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We prove a correlation inequality for n increasing functions on a distributive lattice, which
for n=2 reduces to a special case of the FKG inequality. The key new idea is to reformulate
the inequalities for all n into a single positivity statement in the ring of formal power series.
We also conjecture that our results hold in greater generality.

1. Introduction

The purpose of this paper is to prove a correlation inequality for n increasing
functions on a distributive lattice. For finite lattices, it is possible to combine
the entire family of inequalities (for all n) into a single statement involving
the ring of formal power series. This is the form in which we first formulate
and prove our result.

Thus, let X be a finite set and regard the power set 2% as a partially
ordered set with respect to inclusion. Let R :=R][[t]] be the space of formal
power series in the variable ¢ with real coefficients. The set

P = {alt—l—ath—i—u'€R|a,~20foralli}
is a convex cone in R, and we define
RIX]={F|F:2¥ =R} and P[X]:= {F | F: 2% = P}.

Now P [X] is a convex cone in R [X] and we will refer to its elements as posi-
tive functions on 2% . We define the subcone of increasing positive functions

Mathematics Subject Classification (2000): 05A20, 26D07, 60E15, 82B20

0209-9683/108,/$6.00 (©2008 Janos Bolyai Mathematical Society and Springer-Verlag



210 SIDDHARTHA SAHI

to be
I X ={FeP[X|:F(T)-F(S)ePforal SCTC X}.

To state our main result we need to consider a further subcone which we
now introduce. For a function F' in R[X] we define its “cumulation” to be
the function F* in R[X] given by

(1) FH(T):= ) F(S) for T C X.
SCT

We write C [X] for the class of cumulations of positive functions; thus
ClX]:={F"|FeP[X]}.

It is easy to see that C[X] is a subcone of Z[X].
For each x € X we fix a real number m, in [0,1] and equip the power
set 2% with the product probability measure. Thus

(2) w(S) ::Hm:EH(l—my) for S C X.

zes y&sS

Our main result is as follows:

Theorem 1. For any F' in C[X], and any measure p as above, we have

(3) 1- [ @ -F ()" ePp.

SCX

Using this result, we can obtain an infinite family of correlation inequal-
ities for ordinary (real valued) functions on 2%. For this we define

RIX]|:={f|f:2* =R} and P[X]:={f | f:2¥ = Ry}.
Similarly, we define
IX]={fePX]|f(T)—f(S)eRyforall SCT C X},
and
CIX] = {f*| fePX]}.
Note that R[X] is a real vector space of dimension 2/¥I, and the sets

ClxjcIx]c pPlX]

are polyhedral convex cones of dimension 2/X1.
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The statement of our correlation inequalities involves a small amount of
combinatorial notation. First of all, given functions fi,..., f, in R[X], and
a subset 7 of {1,...,n}, we define the corresponding correlation to be

(4) ET=E7<f1,...,fn>=E<Hfi> =Y w5

1ET SCX 1ET
Next, given a partition 7w of {1,...,n} into disjoint subsets
T=m U---Um

we define the correlation product

Clearly if 7 is a partition of {1,...,n}, the cardinalities of the subsets
constitute a partition A(m) of the integer n

M) = (|m],...,|m]).

(We assume the indexing is chosen so that the cardinalities of the various
subsets satisfy |m1|>...>|m|.) Now for a given partition A of n, we define

(5) Ey\ = Z E,.
mA(T)=A
For each partition A of n, we introduce the coefficients

L)

(6) o= (-] (v =

i=1

where, as usual, [ (\) denotes the number of parts of \. Finally, we define

(7) By =En(fi,..- fn) =Y B
AFn
By construction, E, (fi,...,fs) is a linear function of each f; and is a

signed sum of products of correlations of the functions f; with respect to
the measure . Our main theorem implies the following result:

Theorem 2. For any n-tuple of functions f1,...,f, in C[X], and for any
product measure p as in (2) we have

E,(f1,...,fn) >0.
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For n=2 we have two partitions, (2) and (1,1), with coefficients
C(g) =1 and 0(171) =—1.

Thus
Ey (f1, f2) = By — Eqy =E(fife) —E(f1) E(f2)

and we get the following:
Corollary 3. For f1, fo in C[X]| we have
E(fif2) —E(f1)E(f2) = 0.

This is of course a special case of the Harris inequality which is known
to hold for all increasing functions fi,fo in I[X]. In turn the Harris in-
equality itself is a special case of the FKG inequality [3], which holds for all
probability measures p on 2% satisfying

(8) pw(SUT)Yu(SNT) > pu(S)u(T) forall S,T C X.

(Of course if p is as in (2) then it satisfies (8) with equality.)

The FKG inequality has proved extremely useful in several different ar-
eas of mathematics including mathematical physics, especially lattice mod-
els and percolation [7,5]; combinatorics, especially graph theory [4,2]; and
statistics [10]. We refer the reader to [8] for a discussion of some of these
applications, as well as an extensive bibliography.

It seems to be the case that our main result also holds in this generality.
Thus we formulate the following conjecture:

Conjecture 4. For any F' in Z[X], and any p satisfying (8), we have

1- ] a-F©s)® ep.
SCX

As above, this implies the following:

Conjecture 5. For any n-tuple of functions fi,..., f, in I[X], and any pu
satisfying (8) we have
E, (fla-~~7fn) > 0.

We have been unable to establish these conjectures in general. The prob-
lem is that none of the usual inductive proofs of the FKG inequality seem
to apply in this setting, and a slight natural strengthening of the conjecture
turns out to be false. However we have managed to prove the conjectures
for | X| < 2. For |X| <1, Conjecture 4 coincides with Theorem 1; however
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the case |X|=2 already presents some novel features. We postpone further
discussion of these matters to the appendix.
For n=3,4,5 we have
E3 =2E3) — E@g1) + E(1,1,1)
Ey=6Ey) —2E31) — Epg) + Eo11) — Eq11,1)
Es =24E;5) —6E41) —2E32) + 2E31,1) + E221) — E@1,11) + Ea1,1,10)-
The positivity of E, (f1,...,fn) for n = 3,4,5 was first observed by

Richards in [8], who in the general case considered slightly different ex-
pressions of the form

K/n (fla"'afn) = ZC/)\E)\
AFn

where
(9) A= (=11 (\) —1)!

and )\ is the conjugate partition of \.

Richards referred to the expressions ], as “conjugate cumulants” since
they are closely related to the usual cumulants, which are given by the
formula

fn (froo s ) = > (D) THE () = DI,

AFn

Indeed the k], may be obtained from &,, by formally switching the numerical
coeffcient of E)\ with that of E)/, but keeping the same signs.
Now one has the identity

LX) = A

and moreover if A is a partition of n <5, then the second and subsequent
parts of A are either 2 or 1, and so

(N —D!'=1 foralli>2.
Comparing formulas (6) and (9) we observe that we have

cx=cy forall \Fn<5.
Thus, by an amazing coincidence, one get

k), = B, forn <5.
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However for n=6 we have
/

since the two functions differ in the coefficient of E33). Indeed Richards
observed that the inequality
kg >0

is not sharp, since one has
kg (1,1,1,1,1,1) > 0,

and he asked about the possibility of modifying the definition of &/, to obtain
a sharp inequality.

More precisely, Richards conjectured the existence of functionals of the
form

Pn(flv"'afn):ZCAE)\

AFn
with some unknown coefficients cy, such that:
1. Po(f1,..-,fn) >0 for all f; in I[X] and for all probability measures p

satisfying (8).
2. For each n >3 there is a constant d,, such that

P, (fi,- - fae1,1) =dnPr1 (f1,-- - fna1) -

3. For all n>2 one has
P,(1,...,1,1) =0.

It is now easy to prove the following result:
Theorem 6. The functionals E,, (f1,..., fn) satisfy conditions 2 and 3 with
dp, =n— 2.
Moreover E,, satisfies condition 1 for all f; in C[X] and all y1 of the form (2).

Of course, Conjecture 5 asserts precisely that F,, satisfies condition 1 in
general.

Finally, we mention that there have been earlier generalizations of the
FKG inequality. One of the most influential of these is the Ahlswede—Daykin
4-function theorem [1], which has been generalized in [9]. It would be inter-
esting to find a generalization of this theorem along the lines of the present

paper.
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2. Power series
2.1. Difference operators

If X is a finite set, then for each x in X we define operators
Pr Py 0nt RIX] = RIX N\ {a}].
Here p),p, are the “restriction” operators defined by
pfF(U)=FUU{z}), p,F{U)=FU) foralU C X\ {z}
and &, =p} —p, is the “difference” operator given by
0, F(U)=F{UU{z})—FU) forallU C X\ {x}.
Lemma 7. The operators p;,p, ,d, map the cone C[X] to C[X \{z}].

Proof. If GeC[X], then there exists F' in P[X] such that

G(T)=FH(T)=> F(S).

SCT
It now follows from the definition of the operators p;, p, ,d, that
— - — ot +
prG=(piF+p;F)", p;G=(p;F)" and &G = (pfF)".
Since p} F, p, F and p} F+ p, F belong to P[X \{z}], the result follows. I

Now observe that for 2 #y the restriction operators pF commute with p;t.
Hence we have

030y = 040y
Thus if T" any subset of X, we can define the iterated difference operator
o =[] 0 : RIX] = R[X\ 5]
zeT

which is given by the explicit formula

srF (V) =Y ()" BIpvus) foral V.CcX\T.
SCT

The next key fact is that the iterated difference operators can be used to
invert the cumulation operator F'+ F'*, defined in formula (1).
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Lemma 8. For FeR[X], define F~ € R[X] by the formula
F~(U)=0yF (@)
Then we have
(F) = () =F.
Proof. For U C X we have
=Y F M= 0F0)=> > )" FlFre).
TCU TCU TCU SCT

Interchanging the order of summation, this becomes

(10) > Z DTS B (g) = Z[ S (=W

SCU T scu lvcu\s

F(S).

Now for any finite set Z, the binomial formula implies the identity

S dV = (14 a)7.

vCz
Thus, for SG U, the inner sum on the right in (10) is
(1-1)" =0,
while for S=U, the inner sum is 1. Therefore we get
(F7)" ) =F ).
A similar calculation yields
(F*) (U)=F(U),
and the result follows. ]
As an immediate consequence we obtain the following:
Corollary 9. For F € R[X] we have
FeC[X] < F €P[X].

Combining the previous results, we obtain an inductive characterization
of the cone C[X].

Lemma 10. For F e P[X] we have
(11) FeClX] < 0,F eC[X\{z}] forallzinX.
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Proof. First suppose F' is in C[X]. Then Lemma 7 implies 6, F € C[X \{z}].
Conversely, suppose F € P[X]| satisfies 6, F € C[X \{x}] for all z in X. To
prove that F'€C[X], by the previous corollary, it suffices to show that

F-(U)eP forallUC X.
If U is the empty set, then since F is in P[X], we have
F~(0) =[0gF] (0) = F (0) € P.
If U is not empty, we fix z €U. Then since 6, F €C[X \ {z}], we get
F~(U) = B0 F] (0) = [6ingoy [6.F]) 0) = [5.F)” U\ (e} €P.

2.2. Positive functions

In this subsection we prove Theorem 1. The key ingredients are various
properties of the cone C[X] of cumulative functions.

Since C[X] is a cone, it is closed under multiplication by positive scalars,
and under (pointwise) addition. More generally, if we have an infinite se-
quence of functions {F;};°, CC[X], such that for each UC X,

F(U):ZE(U)

is a well-defined element of R, then F' belongs to C[X].

Now since R is a ring, R[X] is also a ring under pointwise multiplica-
tion, and it is easy to see that the cones P[X] and Z [X] are closed under
multiplication. We now show that the same is true for the cone C[X].

Lemma 11. For F,G in C[X] the product F'G belongs to C[X].

Proof. Clearly F'G belongs to P[X], and so by the previous lemma, it
suffices to prove that

0 [FG] € C[X \{z}] forall zin X.
For this we compute

0z [FG) = [pi F] [p7G] = [p F] [p2

T

G] = [pi F] [6.G] + [6.F] [p, G] -
By induction on |X| and Lemma 7, the RHS is in C[X \ {z}]. |

We can now prove Theorem 1.
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Proof of Theorem 1. Let F be in C[X] and let x be a product measure
of the form (2). Then we have to prove

1- [ a-F )" ep.
SCX
We will proceed by induction on | X|. For X =0 the expression becomes
1-[1-F@®)]' =F(@®)

which belongs to P since F is in P[X].
Now suppose X is a non-empty set. Fix € X and write Y = X \ {z}.
Then we can rewrite the expression of the theorem in the form

- JJa-FEy=1- [ 0~ £ @)™
SCX TCY
where v is the product measure on Y given by
v(@) =]my [ 1-muw)
yeT weY\T

and F, is the function in R[Y] defined by
_ 1-mg My
(12) 1—F,(T)=[1-p, F(T)] 1—pfF(T)]™.

By the inductive hypothesis it suffices to prove that F, is in C(Y).
For this we rewrite the right side above in the form

ﬂ]mx = [1—p; F(T)] [1 _

1 —pz F(T)

1-pF @) | =]

1—pz F(T
and expand using the binomial theorem to get
— i—1 Mz i - 1—i
Fo(T)=p, F(T)+ > (-1)"" < . ) 0. F (T [1—p, F(T)] "
i>1
Expanding further we obtain

Fomr P S 0 (M) a7 (U ) ey [

J

Now since 0<m, <1 we have

1y <m> _me(lmm) @=my) = 1=ma)

7 i!
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Also since ¢>1 we have

(_1)j <1j—z> _ (i—l)(i)--.-(i+j—1) >0

J! -

Thus all the coefficients in the expression for F, are positive, and by
Lemmas 7 and 11 we see that F; belongs to C(Y). |

3. Correlation inequalities

In this section we show how Theorem 1 can be used to derive the correlation
inequalities of Theorem 2 for real valued functions on 2%.

3.1. Polarization

We first show how the correlations E,, (fi,..., f,) arise from a “polarization”
of the expression (3). For this we introduce the ring of formal power series
in n variables

Ry =R[[t1,. .., tn]]
and for a finite set X, define the corresponding function ring on 2%
Rn[X]={F|F:2"¥ = R,}.
Now if fi,..., f, are n (real-valued) functions in R[X], then we define
(13) Foi=tifi+ +tnfn € Rn[X].

Proposition 12. The correlation E,, (f1,..., f,) of formula (7) is coefficient
of tity---t, in the expansion of

(14) 1- ] - F.(5)"®.

SCX

Proof. It suffices to show that —F,, is the coefficient of t1ty---¢,, in

=] a-F.(s)".
SCX

Taking log of both sides, we get

log (11) = 3~ 1 (8)log (1~ F (5)) = E(log (1 - ) = ~ >~ 7& (F})

SCX k>1
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Expanding using (13) and collecting terms of order <1 in each t; we get

log(ﬂ):—Z% > Kty oty E(fi o fi) + Z%\Et t

k>1 " {i1,...,in}

where 7 ranges over non-empty subsets of {1,...,n}, t"is the mono-
mial [[,c, ti, £ is the correlation defined in (4) and
Qg ::—(k—l)!.

Exponentiating, we get
H—exp(ZamEt + - ) Zl' [ZamEt] + -

where the ignored terms have order >2 in some ¢;.
Therefore the coefficient of t1tg---t, in IT is

Z Z [“alm\ e G\M\Ew] = Z Ay |+ am(ﬂ\EW

wH[n],l(m)= wh[n]
where the last sum ranges over all set partitions © = (71'1,--- ,Wl(ﬂ)) of
[n] :={1,....,n} and Er = Er, - Er, , as before. Since the coefficient of

E, depends only on A(7) we can rewrite this as

)

> (- Z(AHA—l Y Er=-) aBx=-E,

AFn 1 w=[n],A(m)=X AFn

recalling the definitions of ¢y (6) and Ey (5). |

3.2. Specialization

We can now prove Theorem 2 by a “specialization” argument.

Proof of Theorem 2. Let us write c(iy,...,i,) for the coefficient of the
monomial ¢}'¢5?---ti» in the expansion of

1- ] - F.(5)"®.
SCX

In view of the previous proposition it suffices to prove that if fi,..., f, are
in C'[X] then ¢(1,...,1) is non-negative.
We deduce this from Theorem 1 by a simple specialization “trick”.
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First, note that if we specialize

for some positive integers ki,...,k,, then F), specializes to an element of

C[X] and so by Theorem 1, the expression (14) specializes to an element

of P. Thus after the specialization, all coefficients of (14) are non-negative.
Now the coefficient of t* in the specialized expression is

Z C(il,...,in)

(ily---vin)

where the sum ranges over all n-tuples (iy,...,%,) of non-negative integers
satisfying
i1k1+ -+ ik, = k.
Thus it suffices to show that we can choose kq,...,k, such that
ki +- - tinkp =k +-+ky = i1=-=1i,=1,
since then the corresponding sum, which is positive, reduces to the single
term c¢(1,...,1).
For this we choose distinct primes pq,...,p, and put

ki = (p1---pn) /Di-
Now consider the equation
itk + o Finkn = k1t + k.

Clearly no i; could be 0, since otherwise the prime p; would divide the left
side, but not the right side. However if all the i;’s are > 1, then they must
all be equal to 1, since otherwise the left side would be strictly larger than
the right. ]

3.3. Appendix

The key to the inductive proof of Theorem 1 is the result that
FeC(X)=F,eC(X\{z}) forzelX,

where F}; is as defined in (12). We show by an example that this is false for
FeZ(X).
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Example 13. Let X ={1,2}, let x be the uniform product measure so that
w(S)=1/4 for all SC X, and let FeR[{1,2}] be defined by

F@®) =0, F{1})=¢t* F{2)=+ F{1,2}) =1+
Clearly we have F'€Z[{1,2}]. However using (12) we get
BR{N-FRO)=1-021-2-) - 1-2)P1-r-)"

Computing the coefficient of ¢° in this expression we get

(1 ~(1- t2)1/2) (1—2 )%~ (%ﬁ) (—%t?’) - —it?

The negative sign shows that F» ¢Z [{1}].
Nevertheless we can prove the main result in this case. We start with the
following result:

Lemma 14. Let X ={1,2} and let F €Z(X). Then there exist a,b,c,d,e in
P such that

F0) =a, F({1}) =a+b+c, F({2}) =a+b+d, F(X)=a+b+c+d+e.

Proof. Arguing coefficient by coefficient, it suffices to prove the same result
for real valued functions F € I (X), with a,b,c,d,e € Ry. In this case it is
easy to verify that the following choices work:

a=F(0), b=min(F{1})—a,F({2})—a)
c=[F({1}) —a] =b, d=[F({2})—a] -0
and finally
e=F(X)—max(F({1}),F({2})=F(X)—a—-b—c—d. 1

Proposition 15. Conjecture 4 holds for | X|<2.

Proof. We need to show that for F' € 7(X) and p satisfying the FKG
condition (8) we have

1- [ @-F )" ep.
SCX

For |X| <1 we have Z(X) = C(X), and condition (8) holds for every
measure p. Thus in this case Conjecture 4 reduces to Theorem 1.
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Now suppose | X|=2, say X ={1,2}. Let u be a probability measure on
X and write

p@ =0, p({1}) =~ w{2}) =8 wX)=a

Then we have

a+f8+v+d=1 and ad > By.

Next, let F' € Z(X). By the previous lemma there exist a,b,c,d,e in P
such that

F0)=a, F({1}) =a+b+c, F({2}) =a+b+d, F(X)=a+b+c+d+e.
Thus we need to show that
1-ITeP
where
O=(1-a’(1l-a-b—c)(l-a-b-df(1l—a—b—c—d—e)*.
It the next lemma we show that in the expansion of 1— I as a formal

power series in {a,b,c,d,e}, all coefficients are >0. Specializing a,b,c,d, e to
elements of P, the result follows. ]

To complete the proof of the previous proposition we need to prove the
following result:

Lemma 16. Suppose a,3,7,6 are non-negative real numbers satisfying

(15) a+fB+v+d6d=1 and ad > By.

Write II for the product
T=(1-a’0-a-b—c)(l-a-b-d)’(1—a—b—c—d—e)®

and consider its formal power series expansion in {a,b,c,d,e}

I=1- Z cijklmaibjckdlem.
itjtk+l+m>1

Then all the coefficients c;jiy, are > 0.
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Proof. We first show that we can reduce to the case where a = 0, i.e.
to prove non-negativity of the coefficients cojrim,. For this we rewrite the
product above as

B o
H:(l_a)a+ﬁ+’7+5 <1_ b—{—c>7 <1_ b+d> <1_b+c+d+€> .

1—a l1—a l1—a

Since a+ +~v+ =1, setting

we get

where
m=(1-b-)(1-6-d)(1-t—-c—d—¢).
Now II' has the expansion

. . j kgl om
= Y O (O @) @) =1 Y et
jH+k+14+m>1 J+k+l4+m>1 @

Therefore IT has the expansion

bckdle™
— ! __ R
I=(01-a)ll'=1- <a+ Z Cofklm(1_a)j+k+l+m—1>'
J+ktl4+m>1
Suppose that all cjx;, are non-negative. Since

j+k+l+m—1>0

by the binomial theorem the expansion of W has only positive

terms. Thus further expanding the terms on the right, we see that all coeff-
ficients in the parethesis are >0.
Therefore, it suffice to prove the lemma with a=0, i.e to consider

I=01-b—c"1-b—d)’1-b—c—d—e)".

Using the previous strategy we now show how to reduce to the case where
b=0. For this we rewrite

H/ — (1 _ b)a+ﬁ+fy H//
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where
m"=(1-")"(1- d'/)ﬁ (1-¢" =d"—€")" and ' = ] i 7 etc.
Since
kdl m
I =1- Z CO0kim (C”)k (d//)l ()" =1- Z COOklm(lib)lirle
k+l+m>1 k+l+m>1
we get

Lot delem

! __ _ N\« Y _

II'=(1-1) k+l+z>l C00kim (1— b)k+l+m7(a+5+7) ’
m>

Suppose all coorin, are non-negative. Then since a+ (F+v <1 we have
k+l+m—(a+B+7) >0

and as before we conclude that, after further expansion in b, all the terms
in the parenthetical sum are non-negative.
Also since 0<a+8+v<1, by the binomial theorem we get

(1 —b)*™™ = 1 — (non-negative terms) .
Thus we deduce that
II' = 1 — (non-negative terms) .
So finally it suffices to prove the lemma with a=b=0, i.e., to consider
I=01-c1-d)’1-c—d—e)°.

We rewrite this as

" = (1-¢)*" (1 - d)°+? (1 - %) .

Expanding the last expression by the binomial theorem we get

1= (=™ a0 () o (cd+ )"

k—a— k—a—@"
= V(1 —d)fh
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Since we have 0 < o <1 the coeflicient (—1)/&”‘71 (z) is non-negative. After
further expansion in ¢ and d we see that all the terms in the sum are non-
negative. Thus, dropping the terms for k> 2, as well as the terms involving
e for k=1, it suffices to prove that the expression

cd
(1 o C)lfafy (1 _ d)lfafﬁ

I"=01-*"1—-d)*" —a

is of the form
II" =1 — (non-negative terms) .

By the binomial expansion we can rewrite the first term in 11" as
a+v\ [(a+p
k l

while the second term in IT"”can be rewritten as
a+y—1\/a+pB-1
@), < k—1 ) < -1

k,i>1
Thus it suffices to prove the following inequality for binomial coefficients

D)D) eene

Dividing out by common factors, we are left with needing to show

1 — (non-negative terms) + Z &d

ki>1

Fd.

a>a+7a+ﬁ
-k l

It suffices to prove this for k=[1=1, and in this case using (15) we get

for k,1 > 1.

(a+7)(a+B)=a(a+B8+y)+0y<ala+f+7)+ad=a 1
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