exp(Mop|z —w

e oP = furop PMolz —wl)
In w+b
¢>M0>27| Sl
T w4

+b| _ — lw—z| lw—z| |1n‘1§7+bH 2
But In |27 =In |1+ 47| < In(1+ =] ) < =75 Lherefore, Zﬁ <3 <

2. So, we can choose My independent of b € I. Thus H5.3 is satisfied.
To verify H5.1 note that

1 1
> (D)7(0) =D e >0 (2 2y

bel bel n€Z meN

which converges for o > %
To verify H5.4 it is enough to show that given e > 0 there exist pi(e) and
p2(€) such lime_oy p1(e) = lime o4 p2(e) = 1 and if 0 < |z — w| < € then

pi(e) < (DGgl))(z) |0’°(T;:Zfl(w)| < pg(e) for all b € I. But using 6,(z) = Z%_b, we
get (Dai)(z) ‘Gb(aiiﬁ](w)l = |fui+l;,| = |1 + 2%, which is bounded between 1 — ‘ﬁ;ﬁg"
and 1+ ‘I‘Z:ZI‘ Since for any w € X |w + b|™! = |6(w)| < 1, taking pui(e) =1 —€

and ps(e) = 1+ € does the job.

Thus we see that all the hypotheses of the theorem are satisfied for this particular
example and hence the Hausdorff dimension of the invariant set is given by the value
of 0.

In the next section we shall see that sometimes it is important to look at another
metric rather than the Euclidean metric.

6. CHOICE OF APPROPRIATE METRIC

We need to recall the definition of the Carathéodory-Reiffen-Finsler (CRF) met-
ric on bounded domains in Banach spaces. Let G be a bounded domain in a Banach
space X and let U denote the open unit disc in C. Let Hol(G,U) be the family of
all holomorphic functions f : G — U. Define a: G x X — R by

a(z,v) = sup{|Dg(z)v| : g € Hol(G,U)}

where Dg(x) denotes the Fréchet derivative of g at . Given any two points z and
y in G, consider the family of curves v : [0,1] — G that have piecewise continuous
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derivatives and v(0) = z, y(1) = y. Call such a curve admissible and define its
length by

L(y) = / a(y(6).7/ (1)) dt.

We now define the distance between = and y by
p(x,y) = inf{L(y) : v is admissible with v(0) = 2 and (1) = y}.

p is called the CRF metric on G. For a detailed discussion of the CRF metric we
refer the reader to [6].

Let G be a bounded open set in C and let § : G — G be a holomorphic map such
that 6(G) is a compact subset of G. If p denotes the CRF metric on G then it is
known (see Theorem 13.1 in [6]) that 6 is a strict contraction on G with respect to
the CRF metric p. Also, on a compact subset C of G, p is a complete metric and
is equivalent to the standard Euclidean metric, i.e., there exist positive constants
m and M such that

m|z —w| < p(z,w) < M|z — w| for all z,w in C.

Let G be a bounded open set in C and assume for 1 <7 < N that 0, : G — G isa
holomorphic map such that C' = 0;(G) is a compact subset of G and 6;(z) # 0 for all
z € G. Then there exists a unique nonempty compact set K with K = Ui\;l 0,(K).
For k > 1, define Z, = {I = (i1,i2,...,ix)]1 < i; < Nforl < j < k}. For
I = (i1,i2,...,ix) € Iy, define Oy = 6;, o---06;, 06;,. It is easy to see that
K= Ulezk 0;(K). We claim that, for large k, 0 is a strict contraction map with
respect to the Euclidean metric. Suppose z,w € C, z # w. Then

< —cF

S

)

161(2) = Or(w)| _ 7 P(01(2), 01 (w))
|2 — wl 2rp(z,w)

where ¢ < 1 is the maximum of the contraction ratios of the maps 6;, 1 <i < N,
with respect to the metric p. If we choose k large enough so that %ck < 1, then
it follows that 6y is a contraction map for all I € Z; with respect to the Euclidean
metric. Thus, if ;(K)N60;(K) =0 for I,J € Iy, I # J (which is certainly true if
{0;(K)}X_, are pairwise disjoint), the Hausdorff dimension of the invariant set K
is given by Theorem 1.2 by considering the iterated function system given by the
maps {07} ez, and the standard Euclidean metric. Note that in this case (Dfr)(z)
is nothing but |67 (z)|. If we write, for o > 0, (L, f)(z) = Zfil 104(2)]7 f(6:(2)) and
(Lo f)(z) = > rer, 103(2)]7 f(0:(2)), where k is as chosen above, then it is easy to
see that L, = LE. It follows from the following lemma that (L, ) = 1 if and only
if r(Ly,) = 1. Thus, to find the Hausdorff dimension of the invariant set K it is
enough to find g such that r(L,,) = 1.

Lemma 6.1. Let X be a Banach space, L : X — X be a bounded linear map and
k > 1 be a positive integer. Then r(L¥) = (r(L))*, where r(L) denotes the spectral
radius of L.
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Proof. We have that

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

?"(Lk)

lim [|(Z*)"]|*/"

lim (HLanl/kn)k
n—o00
= (lim |47 /inE

= (r(L)".
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