MATH 354-03 April 4, 2005

Solutions to practice questions for exam #2

#1 Consider the linear programming problem
Maximize: ¢’x
Subject to:

Ax <b

x > 0.

This problem is in standard form.

(a) State the dual problem.

(b) Show that if x is any feasible solution to the primal problem and w
is any feasible solution to the dual problem then ¢’x < b”'w.

(c) Show that if the primal problem is unbounded, then the dual problem
is infeasible.

(d) Show that the dual of the dual of the given problem is the primal
problem.

Solution: (a) The dual problem is:

Minimize: bTw
Subject to:
ATw > ¢
w > 0.

(b) Since Ax < b and since w > 0 we have

wl Ax < w'b.

Also, wl'Ax is a 1 by 1 matrix and so is equal to its transpose x? AT

Since ATw > ¢ and x > 0, this gives

W.

wlAx > xTe = c!x.
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Combining these inequalities gives the result.

(c) If the dual problem is feasible, then (by (b)) for any feasible solution w
to the dual problem, b”w is an upper bound for the values of the objective
function for the primal problem. Thus if the dual problem is feasible, the
primal problem must be bounded.

(d) When the dual problem is written in standard form it becomes:

Maximize: —b’w

Subject to:
—ATw < —¢
w > 0.

The dual of this (as in part (a)) is:

Minimize: —cTu

Subject to:
(—ATYTu> —c
u > 0.

Since (AT)T = A, when this is written in standard form it becomes:

Maximize: c¢fu

Subject to:
Au<c
u >0,
which is the primal problem

#2 Consider the linear programming problem
Maximize: r’x
Subject to:

Ax =s

x>0



This problem is in canonical form. Find the dual of this problem, by writing
the primal problem in standard form and using your answer to #1. Explain
why the dual involves unrestricted variables.

Solution: We may write the problem in standard form as

Maximize: r’x
Subject to:
Ax <s
—Ax < —s
x>0

We may rewrite this problem as

Maximize: rfx

Subject to:
A S
a|x=[4)
x > 0.
Then (as in #1(a)), the dual is

T
C S
Minimize: ] wW
—S

Subject to:
T
e
w > 0.
Wy
Here (if A is m by n), w = : is a column vector in R?™. Then
_wzm_

setting u; = w; — Wiy, for 1 <7 < m we have that u is unrestricted and
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and

T
[_AA] w = ATu.

Thus the dual problem may be written:

Minimize: sTu

Subject to:
ATu>r
u unrestricted.

#3 Find the dual of the linear programming problem:

Minimize: —3x1 + 229 + x4

Subject to:
201 +x9 + X3+ 224 > 7
To + 3$4 =9

r1,T0 > 0,23 <0, x4 unrestricted.

Solution: We first write the problem in terms of positive variables by

setting 25 = —x3 and 24 = xJ — x; . This gives:
Minimize: —3xq + 222 + 2} — zy
Subject to:

211 + Ty — ah + 22 — 2w, > 7

zo + 37 — 3w, =5

Ty, w0, h, ) x> 0.
Now we write this problem in standard form:
Maximize: 371 — 2wy — xf +
Subject to:

—2x1 — wo + 25 — 22f + 2w, < -7

xo + 37 — 3w, <5

—xo — 3zf + 3wy < -5



Ty, To, h, 2w > 0.
The dual is therefore
Minimize: —7w; + dwe — dws
Subject to:

—2w1 2 3

—w1 + w2 — wg > —2

w1 Z 0

—2wq + 3wy — 3wz > —1

2wy — 3wy + 3wz > 1

w1, Wa2, W3 > 0.
We may combine the last two inequalities into a single equality and write
wyq = Wy — w3 to get
Minimize: —7w; + dwa
Subject to:

—2w1 Z 3

wy +wyg > —2

2’(1)1 — 37,04 =1

wi > 0, w, unrestricted.

#4 Use the revised simplex method to solve the linear programming prob-
lem

Maximize: 2x1 + x9 4+ 3x3 + ¢ + 227 + 323
Subject to:
21‘1 +ZE2+$4+3$5+ZE7 S 24
1+ 3x3 + x4 + 5 + 226 + 3xg < 30
5x1 + 3x2 + 314 + 225 + x7 + dxrg < 18
3x1 + 229 + 23 + x6 + 328 < 20
L1y...9L8 > 0.

Give the current B~! and the current list of basic variables at each step.

Solution: The initial tableau is:



2 1 3 0 0 1 2 3 0 0 0 0
Xy X2 X3 T4 I3 Tg Ty g X9 T10 L1111 T12 XB

0 z9g 2 1 o 1 3 0 1 0O 1 O 0 0 24
0 210 1 o 3 1 1 2 o 3 0 1 0 0 30.

0 z11 5 3 0 3 2 0 1 5 0 0 1 0 18
0 z2 3 2 1 0 0 1 o 3 0 0 0 1 20
-2 -1 -3 0 0 -1 -2 -3 0 O 0 0 0

x9

Initially B~! = I4, the 4 by4 identity matrix, and xg =b = ilo

11

12

From the initial tableau we see that the first pivot should be on the (2, 3)
position. Then the new B! is

1 0 00
0 £ 00
0 0 1 0
0 —5 0 1

24

. |10

is 18| The new cg =
10

Now cEB™'=[0 1 0 0] andso

L9
and the new xp = 53 } . This is equal to the new B~! times b which
11
0
3
0
0

Zj = Cgtj = CEB_IAJ' = [0 1 0 O]AJ

Using this we compute the new values of z; — ¢;, getting the new objective
rOW:



(-1 -1 0 1 1 1 -2 00 1 0 0].

We now pivot on the 7th column. To choose the pivot row we compute

1 1
t-=B 1A, = B! (1) = (1) . The 6-ratios are 24 for the first row and
0 0

18 for the third row. Thus we pivot on the (3,7) position.
Then the new B! is

1 0 -1 0
0 & 0 0
0 0 1 0
1
0 —3 0 1
Tg
and the new xp = 23 ] . This is equal to the new B~! times b which
7
T12
6 0
. |10 3
is 18 | The new cg = 5
10 0

Now ¢cEB™'=[0 1 2 0] andso
zi=cptj=cEB 'A;=[0 1 2 0]A;.

Using this we compute the new values of z; — ¢;, that is the new objective
row:

9 5 0 7 5 1 0 10 0 1 2 0].

Since all the entries in the new objective row are > 0, the current solution
is optimal. This solution is



Tr1 — T2 :0,5173 = 10,5134 — Ty — Tg :O,QZ‘7: 18,338 = 0.

#5 Consider the linear programming problem:

Maximize: 4xq1 + 3x9 + 623
Subject to:
31’1 — 4.’13‘2 - 6$3 S 18
—2561 — To + 2$3 S 12
T1 + 319 + 2253 < 1
Tr1,T2,X3 2 0.

The optimal solution to this problem is z = 4 at the point 1 = 1,29 =
0,x3 = 0 and the final tableau for the simplex method is:

I T2 I3 T4 Tp Te
zy 0 =13 —-12 1 0 =3 15
s 0 5 6 o 1 2 14
ry 1 3 2 0O 0 1 1
0 9 2 0O 0 4 4

a) State the dual problem and find its optimal solution

b) Find all values of Acsy such that the solution above remains optimal.

c¢) Find all values of Acs such that the solution above remains optimal.

d) Find the optimal solution of the problem obtained by changing cg to 3.
) Suppose the final tableau is obtained from the initial tableau by multi-

plying by B~!. Find B~!.

(f) Find the optimal solution to the problem obtained by changing the

constant term in the third constraint (bs) from 1 to 5.

(g) Find the optimal solution to the problem obtained by changing the

constant term in the third constraint (bs) from 1 to 7.

(h) A further constraint x5 + x3 > 1 is added to the original problem. Use

the dual simplex method to find an optimal solution to this new problem

(if one exists).
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(i) A different further constraint 2z, + xo < 1 is added to the original
problem (not to the modified problem in (h)). Use the dual simplex method
to find an optimal solution to this new problem (if one exists).

Solution: (a) The dual problem is

Minimize: 18w + 12wy + w3
Subject to:

3UJ1 —2w2—|—w3 24

—4w1 — Wy + 3w3 Z 3

6’(1)1 + 2w2 + 2w3 2 6

w1, W2, W3 Z 0.

Since the initial tableau contains an identity matrix corresponding to the
slack variables x4, x5, xg, the optimal solution or the dual problem is given
by the entries in the objective row of the final tableau that occur in the
columns corresponding to slack variables. Thus the optimal solution of the
dual problem is

0
0
4

(b) Since x5 is not basic, the current solution remains optimal if z9 —cy >
Aco. Taking the value of z9 — ¢o from the final tableau, we see that the
condition is that Acy < 9.

(c) We copy the final tableau for the problem and add the (top) row
recording the (original) values of the ¢; and the (leftmost) column recording
the cp:

4 3 6 0O 0 O
x

CB 1 Z2 Z3 T4 IT5 Tg

O 2o 0 -—-13 —-12 1 0 -3 15

0O z5 O 5) 6 0 1 2 14

4 x; 1 3 2 0 0 1 1
0 9 2 0O O 4 4
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We now change the value of c5 in this tableau and recompute the entries
in the objective row to obtain:

4 3 6 0 Acs 0
Cp T T I3 Ty Is WIS
0 x4 O —13 —12 1 0 -3 15
AC5 Is5 0 5 6 0 1 2 14
4 x; 1 3 2 0 0 1 1
0 9+5Acs 2+6Acs 0 0 442Acs 4+ 14Acs

Now the condition that the solution is optimal is that every z; —c; > 0,
that is,

9+ 5Acs > 0,24 6Ac5 > 0, and 4 + 2Ac5 > 0. This is equivalent to
AC5 Z —%

(d) The current solution remains optimal since 4 = z; — ¢; > Acg = 3.

(e) Since the 4-th through 6-th columns of the initial tableau form an
identity matrix, the B~! appears in the 4-th through 6-th columns of the

1 0 -3
final tableau. Thus B~ = [0 1 2
0 0 1
18
(f) The right-hand column of the final tableau will be replaced by B~ | 12

5

3
22 | . Since the entries are all positive, this is a feasible solution and so is

5
an optimal solution. Thus 1 = 5,29 = x3 = 0,24 = 3,25 = 22,24 = 0 is
the optimal solution. The corresponding value of the objective function is

z = 20.
18

(g) The right-hand column of the final tableau will be replaced by B~ | 12
7

-3

26 | . Using this vector to replace the right-hand column of the final

7
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tableau we obtain:

I Hi%) T3 Trqa I5 Tg
rxqy 0 =13 =12 1 0 -3 -3
xs O 5) 6 0O 1 2 26.
r1 1 3 2 0O 0 1 7
0 9 2 0O 0 4 28

One iteration of the dual simplex procedure (pivoting on the (1, 3) posi-
tion) gives

L6
s 0 1 -5 0 3 5
mooo-3 0 Fa b
no1 2o b0 o
N B
Thus z1 = 1—23, ro = 0,23 = i is the optimal solution.

(h) The new constraint may be written xo + 3 —u; = 1 or as —xy —
x3 + u1 = —1. Adding this constraint to the final tableau gives

I i) I3 T4 Tp Te (Al
zy 0 —-13 —-12 1 0 -3 0 15
s O 5) 6 0 1 2 0 14
r; 1 3 2 0 O 1 0 1
vuw 0 -1 -1 0 0 0 1 -1
0 9 2 o o0 4 4

Now apply the dual simplex method, pivoting on the (4,3) position to
obtain a tableau whose 3-rd row is

(1 2 00 0 1 2 —1].

Since the last entry in this row is negative and all other entries are
positive, there is no feasible solution.

(i) The new constraint may be written 2z + x2 + u; = 1. Since each
basic variable should appear in only one constraint and since x is basic,
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we will subtract 2 times the 3-rd constraint from this constraint to obtain
—bx9 — 4x3 — 226 + u1 = —1. Adding this constraint to the final tableau
gives

I o I3 T4 Th Te (Al
x4y 0 —-13 —-12 1 0 -3 0 15
s O 5) 6 0 1 2 0 14
zy 1 3 2 0 O 1 0 1
uww 0 -5 -4 0 0 -2 1 -1
0 9 2 o o0 4 0 4

We now apply the dual simplex method and pivot on the (4, 3) position.
This gives the tableau

L1 X2 X3 T4 L5 Te UL
s 0 2 0 1 0 3 -3 18
z 0 -2 0 0 1 -1 3 2
xz 1 L 0 o o o 1 I
z3 0 2 1 0 o 1 -1 1
o 2 o o o 3 3 1

#6 Find an optimal solution to the following pure integer programming
problem.

Maximize: x1 + 3xo
Subject to:
r1 — 219 >0
T+ 2562 S 42
r1,x9 > 0, x1, 22 Integers.

Solution: First we solve the problem without the integrality restriction.
The initial tableau is
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1 3 0 0
r3 —1 2 1 0 O
ry 1 2 0 1 42°
-1 -3 0 0 O
We pivot on the (1,2) position and obtain
1 3 0 0
1 1
ry 2 0 —1 1 42
5 3
50 2 0 0

Now we pivot on the (2,1) position and obtain

1 3 0 0
mo1 1oLy
1 1 0 -3 3 21

1 5 105

00 3 I =

Thus x1 = 21,29 = % is a solution to the problem without the integrality
condition.
Now we add the cutting plane constraint

1 Lo
——T3 — —T4 + U = —=.
g3y 9

Then the tableau becomes

13 0 0 0
w01 1 1 0 %
1 1 0 —3 5 0 21.
w 0 0 -2 -+ 1 -1
1 5 105
00 1 2 o 1P

Using the dual simplex method we see that we must pivot on the (3, 3)
position. Thus we obtain the tableau
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1 3 0 0 0
z2 01 0 0 1 10
rxz1 1 0 0 1 =2 22.
xzs 0 0 1 1 —4 2
0 0 01 1 52

Thus the optimal integral solution is x1 = 22, x5 = 10.

#7 Find an optimal solution to the following pure integer programming
problem.

Maximize: x1 + 2x9 + x3 + x4
Subject to:
2x1+x2+3x3+x4 S 8
201 + 3xo + 4y < 12
333‘1 —|—£I32 + 25[33 S 18
x1,%2,x3,24 > 0, T1,22,x3,x4 integers

Solution:
First we solve the problem without the integrality restriction. The initial
tableau is

1 2 1 1 0 0 0
r5 2 1 3 1 1 0 0 8
Tg 2 3 0 4 0 1 0 12.
r7r 3 1 2 O 0 O 1 18
-1 -2 -1 -1 0 0 0 O
We pivot on the (2,2) position to obtain
1 2 1 1 0 0 0
4 1 1
Iy g 0 3 —4§ 1 —1§ 0 4
T2 ; 1 0 54 0 51 0 4 .
I ? 0 2 —5§ 0 —2§ 1 14
1 g -1 2 0 2 0 8



Now we pivot on the (1,3) position to obtain

1
4
I3 9
2
Io 3
13
I 9
7
9

O = O N

0

S O ==

0

Ol

W

o O O

0

0|0l i~ ol
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Since the entries in the objective row are all positive, this gives an optimal
solution to the problem without the integrality restriction.

Now we use the first row to impose a cutting plane constraint:

4
9

1

4

I3 9
2

T9 3
13

Iy 9
4
U1 )
7

9

Using the dual simplex method, we pivot on the (

1
1
I3 5
1
T2 5
3
g 5
1
s 5
1
2

S OO = O

S O = O

0

8
Tg¥1 T T4 T 3T~ g7 T up = 3

o O OO

OO O

1
3

p—

I
w
T

|
#olooo|

oz |

1
0
1

-1 =

1
1

8

9

Adding this to our previous tableau gives

| O wir O

WI=WIN

W=

wlw O
0o|utoo|—
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o R O O OO
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Ol
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o

0010200200 X0
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,6) position to obtain

Now we impose the cutting plane constraint (coming from the first row)

1
2

- —§az — —-u; t+u ——§
17 gTs 1 2= g

7

8



16

| ] ™ enloo N
=000 |c0ml00 _ —“ <+ Yo~ o

Co o oo 0o —lomoley  ool;m

MmN I~ ©
8 8 8 8 3

Using the dual simplex method, we pivot on the (5,5) position to obtain
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