KEY TO THE MAASS-SELBERG RELATIONS FOR SL;(R)

A o= (ity + 1,0ty + £9,0t5 + £3)
Ag = (—itl, —itz, —Zt3)

$1, 82 permutations in S

Inv(s) = {(i,7) | i < j,s(i) > s(j)}

=(1,-1,0)
=(0,1,-1)
Sample Box: S9
S1 /\1 + 82/\2 IHV(SQ)

S1

(51 A1 + s222)(ay)
Inv(sy)

(s1 A1 + 82/\2)(042v)

6/\1 (Ztl +€1,it2 +€2,it3 —|—€3) 6/\2 ( Ztl, th,—lt;;)
(12)/\1 = (th +€2,it1 +€1,it3 —|—€3) (12)/\2 ( th, Ztl,—lt3)
(13)/\1 = (Zt3 +€3,it2 +€2,it1 —|—€1) (13)/\2 ( Zt3, th,—ltl)
(23)/\1 = (Ztl + 61,it3 + €3, th + 62) (23)/\2 ( Ztl, Zt3, —th)

(123)/\1 = (Zt3 +€3,it1 +€1,it2 —|—€2) (123)/\2 ( Zt3, Ztl,—ltz)
(321)/\ = (th + 62,it3 + 63,it1 + 61) (321)/\2 = (—itz, Zt3, —Ztl)

Inner Product Formula.

[ AE(AAE( )y
I\G/K
(81)\1+82)\2)(C707—C)

Z (s1A1 + s2x2)(ay )(s1 A1 + s2A2)(ay)

51,82€ 53

H Z(itj — ity + &5 —Ek) H Z(itk — itj)
Z(l—l—it]‘—itk—l—ej‘—@k) Z(l—l—itk—itj)7

X

= const.

(j,k)€ Inv s9

)<(s)
(s +1)

(j,k)€ Inv sq

L2
+1

2(9) = VA g

(23
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These boxes describe the ingredients of the 36 terms

Sy =¢€ s9 = (12)
&1 Ztl — th + &
€2 0 ity — 1ty + &9 12
£3 €3
S1 = €
&1 — &2 . .
_ 2@t1 — 2@t2 +e1 — €9
0 2T 0 ity — ity +e3 — €3
itz — itl + &2 €2
1ty — 1ts + &4 0 €1 12
£3 €3
S1 = (12)
. . €2 —&1
2@t2 — 2@t1 +e90 — &4 12 —
12 itl — itz +e1—€3 c1 =3
it3 — Ztl + &3 Zt3 - Zt2 + &3
€2 0 ity — ity + &2 12
itl —Zt3 + &1 Ztl _ZtS + &1
S§1 = (13)
12 13 itg—it;tes—co 12 13 it) ity —2itates—en
23 itS_it1+€2_€1 23 it2+it3—2it1+€2—€1
&1 Ztl — th + &
it3 — th + &3 @ Zt3 — Ztl + &3 12
itz — Zt3 + &2 th — Zt3 + &2
8§81 = (23)
1t —it — 21t —itg—1t —
23 2§t§,—;ﬁtj—i§3522 23 2§t§—§tf—§t§i§§—2




s1 = (123)

s1 = (321)

Sy =¢€ s9 = (12)
it3 — Ztl + &3 Zt3 — th + &3
itl — th + &1 @ &1 12
itz — Zt3 + &2 th — Zt3 + &9
13 it2+it3—2it1+€3—81 13 itg—it2+€3—€1
23 it1+it3—2it2+€1—82 23 itg—it2+€1—€2
itz — Ztl + &2 &2
it3 — th + &3 @ Zt3 — Ztl + &3 12
itl —Zt3 + &1 Ztl —Zt3 + &1
12 2it2—it1—it3+€2—83 12 itl—it3+€2—€3
13 2it3—it1—it2+€3—81 13 2it3—2it1+83—€1




S9 = (13) S9 = (23)
itl — it3 + &1 €1
it3 — Ztl + &3 Zt3 — th + &3
S1 = €
itl—it3+€1—€2 itg—it2+€1—€2
@ itl—it3+€2—€3 @ 2it2—2it3+82—83
; ; ity — ity + ¢
il e i 23
ity — ity + & 12 13 23 !
. . Zt3 — th + &3
Zt3 — Ztl + &3
S1 = (12)
12 2it2—it1—it3+€2—81 . . .
. . . 12 Zt2+lt3—21t1+€2—81
21t1—lt2—lt3+€1—83 . . .
Zt1+lt2—21t3+81—83
it3 — itl + &3
€3 1ty — tt3 + &9 23

e2 | 121323 | | ity — ity + o4
8§81 = (13) €1

€3 — &2

121323 &5 — &) 12 13 2itz—ity —itates—eo
23 2it2—it3—it1+€2—81
itl — it3 + & 12 13 &1
it3 — th + &3 23 £3 23
itz — itl + &2 €2
S§1 = (23)
23 it2+it1—2it3+€1—83 23 51 - 53
it1+it3—2it2+€3—82 53 - 52




s1 = (123)

s1 = (321)

S9 = (13) S9 = (23)
€3 Zt3 — Ztl + &3
itl — th + &1 12 13 23 Ztl — Zt3 + &1 23
itz — itl + &9 €2
13 it2—it1+€3—€1 13 23 2it3—2it1+83—€1
23 2it1—2it2+81—82 itl—it3+€1—€2
itz — Zt3 + &2 th — Ztl + &2
it3 — th + &3 12 13 23 £3 23
&1 Ztl — th + &
12 2it2—2it3+82—83 12 13 it2—it1+€2—€3
13 itg—it2+€3—€1 it2—it1+€3—€1




s9 = (123) s = (321)
itl —Zt3 + &1 Ztl —th + &1
itz — Ztl + &2 13 23 th — Zt3 + &2 12 13
it3 —th + &3 Zt3 —Ztl + &3
S1 = €
@ 2it1—it2—it3+€1—82 @ it3+it1—2it2+€1—82
2it2—it1—it3+€2—83 it1+it2—2it3+€2—83
itz — it3 + &2 €2
€1 13 23 ity — itz + e 12 13
it3 — th + &3 Zt3 — Ztl + &3
S1 = (12)
12 it2—it3+€2—€1 12 itg—it1+€2—€1
it2—it3+€1—€3 2it1—2it3+81—83
€3 Zt3 — th + &3
itz — Ztl + &2 13 23 th — Zt3 + &2 12 13
itl — itz + &1 €1
8§81 = (13)
12 13 itl—it2+€3—€2 12 13 2it3—2it2+83—82
23 2it2—2it1+82—€1 23 it2—it3+€2—81
itl —Zt3 + &1 Ztl —th + &1
it3 — Ztl + &3 13 23 £3 12 13
€2 th — Ztl + &9
8§81 = (23)
23 2it1—2it3+81—83 23 itl—it2+€1—€3
itg—it1+€3—€2 itl—it2+€3—€2




s1 = (123)

s1 = (321)

sy = (123) s9 = (321)
€3 ity — itz + €3
€1 13 23 ity —ts + e 12 13
P ity — ity + &2
13 23 53 - 51 13 23 2it3—it1—it2+€3—81
51 - 52 2it1—it3—it2+€1—82
itz — it3 + &2 €2
it3 — Ztl + &3 13 23 £3 12 13
&1 &1
12 13 it1+it2—2it3+€2—83 12 13 52 - 53

itg—itl +€3—€1

€3 —¢&1




