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ABSTRACT. We establish a precise relationship between binomial coefficents
and Littlewood-Richardson coefficients for interpolation polynomials and Mac-
donald polynomials, and obtain explicit formulas for both kinds of coefficients.

Introduction

Let F = Q(q,t) denote the field of rational functions in ¢,t. In ([18], [6], [19],
[4]) the author and F. Knop introduced two inhomogeneous polynomial bases

(0.1) (G, :n€Cy CF[z1,..., 2], {Rx: A€PL} CFlay,... 2z,
whose index sets are, respectively, compositions and partitions of length n:
Coi={n=(n,-- ) :mi €Zxo}, Pn:={A€Cpn: A1 22X >... 2 A}.

Ry and G, are called interpolation polynomials and, as shown in ([19], [4]),
their top degree terms are, respectively, the symmetric and nonsymmetric Macdon-
ald polynomials of type A ([12], 17, 3, 11)).

In this paper we prove several new results about ) and G,,. We first introduce
common notation to avoid having to state the results twice. Thus we write

{hy(x):v€L} CR

to denote either of the two situations in (0.1).

The index set L admits a partial order O , which, together with the “rank”
function |v| = vy + - - - + v, makes L into a graded poset ([2]). Furthermore there
is a certain map u — w : L — F™ such that h, is characterized as the unique
polynomial in R of degree |v| satisfying
(0.2) h, () = 1; and h,, (@) = 0 unless u 2 v.

We refer the reader to sections 0.3 and 1.1 for precise definitions of 2 and u — @

in the symmetric and non-symmetric cases, respectively.
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0.1. Binomial coefficients. Our first result is a formula for the special values
hy (@), which are called binomial coefficients in [15, 21]; we define

(0.3) buy 1= hy ()
We denote by :D the covering relation of 2; thus we have
u:Dviff u Dwvand |u| = |v]+1

The by, are ezplicitly known if u :D v (see [1, 15] and formulas (0.15),(0.18) below);
to emphasize this fact we write

- bup ifu:Dw
we 0 else

Consider the L x L matrices A = (ayy), B = (byuy), and the diagonal matrix
Z = (|t| 6uv), where we define for any n-tuple, e.g. for y € F"

Yl ==y 4 +yn
By (0.2), (0.3) B is unitriangular and hence invertible. We denote its inverse by
B~ = (b))
THEOREM 0.1. .

(1) The following recursions characterize by, and b, :

(0-4) (1) buu =1, (i1) ([7] = [0)buv = 3.5 buw ([0] = [7]) @wo-
(0-5) (1) by = 1, (i) ([ = [P)bly, = 2o oG ([0] = [)1L,,

(2) The matrices A, B, Z satisfy the commutation relations
(06) (1) [ZaB]:B[ZaA}; (H) [ZaB_l} :_[ZaA}B_l

(3) Let €y :={w = (wo,wr, -+ ,wk) | wo = u, wp = v, w; :D w;y1}; then
0.7)  buw = See,, wt (W) with wt (w) = 12 |45 a0 |
(0.8) Vo = Yowee,, wt' (W) with wt’ (w) = Hf;ol [%awhwiﬂ} .

0.2. Littlewood Richardson coefficients. Our second result concerns the
Littlewood Richardson coefficients ¢, := ¢y, (p), which are defined for each p € R
by the product expansion

(0.9) p (@) hy (2) = 32, Cuvhu ().
THEOREM 0.2. The following recursion characterizes cyq, := Cyup (p):
(0.10)
(i) cuu = p @) (i) [[a] — [|lcus = 23: Cuw[W| = [0]]aws — ; [[a| — [@]]aywCuwn
The matrices C = C (p) = (cuw) and D = D (p) = (p (@) dup) satisfy:
(0.11) (i) C = B™'DB, (ii) [Z,0] =[C,[Z, A]].

Of special interest are the Littlewood Richardson coefficients for h,,, which are
defined as follows:

(0.12) ey = Cup (Ru) -
These can be expressed entirely in terms of binomial coefficients. Define

Cow (2) = Cup X Cupy X €y, T = ULEY (2)
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and for w = (wh,w?, w?®) € € define

wt (w) = wt' (w") wt (w?) wt (w?) .
THEOREM 0.3. The coefficient cl,, s given explicitly as follows:
(0.13) Cow = 2 Vuzbrwbze = Zweeﬁw wt (w)

0.3. The symmetric case. We now make the above results explicit in the
symmetric case, and give an application of Theorem 0.3 to symmetric Macdonald
polynomials.

DEFINITION 0.4. For )\ € P,, we define
A= (5\1, e ,S\n) where \; = ¢ttt

For A\, u € P,, we write A D p if A\; < p; for all 4, so that the diagram of A contains
that of p. We write A :D pif A D pand [N = |p| + 1.

By [19], [4] for each A € P, there exists a unique polynomial Ry (z) in
Sn
Flz1,...,2,] "such that

deg (Ry) = A, Ra (1) = oy, for [ < |X

DEFINITION 0.5. For A\, 4 € P, we define the symmetric binomial coefficient to
be by, = R (). If X :D p we write ay, = bx,.

Our result give an explicit formula for by,. To state this formula we recall some
standard notation related to partitions from [12].

The Young diagram of a partition A is a left-justified array of boxes with A;
boxes in row ¢. Transposing the diagram of A gives the diagram of a new partition,
usually denoted )\, such that )\3- is the length of the jth column of the diagram of
A. If s = (4,7) is the box in row ¢ and column j; we define the arm and leg of s to
be

a(s)=Xi—j, 1(s) =\ —i.
and we define the (q,t)-hooklengths of A as in [12, VI.8.1,1"]:
(0.14) ex(s) = 1= OO oy Z [ ex(s)
C/)\(S) =1- qa(s)+1tl(s)’ C/)\ = HSE)\C/)\(S)

If A D u we write A/u for the "skew” diagram consisting of the boxes in A
which are not in p. If A:D p then A/p consists of a single box.

A standard skew tableau of shape A/u is a labelling of the boxes of A/u by the
numbers 1,2,--- ,k where k = |A| — |u|, such that the labels increase from left to
right along each row and from top to bottom along each column. We write ST},
for the set of such tableaux, which can also be regarded as sequences of partitions

A=A Al 0N =y
where \* is obtained from ) by deleting the boxes with labels 1, - - , 1.
THEOREM 0.6. If A\ :D p with A/pu = (i,7), let R; and C; denote the (other)
boxes in row i and column j, respectively, then we have

(0.15) axe =t ] ea(s) 11 ().

seCj CM(S) SER; C“(S)
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DEFINITION 0.7. If T € STy, with T = (A=X":D A1 :D - D A = pu) we
define

k=1 pr 0 — k=1 p — —
N |— )\i+1| N |— )\H»l‘
wt(T) = H [ [X]—|xi+1] a)‘iv)‘i+1:| y wt' (T) = H { Iz — ] OXiXia
i=0 i=0

THEOREM 0.8. If X 2 p then by, = 0. If A D p then we have

bap = ZTGSTMM“’LL (T)
Moreover if we define
A 1= ZTESTA/uwt, (T)

then we have

brub, = 6,
Zu Auluv A

DEFINITION 0.9. Forp(z) € Fz1,...,2,])°" we define its Littlewood-Richardson
coefficients cy,, = cx, (p) via the product expansion

p() Ry (z) =Y \enun (7).
We also define
C/)lu = o (Ry) = e (Ry)

THEOREM 0.10. The coefficients cy,, = cay (p) are characterized as follows

@) e =p(}) (i) [A = [Allere = X enwllP] = [Allav, — X [N = [Plaxscu,

v:DOp vC:iA
Moreover we have
A /
v =D Vrubuubr

0.4. Macdonald polynomials. We now give an application of Theorem 0.10
to Macdonald polynomials.

Let Jy (z;q,t) be the "integral form” of the symmetric Macdonald polynomial
as in [12, VI.8.3]. The Jy are orthogonal with respect to the (g, ¢)-inner product
(.,.) defined in [12, VI.1.5]. By [12, VI1.8.7] we have

(0.16) (JIx, Ju) = jadx, where jy = exch
Using Theorem 0.3 we can obtain an explicit formula for the scalar product (Jy, J,Jy).
DEFINITION 0.11. For A, u, v in P,, we define
n(A) =3 =A== 1) =33 (\;—1) /2
n (A psv) =n(A) —n(p) —nv)
THEOREM 0.12. We have

n(A,,yl1V,)t2n()‘7H’V) Zf |>\| — |,LL| + ‘y|

)\ . . —_
0.17 In, o) = Cuvlpdvd
047 Vo Judi] { 0 else
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0.5. Remarks.

(1) The definitions and notations for the symmetric interpolation polynomials
are slightly different in [19], [4], and [15]. The precise connection between
these definitions is explained on P. 471 of [21].

(2) The nonsymmetric analog of Theorem 0.6 is contained in [1, Cor 4.2], and
we give a concise reformulation. Suppose n:D v € Cp, let 1 < i < ... <
ir < n be the corresponding indices as in (1.1), and for 1 < j < n define
constants a;, a;» € IF as follows:

a = { Yo JE€li-nu) { Vi J€ (il
! iy I =k o i, J >k
Then we have
an — 17" n @) — 1,
0.18 =2 . R )
( ) Ay 1—¢ szl a; — 7j

The analogs of Theorems 0.8 and 0.10 are straightforward.
(3) The nonsymmetric analog of Theorem 0.12 involves three steps. We sketch
the argument below and we leave the details to the interested reader.

e The first step is to define the analog of the (g, t)-scalar product for
nonsymmetric Macdonald polynomials. This involves a reinterpreta-
tion of the results of [14] along the lines of [20]. Note however that
the natural scalar product is Hermitian (with ¢* = ¢~ 1, t* =¢1).

e The second step is to define the integral form of the nonsymmetric
Macdonald polynomials and compute its norm explicitly.

e Finally one needs to compute the precise normalization constant re-
lating the integral nonsymmetric Macdonald polynomial and the top
term of the nonsymmetric interpolation polynomial.

(4) The results of this paper in the limiting case of Jack polynomials were
obtained in [22].

1. Proofs of Theorems 0.1, 0.2, 0.3

1.1. Preliminaries. In this section we recall the definition of the partial order
D and the map u — u on the index set L. For L = P, these are defined as in
Definition 0.4.
For L = C,,, the definition of D is due to [4]. For 7,7 in C,, we write n :D = if
there are indices 1 < iy < ... <1 <n such that
v, +1 ifi=iy
(11) 7, = Yiji1 le:Z], j<k
Yi otherwise
DEFINITION 1.1. [4] We define the partial order O on C,, to be the transitive
closure of :D; conversely :D is the covering relation of D.

For L = C,, the definition of @ is due to ([6], [19], [4]), and involves the
permutation action of the symmetric group S, on n-tuples (in C,,F" Z", etc.).
The S,-orbit of n € C, contains a unique partition that we denote 1. The set
{0 € S, :0(n+) =n} contains a unique element of minimal length that we denote
by o,,. (Here, as usual, the length of a permutation o is the number of o-inversions,
i.e. pairs of indices 1 < i < j < n such that o (¢) > o (5).)
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DEFINITION 1.2. For 7 in C,, we define 77 € F™ to be
(1.2) 7= oy (77+)
REMARK 1.3. The restrictions of (2,u — @) from C,, to P, agree with the

corresponding structures on P,,.

Let L denote C,, or P,, and let R denote F[xy,...,x,] or F[xl,...,mn}s”

accordingly. We recall that |u| := uq + - - + uy,, and for d € Z>( we define
Ra={peR|deg(p) <d}, Laq={ucL||u/<d}, Lq={u|u€ Ly}
The following result is key to the definition of interpolation polynomials h,,.

PROPOSITION 1.4. [19, 4] A polynomial in R4 is determined by its values on

Lqg.

We briefly sketch the argument. In the symmetric case the main idea goes
back to [18] and arose in connection with author’s joint work with B. Kostant
[8, 9] on the Capelli identity. Evaluation gives a linear map Ev : Rqy — FL4 and
the proposition asserts that this is an isomorphism. We first note that both spaces
have dimension # (Lg); this is obvious for FL4, while for R4 it follows by expressing
a (symmetric) polynomial in terms of (symmetric) monomials. Therefore it suffices
to prove that Ev is surjective, which can be carried out by induction on d.

Interpolation polynomials are images of delta functions under Ev~!.

DEFINITION 1.5. h, () is the unique polynomial in R, satisfying
hy (@) = 6y for all u € Ly,

The following ”extra” vanishing result relates h,, () and 2.

PROPOSITION 1.6. [6, 4] We have h, (@) = 0 unless u D v.

1.2. Proofs. The proof of Theorem 0.1 depends on the following simple iden-
tity for h, (x).

PROPOSITION 1.7. Let |z| denote x1 + - - - + x,, then we have
(1.3) (lz] = [2]) ho () = 3205, ([0] = [P)) @ P ()

PROOF. Both sides of (1.3) are polynomials of degree d = [v| + 1. By Proposi-
tion 1.4 it suffices to show that they agree on Ly. Now let = @, then by formula
(0.2) both sides vanish if |u| < d and both become ([a| — [T])ay, if |u| = d. O

PRrROOF OF THEOREM 0.1. We first prove (0.4). By formulas (0.2), (0.3) we
get by, = hy, (@) = 1, which is (0.41). Next (0.4ii) follows from Proposition 1.7 by
setting x = @ in (1.3) and using formulas (0.2), (0.3). Finally (0.4) characterizes
buy by induction on |u| — |v|.

Next note that (0.61) is equivalent (0.4ii), and (0.6ii) is equivalent (0.5ii). Also
(0.6ii) is equivalent to (0.61) since

(Z,B7'|=-B ' (ZB-BZ)B=-B"'|Z,B|B
This proves (0.6) and (0.5ii). Now (0.51) is obvious, and (0.5) characterizes b/, by
induction on |u| — |v|.

We next prove (0.7). Let by, temporarily denote the sum in (0.7), It suffices to
verify that b, satisfies the recursion (0.4). Now (0.4i) holds since by, involves the
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single chain w = (u,u) whose weight is the empty product 1. For (0.4ii) we observe
that
[wr—1|—|v]

wt (w) = wt (W) ] Gwi— 1. where W = (wg, w1y, -+ ,Wr—_1)

Therefore collecting the terms in (0.7) with wi_1 = w, we get

l_)uv = Ew;jy [Zv—vecuWWt (V_V)} é‘l:‘lg Ay = Zw:jvbuw l‘%':ﬁ%}‘l Qv

which is (0.4ii). Therefore by, = by, for all u,v. The proof of (0.8) is similar. [

PROOF OF THEOREM 0.2. We first prove (0.11). Substituting x = w in (0.9)
we get

p (W) hy (W) = 3, cuvh (W) .
By (0.2,0.3) this becomes
Awwbwy = Zubwucuva

Hence we obtain the matrix identity DB = BC, which is equivalent to (0.11i).
To prove (0.11ii) we calculate as follows:

[2,C)=[Z,B"'DB] = [Z,B~'|DB+ B~ '[Z,D|B+ B~ 'D|Z, B]

The middle term vanishes since Z and D are both diagonal matrices. The first and
last terms can be computed by formula (0.6) and we get

[Z2,0]=—[Z,A]B'DB+ B 'DB[Z,A] = - [Z,A]C + C[Z,A] = [C,|Z, A]]

We now prove (0.10). Since B is unitriangular, (0.11i) implies that C' and
D have the same diagonal entries, which is (0.10i). Next (0.10ii) is equivalent to
(0.11ii). Finally (0.11) characterizes ¢y, by induction on |u| — |v|. O

Proor or THEOREM 0.3. For p = h,, the diagonal matrix D = D (h,,) has
diagonal entries d,, = hy, (Z) = b,,,. By formula (0.11ii) we have

CZ’w = Zzb;zdzzbzv = Zzb/uzbzwbzv

which is the first equality in (0.13). The second equality follows from (0.7), (0.8).
(]

2. Proofs of Theorems 0.6, 0.8, 0.10, 0.12

2.1. Preliminaries. In this section we recall some basic results on the sym-
metric interpolation polynomials Ry (z), which are needed for the proofs of Theo-
rems 0.6, 0.8, 0.10, 0.12 below.

We write REI") = {p eFlxy,... ,a?n]s"
metrized monomials

deg (p) < d} and define the sym-

my = ZoeD(A)x({l coexon for A€ Py,
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where D ()\) denotes the set of all distinct rearrangements of A. Also define maps

w: Rgn_l) — Rfin), T: R&n) — ’R((in), T Rfin_l) — ’Rfin_l), v Rfin) — Rgi)n

(1) (@1reevn) = [ (21— £y — )
(T/f) (xlv oo 7$n*1) =f (‘Tl + tl_na ceey Tp—1 +t1_n)

(wh (o) = f () [ 2=t

J=1 )\ — tl-n

(2.1) w (m>\17»--7>\n—1) =mx, ..., .0, extended by linearity

PROPOSITION 2.1. If A € P, with |\| = d there is a unique Ry (z) € R&n) with

(2.2) Ry () = 0y for all partitions p with |u| < d
Moreover if A, >0, then
(2.3) Ry =v(Ra_e) for e=(1,---,1)

If A\, = 0 then there is a unique S (z) € Rfi"_)n such that
(2.4) Ry = (twT’) (Rx-) + v (S) for A= = (A1,..., Anz1)

This is proved in ([19], [4]). The function S (z) is chosen by induction so that
the right side of (2.4) vanishes for i if |u] < d and p, > 0. One verifies that (2.3)
and (2.4) serve to define Ry (z) by induction on n + |A[.

As shown in ([19], [4]), the polynomials Ry (x) are eigenfunctions for certain
difference operators. We recall the result below:

PROPOSITION 2.2. Let Dy be the operator defined by
Dy = Y A (@) (1-Ty).

where .
_ (1 _4l-n,_—1 T — 12

Ag (2) = (1=t "oy, )Hl;ﬁk pe——

and Ty, is the k-th ¢~ '-shift operator
Tif (x1,...,2,) = f(a:l,...,qflzzrk,...,xn)
then we have
(2.5) Dy Ry, (x) = [Zk (tk_l - ﬂ;l)} Ry, (x)
2.2. Proofs.

PROOF OF THEOREM 0.6. We evaluate (2.5) at = X to get
S (5 = )] B () =[S ()] By (3) — e () By (= 50)
which we rewrite as follows:
20 [Sede () - S (5 = )] R (3) = A () B (= 52)
As in Lemma 3.5 of [19], we have
Ak (;\)RM (/\—€k) ZOif]{i#Z'
and by Lemma 3.3 of [19], we have
2k Ak (/_\) =2k (tkf1 - 5‘1:1)
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Since jix = A for k # i, (2.6) can be rewritten as
1 y-1 N A (T — (1 4l-ny—1 i —tN

Substituting fi; = ¢~ '\; and rewriting, we get

- 5\1 —i-n 5\1 — tj\l
R, (N = S
" ( ) q — 1 ll;[z )\z — )\l
To complete the proof of (0.15) it suffices to verify the two identities
C)\(S) 5\1 — tj\l
(2.7) = —
ng cu(s) E i — N
) / Y. tlf’n Y. t_
(2.8) = ] C}(S) _ A I1 A=t
sER; C“(S) ¢—1 I>i Ai = A

Now C; consists of boxes {({,7) | { < i}. For s = (I, ) € C; we have
ax(s)=au(s)=X—7 =X — X\ )=l (s)+1=i—-1L
C)\(S) _ 1— qax(s)tlA(s)-‘rl _ 1— q)\l—kiti—l-‘rl _ q)\itl—i _ q)\th—l _ Xl _ tj\l
cu(s) 1= quhe@)FT — T ghXgil T il — gl =l T X
which implies (2.7).
We now prove (2.8). Denote the left and right sides of (2.8) by X (\,4) and
Y (A, 4) respectively. First suppose j = 1. Then R; is the empty set and X (A, 4) =
t'=%. Also we have \; = 1 and \; = 0 for [ > i therefore we get

tlf’i _ tlfn n qtlf’i _ t27l

qtl—i _ tl—l

q

Y (N i) = =t = X (\4)

-1 S

Now suppose j > 1. Let k be the largest index such that Ay > 0 and define
A=\ -—-1,---, 2 —1,0,---,0)

Note that necessarily £ > i. Now we have

X(\i) A 1—gith

X(Ai) o (l,i) 1 —gimtth

Also for [ < k the ratios ’\S\’i%tg‘llare unchanged when we replace A by A*. Thus

Y ()\’ '1,) q)\itlfi _ tlfn n q)\itlfi _ t27l n q)\ifltlfi _ tl*l
e

* 2\ hi—ll—i _41-n Nopl—i _ 411 —1pl—i _ 42—1
Y (A*,4) ¢ t t i 4 t t i t t
B q)\itlfi _ t27(k+1) B 1— qjtkrfi B X ()\71)
- q/\,i—ltl—z' —2—(k+1) T 1 — qj—ltk—i T X ()\*,z')
and the identity X (A7) =Y (\,4) follows by induction on |Al. O

Theorems 0.8, 0.10 now follow from Theorems 0.1, 0.2, respectively. For the
proof of Theorems 0.12 we need a preliminary result.

LEMMA 2.3. Let ky be the coefficient of my (z) in Ry (x); then
(2.9) ko = (~1)M 2N el
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PROOF. We proceed by induction on n+|A|. The result is obvious for n+|A| =
0, and so we may suppose n + |A\| = 0.

If A, = 0 then Ry = (tw7’) (R)-) + v (S) by formula (2.4). Now 7,7 do not
change the leading terms of a polynomial, w maps my- to my, and the coefficient
of my in v (S) is 0. Therefore we deduce that ky = k-, and since the right side of
(2.9) is unchanged under passage from A to A~ the equality (2.9) holds by induction.

If A, > 0 then let p = A — e. By formula (2.3) we deduce

kulkn = a5 (e —t17") = (=)™ ¢ (1 - g )
Therefore by induction we get
K (1) gnl0g=n () g, (ay e )
A= n T i\ n n—i
(-1 glrln )Hj:1 (1 —gritn=i) CLszl (1 —gritn=)
To complete the proof its suffices to verify the following identities for A = u+ ¢
20 () = 20 (1) +n(n—1), n () = n () + l, & = IT— (1 — gt ~)

whose (easy) verifications we leave to the reader. O

PROOF OF THEOREM 0.12. For two polynomials p (x), ¢ (z) in F[z1,...,2,]
we write p ~4 q if p — ¢ has total degree < d.
As shown in [12], the coefficient of my in Jy (z) is ¢x. Therefore if we define

(2.10) = cx/ky = (=1)P =2 (V) 4y
then by Lemma 2.3 we get
J)\ (1’) ~IA| T)\RA ({E)
Therefore if d = |u| + |v| then by Definition 0.9 we get
Judy ~aq TuryRuR, = Z\,\|gd7"u7"ucﬁuR>\ ~d Zp\\:d?"u?"u?";lcﬁ,,«])\-
Since since the first and last polynomials are homogenous of degree d, they are
equal. Therefore by (0.16) we get

—1 N\ - .
_ TuTvTy CupdX if |)\| = |/1’| + ‘V‘
(s Juidy) { 0 else ’

To complete the proof it suffices to verify that
mr”r;1j/\ _ jujyq—n(,\/,w,u/)tzn(A,u,u) if [\ = |u| + |v|

which follows immediately from (2.10). O
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