Math 350 - Solutions to review problems for Exam #1 - March 1, 2008
#1 Let V and W be finite dimensional vector spaces and let T' € L(V,W). Prove that

rank(T) + nullity(T) = dim(V).

Solution: This is in the text (Theorem 2.3, page 70). Here is a proof. Let § = {v1, ..., vx}
be a basis for N(T'). Then (3 can be extended to a basis v = {v1, ..., Vg, Vg41, ..., U } of V.
Then dimV = n,nullity(T) = dim(N(T)) = k, and we must show that rank(T) =n — k.
Since rank(T") = dim(R(T)) we can do this by showing that o = {T'(vk+1),....,T(vp)} is
a basis for R(T'). First we will show that « spans R(T). Let w € R(T). Then w = T'(v)
for some v € V. Since {v1,...,v,} is a basis for V| we have v = ajv1 + ... + a,v, for some
scalars a1, ...,a, € F. Then w =T (v) = a1 T (v1) +... +a,T(vy,). But vy, ..., v, are in N(T),
so T'(v1) = ... = T(vg) = 0. Thus w = ag1T(vg41) + ... + a,T(v,) € Span(a). Now
we show that « is linearly independent. Suppose 0 = by1T(vg41) + ... + b, T (vy,). Then
0 =T(bk+1Vk+1 + ... + byvy) and so bgr1vk+1 + ... + byv, € N(T). Since 3 is a basis for
N(T') this means that

bpy1Vks1 + ... + bpv, = 11 + .o+ CpUE
for some scalars cq, ..., ¢ € F. But then
—C1v1 — ... — CUE + g 1Vk41 + ... + by, = 0.

Since v is linearly independent, this means that ¢; = ... = ¢y = bg1 = ... = b, = 0.
Thus all the b; are equal to 0. This shows that « is linearly independent and our proof is
complete.

#2 Let V be a finite-dimensional vector space over F' and let X and Y be subspaces of V.
Recall that X + Y denotes {x +ylz € X,y € Y'}.

(a) Show that X + Y is a subspace of V.

(b) Show that X NY is a subspace of V.

(c) Prove that

dim(X +Y) =dim(X)+dim(Y) —dim(X NY).

Solution: (a) Since 0 € X and 0 € Y we have 0 = 04+ 0 € X +Y. Now let uy,us €
X +Y,a e F. Then u; = 1 + y1,us = x2 + yo where x1,22 € X,y1,y2 € Y. Then
up +us = (1 +y1) + (x2+y2) = (x1 +x2) + (y1 + y2). Since 1 + 22 € X and y; +y2 € Y
we have u; +ug € X +Y. Also auy = a(z1 + y1) = (az1) + (ay1). Since axr; € X and
ay; € Y we have au; € X +Y. Thus X + Y is a subspace.
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(b) Since 0 € X and 0 € Y we have 0 € X NY. Now let uj,us € X NY and a € F.
Then uy,us € X so uy +us € X. Also uj,us €Y souy +us €Y. Thus u; +us € X NY.
Now au; € X and au; € Y soau; € X NY. Thus X NY is a subspace.

(c) Let @ = {uy,...,ur} be a basis for X NY. Then we may extend « to a basis
B ={uy,...,ug, z1,....,x;} of X and we may extend « to a basis v = {u1, ..., uk, Y1, .-, Ym }
of Y. Thus we have dim(X) +dim(Y) —dim(XNY)=(k+)+(k+m)—k=k+1+m,
and so we need to prove that dim(X +Y) = k+ [ +m. We will verify this by showing
that 6 = {uy, ..., uk, X1, ..., T\, Y1, ---, Ym } is a basis for X + Y.

First we show that § spans X +Y. Let u € X+Y. Thenu=x+y,z € X,y € Y. Then
x is a linear combination of elements of 3. Thus x = ajuy + ... + agur + b1z + ... + by
for some aq,...,ax,b1,...,bp € F. Similarly y is a linear combination of elements of ~.
Thus y = ciuy + ... + cpur + diy1 + ... + dpyy, for some cq,...,cx,d1,...,d,, € F. Then
x4+y= (a1 +c1)uy + ... + (ar + ck)ur + b1z + ... + byxy + diys + ... + dpym € Span(6).

Now we show that § is linearly independent. Suppose there exist elements

Y1y ooy Thy 81y eey Sl t1, ceey by € F

such that
riuy + ... +rpur + 51201 + .o F s F iy + - F oy = 0.
Then
iUy + ..o Frpup + 8121 + ..o F 512 = —01Y1 — oo — i Ym-
Dentote this element by E. Then E = riui; + ... + rpur + s1x1 + ... + s;x; € X and
E=—-ty1—...—tyym € Y. Thus £ € X NY and so it is a linear combination of elements
of a. Thus
z1uy + .o+ Zpug = —tiyr — o — tnYm
and so

21u1 + oo + 2zur +tiy1 + oo FtYm =0
for some z1, ..., z,, € F. Since ~ is linearly independent we have zy = ... = 2z = y; = ... =
Ym = 0. But then £ =0 and so

riuy + ... +rpug + s1201 + ...+ sjxp = 0.

Since [ is linearly independent we have ry = ... = rp = x1 = ... = x; = 0. This shows that
0 is linearly independent and our proof is complete.

#3 Let B = {l,z,2?} and v = {1,(x + 1), (2 + 1)?}. These are two ordered bases for
PQ(R) Let
T:P(R)— P(R)



be the linear transformation defined by

(Here f = f(z) € P,(R) and f’ denotes the derivative of f.)

(a) Find [T]g
(b) Find [T,.
(c) Find the change of basis matrix from [ to ~.
(d) Find the change of basis matrix from v to 3.
(e) Explain how your answers to (a) - (d) are related.
( ) Find [Tt]lg*
0 0 0
Solution: (a) We have T(1) = 0,T(z) = z, T(2?) = 22%. Thus [T]z= [0 1 0
0 0 2
(b) We have T(1) = 0,T(x +1) = 2 = =1+ (z + 1), T((x + 1)?) = 2z + 22% =
0 -1 0
—2(x+1)+2(x+1)% Thus [T], = |0 1 =2
0 O 2
1 -1 1
(c) Thisis [[]}= [0 1 -2
0 O 1
1 1 1
(d) Thisis [[] = |0 1 2
0 0 1
(e) (1]3)~! = [1]7 and
()T 1 = [Tlg
0 0 0]
() [T"]g- = ([T]p)* = |0 1 0
0 0 2|
1] o 1 1
#4 (a) Is the set of vectors {| 0 |,| 1 |,| 1 |, |1} in R3 linearly independent?
1] [-1] |-1] |o
Why or why not?
1 1 1 3
-2 . 1 -1 -3
(b) Is the vector 5 | I Span{ il lo ol }? Why or why not?

1 1 1 1
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(c) Does the set of vectors { } span R*? Why or why not?

(NG

1

0
F I O A O
0.4 LO

Solution: (a) No. A set of 4 vectors in a 3-dimensional vector space cannot be linearly
independent.

1 1 3 1
1 —1 -3 —2
(b) No. Suppose a; |t g tas| =] o . Then

1 1 1 1

ay + az + 3@3 1

a]p —ag — 3(13 o —2

—an + as B 2
aq + as —|— as 1

Thus we have the system of equations
ay + az + 3(13 =1

CL1—G2—3CL3:—2
—a1 +az =2
a1+ as +az =1.

Subtracting the first equation from the fourth gives —2a3 = 0 and so ag = 0. Then we
have
a;+ag =1

a; —ag = —2
—a1:2.

Then adding the first and third equations gives as = 3 while adding the second and third
equations gives as = 0. Thus there is no solution, giving the result.

(c) Yes. This set of 4 vectors in the 4-dimensional space R* spans R* if and only if it
is linearly independent. If

—1
—1
1
1

—1

al + asg + as + a4

S =N
O = O =
N = = =
OO O O



then
—a;+az —az+ag =0

2a1 —az+ a4 =0
ar +az+az+ag =0
az + 2a4 = 0.

The adding twice the first equation to the second and adding the first equation to the third
gives
—a1+a2—a3+a420

2a9 — 3a3 +3a4 =0
20,2 —|—2CL4 =0
as + 2a4 = 0.

Subtracting the second equation from the third gives
—CL1+CL2—CL3—|—CL4:0

2@2—303+3CL4:0
3a3—a4:0
az + 2a4 = 0.

Finally, subtracting % times the third equation from the fourth gives
—a1+az —az+aqs =0

2a9 — 3a3 +3a4 =0

3ag —ays =0
7

Lag=0.
34

Thus a4y = ag = as = a; = 0 so the set is linearly independent.

#5 (a) Let W1 = {f(z) € P3|f(1) = f(2)}. Is W7 a subspace of P37 Why or why not?
(b) Let Wo = {f(x) € P3|f(1) = 2}. Is W5 a subspace of P37 Why or why not?

Solutions: (a) Clearly the zero function is in Wh. If f,g € Wy, then (f + ¢)(1) =
f()+91)=f2)+9(2) =(f+9)(2) so f+g e W;. Also, if a € F we have (af)(1) =
af(1) =af(2) = (af)(2) so af € Wi. Thus W; is a subspace.

(b) The zero function is not in W5 and so W5 is not a subspace.
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#6 Let V and W be vector spaces and vq,...,v, € V. State the definition of each of the
following terms:

(a) The span of {v1,...,v,}

(b) {v1,...,v,} is linearly independent

(c) A basis of V.

(d) The dimension of V'

(e) A linear transformation from V' to W.

Solution: (a) Let V be a vector space over F'. Span{vy,...,v,} = {a1v1+...+a,v,|a1, ...,a, €

(b) {v1,...,v,} is linearly independent if whenever ajv; + .. + a,v, = 0 we must have
air =..=a, =0.

(c) A subset S of a vector space V' is a basis for V' if it spans V' and is linearly indepen-
dent.

(d) The dimension of V' is the number of elements in any basis for V.

(e) A function T from V to W (which are vector spaces over a field F') is a linear
transformation if, for every v1,vo € V and every a € F we have T'(v1 +v2) = T'(v1) + T (v2)
and T'(avy) = aT'(V7).

#7 (a) Is F® isomorphic to Mayo(F)? Why or why not?
(b) Is F3 isomorphic to {A € May2(F)|A = A'}? Why or why not?
(c) Is F? isomorphic to {A € Mayo(F)|A = A*}? Why or why not?
(d) Is F? isomorphic to {A € Maxo(F)|A = —A'}? Why or why not?

Solution: (a) No, since dim(F3) = 3 and dim(May2(F)) = 4.
(b) {A € Mayo(F)|A = A'} has basis

ool [0 o) o]

and hence has dimension 3. Thus the two spaces have the same dimension and so are
isomorphic.

(c) No, as the two spaces have different dimensions.

(d) First assume that the characteristic of the field F' is not 2, i.e., assume that 2 # 0

in F. Then {A € Myyo(F)|A = —A'} is 1-dimensional with basis {[_01 H .} Hence the

two spaces have different dimensions and so are not isomorphic. If F' has characteristic 2
then —A® = A so this is the same as part (b) (and the two spaces are not isomorphic).

#8 Let V = R3, let {e1, e2,e3} be the standard basis, and let 3 = {f1, f2, f3} be the dual
basis. Define g € L(V,R) by

9( ) =r+2s— 3t.

S+~ w3



Express g as a linear combination of elements of 3.

Solution: Write
g=aif1 +axfs+ asfs.

Recall that f;(e;) = 0if i # j and that f;(e;) = 1. Then we have

1 =g(e1) = a1 fi(er) + azfa(er) + asfzer) = ar,

2 = g(e2) = a1 fi(e2) + azfa(e2) + az fs(ez) = aq,
—3 = g(e3) = a1 fi(e3) + az fa(e3) + asfz(es) = as.
Thus g = f1 +2f2 — 3 fs.

#9 Let
3 —1 2 2]
A=|1 0 0 1],
-1 2 2 4]
(4 -1 2 3]
B=|1 0 1],
-1 2 4]
and
3 5 2 2
c=11 2 0 1
-1 0 2 4

Find elementary matrices P and () such that PA = B and AQ = C.

Solution: The matrix B is obtained from A by adding the second row to the first row.
We obtain P by performing this same row operation on the (3 by 3) identity matrix. Thus

1 1 0
P=10 1 0
0 0 1

The matrix C' is obtained from A by adding twice the first column to the second column.
We obtain () by performing this same column operation on the (4 by 4) identity matrix.

0 0
Thus @ = ? 8
0 1

o O O
S O~ N

#10 Suppose Vi, ..., Vi are vector spaces with

VicVeaCVaCV,CVsC Vg
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and dim(Vs) = 4. Prove that V; = V;; for some i,1 <i <5.

Solution: We have

0 <dim(V1) < dim(Va) < dim(Vs) < dim(Vy) < dim(Vs) < dim(Vg) = 4.

Since there are only five possibilities (0, 1,2,3,4) for the six integers dim(V7), ..., dim(Vg)
we must have dim(V;) = dim(V;41) for some i,1 < i < 5. Since V; C V;;1 this implies

Vi =Viga.
1 2
#11Let P= |2 3
1 1
Solution:
Therefore

1
1|. Find P~!. Show your work.
1
1 2 2 1 0 0
2 3 1 0 1 0
1 1 1 0 0 1
1 2 1 1 0 O
O -1 -1 -2 1 0
O -1 0 -1 0 1
1 2 1 1 0 0]
o -1 -1 -2 1 O
0o 0 1 1 -1 1
1 0 -1 -3 2 0]
o -1 -1 -2 1 0
o0 1 1 -1 1

100 -2 1 1
010 1 0 -1
001 1 -1 1

-2 1 1
Pl=]11 0 -1



