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Abstract. The concept of approximate symmetry is introduced. We describe all non-
linearities F(u) with which the non-linear wave equation QJu + Au’ + e F(u) = 0 with a small
parameter ¢ is approximately scale and conformally invariant. Some approximate solutions
of wave equations in question are obtained using the approximate symmetry.

Let us consider the non-linear wave equation
Cu+Au’+eF(u)=0 (1)

where (1=9, 3“ is the d’Alembertian, u =0,3; A is an arbitrary constant; e< 1 is a
small parameter; ¥ = u(x), x € R(1, 3); F(u) is an arbitrary smooth function. By means
of Lie’s method (see Ovsyannikov 1978, Olver 1986) one can make sure that when
F(u)#0 and F(u)# u’, equation (1) is invariant under the Poincaré group P(1,3)
only, because the term eF(u) breaks down the scale and conformal symmetry of the
equation Ju+ Au’=0.

Below we describe all functions F{u) with which equation (1) is approximately
invariant under the scale and conformal transformations.

Let us represent an arbitrary solution, analytic in e, of equation (1) in the form

u=w+ev (2)

where w and v are some smooth functions of x. After substitution of (2) into (1) and
equating to zero the coefficients of zero and first power of ¢ we get the following
system of partial differential equations (PDE):

Ow+aw?=0

(3)
Ov+3Aaw’v+ F(w) =0.

Definition. We shall call the approximate symmetry of equation (1) the (exact) sym-
metry of the system (3).

Theorem 1. Equation (1) is approximately scale invariant (in the sense of the above
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definition) if and only if

2Ab 3A
P22y gy k#0,~1
Flu) = k+1 k @)
2abu +3xcu’ In u + au? k=0
2Abu? In u —3Acu?+ au® =-1

(k, a, b, c are arbitrary constants), with the generator of scale transformations having
the form

D=x3—wd,+(kv+bw+c)ad,. (3)

Proof. Using Lie’s algorithm (Ovsyannikov 1978, Olver 1986) we find from the condition
of invariance that the generator of scale transformations should have the form

D =x3—wa,,+n*(v, w) 3,

provided (following from the invariance of the second equation of system (3)) that
N =N =Nw=02>n"=kv+bw+c
2AbW3+3Acw?+(2—k)F—w dF/dw=0. (6)

The general solution of equations (6 is given in (4). Thus the theorem is proved.

In particular, as follows from theorem 1, the equation
Ou+Au+eu=0 (7)
is approximately scale invariant and the corresponding generator has the form D=
xd—wd,, +vd,. This statement holds true even if A =0.
Theorem 2. Equation (1) is approximately conformally invariant if and only if
F(u)=-3ABu*+ au’ (8)
with the generator of conformal transformations having the form
H =2ex[x0—wa,, —(v—PB)3,]—x%co (9)

where B, a, ¢, are arbitrary constants.
The proof of theorem 2 is performed in the same spirit as that of theorem 1.
Suppose that in (2)

v=f(w) (10)

where f is an arbitrary differentiable function. In this case the system (3) takes the
form

Ow+aw’=0 (11)
w,whf +Owf+3Awf+ F(w) =0 W, =0ow/ax". (12)
From the condition of splitting of equation (12) one has to put

ww* = A(w) (13)
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where A is some function of w. Equation (13) is compatible with (11) if A(w)=Aw"*,
ie.

wow* = aw’, (14)

(For more details see Fushchich et al (1989) and Fushchich and Zhdanov (1988).)
Taking account of (11) and (14) we rewrite (12) as

AW =wf+3f)+w2F(w)=0. (15)

So, if we find function f(w) as a solution of equation (15), we thereby obtain by means
of expressions (2) and (10) approximate solutions of equation (1). It will be noted
that a subset of such solutions of equation (1) is approximately conformally invariant
since the corresponding approximate system (11) and (14) is conformally invariant
(Fushchich et al 1989, Fushchich and Zhdanov 1988). Solutions of equation (15) for
functions F(w) given in (4) have the form

- 2 wk— b W k#0, -1
Fow)= ALk(k+2)+3] k+1 k ’ (16)
T —clnw-bw—-%2c+a/r) k=0
—w(a/2A+blnw)+c k=-1.
The solution of the system (11) and (14) is the function
w==x[A(x,+a,)(x"+a*)]V? (17)

where a, are arbitrary constants.
When A =0, the non-trivial condition of splitting of equation (12) compatible with
the equation (dw =0 is

wwt =1, (18)

So, in this case we find approximate solutions of equation (1) by means of expressions
(2) and (10), where function f(w) is determined from the equation

f+F(w)=0 (19)
and w, in turn, is determined from the system
Ow=0 wwh =1, (20)

The system (20) is invariant under the extended Poincaré group 13(1, 4) and has solution
(Fushchich et al 1989)

w=ax+a a,a”=1 (21)

where a, a, are arbitrary constants.
In particular, equation

Ou+eu=0 (22)
is approximately invariant under the group B(1, 4) on the subset of solutions
u=w—-e@Gw'+aw+a,) (23)

where w is given in (21) and a,, a, are arbitrary constants.
In conclusion, let us note some generalisations of the concept of approximate
symmetry studied in this paper. First of all, obviously, one can consider higher orders
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of approximation of u in ¢, i.e. u=w+ev'V+ >0+ ..., and can study the symmetry
of the corresponding approximate system of ppE for functions w, v, v'®, and so on.
Secondly, one can expand in e-series not only dependent variables, but also indepen-
dent ones, e.g. Xo=t=x+ezV+’2¥+ ..., and can construct in this way the corre-
sponding approximate system and then study its symmetry. Another approach to the
study of approximate symmetry is to use some special approximations, say the two-point
Padé approximants

m n -1
u=y 5kfk<2 Ejgj> m, n <o (24)
K=o i=o

where functions f;, g; are determined from the condition: when & -0 expression (24)
coincides with the expansion

u=04 oM +e2@+ ., ex1
and when £ - o (24) coincides with the expansion
u=wl+e w4 w@+ e»1.

We also note that the symmetry of a system of ppe which approximates the
non-linear wave equation was studied by Shulga (1987). Using symmetry properties,
Mitropolsky and Shulga (1987) obtained some asymptotic solutions of the non-linear
wave equation.

Note added. Readers who are less well acquinted with work in this area might refer to the related work of
Winternitz et al (1987) which is also concerned with this type of non-linear wave equation from a symmetry
point of view.
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