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1. Introduction

Symmetry methods for differential equations, originally developed by Sophus Lie, have been evolved into one of the most
explosive developments of mathematics and physics throughout the past century. There have been considerable important
generalizations in this method which include nonclassical symmetry, Lie-Bdcklund symmetry, potential symmetry,
etc. [ 1-6]. Usually, with a continuous differential equation, we can study its invariance, symmetry properties and similarity
reductions by means of the Lie symmetry method [1,3]. In particular, for the mathematical models described by differential
equations containing arbitrary elements (parameters or functions) which have been found experimentally and so are not
strictly fixed, the symmetry approach allows one to simplify them which make the models admit a symmetry group with
certain properties or the most extensive symmetry group [7-9].

It is well known that there exist differential equations of physical interest with a small parameter possessing few exact
symmetries or none at all and even if exist, the small parameter also disturbs symmetry group properties of the unperturbed
equation [10,11]. Hence, two methods were introduced to study approximate symmetry of this type of equations. The
first method due to Baikov et al. [10,11] represents a perturbation technique embedded into the standard procedure of
the classical Lie symmetry method, which implements perturbation for symmetry generators. In 1989, Fushchich and
Shtelen [12] proposed the second method which expand the dependent variables in terms of a small parameter (may be
a physical parameter or artificially introduced) as the usual perturbation analysis and the method was later followed by
Euler et al. [13-15]. In [16,17], two methods are applied to several equations and the comparisons are discussed.

Later, Liao [18,19] introduced the homotopy analysis method, which is a combination of the classical perturbation
technique and homotopy concept as used in topology, to get series solutions of various types of nonlinear problems. In
this method, the solution is considered as the sum of an infinite series, which converges rapidly to accurate solutions of the
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governing equations. Quite recently, Jiao et al. [20] have proposed the approximate homotopy symmetry method (AHSM),
which is an integration of the homotopy concept, perturbation analysis and the symmetry method, to study the sixth-order
ill-posed Boussinesq equation [21].

In this paper, we study approximate symmetry and approximate homotopy symmetry of a class of perturbed nonlinear
wave equations

U + €up = [F(u)uyly, (1
where € is a small parameter, F(u) is an arbitrary smooth function of u and make Eq. (1) nonlinear. Eq. (1) describes
wave phenomena in shallow water, long radio engineering lines and isentropic motion of a fluid in a pipe etc. [11,22]. The

perturbing term e, arises in the presence of dissipation and the function F (u) is defined by the properties of the medium and
the character of the dissipation. For Eq. (1), first- and second-order approximate symmetry analysis are discussed in [23,24],

respectively.
Eq. (1) plays an important role in various applied problems. For example, when F(u) = u, Eq. (1) becomes
U + €Uy = (Ully)y, (2)

which attracts many researchers’ attention. Eq. (2) arise from the one-dimensional gas dynamics [25] and the longitudinal
wave propagation on a moving threadline [26] and one-dimensional wave propagation in nonlinear rate-dependent
materials [27]. The approximate classical symmetries of Eq. (2) and the corresponding approximate solutions were discussed
by Baikov et al. [11]. Solutions of Eq. (2) obtained by the approximate conditional symmetries were considered in [28].

In this paper, we solve the following three problems for Eq. (1).

1. Obtaining complete infinite-order approximate symmetry classification and constructing reduced equations and
similarity solutions by a one-dimensional optimal system of subalgebras of approximate Lie algebra.

2. Performing complete infinite-order approximate homotopy symmetry classification and carrying out reductions by an
optimal system of one-dimensional subalgebras of approximate homotopy Lie algebra.

3. Studying the connections between the approximate symmetry method (ASM) and the AHSM for different orders.

The rest of the paper is arranged as follows. After introducing some basic notions in Section 2, we concentrate on
the complete infinite-order approximate symmetry classification of Eq. (1) by the method originated by Fushchich and
Shtelen; the results are summarized in Section 3. Section 4 is devoted to construct approximate symmetry reductions and
series solutions using the corresponding one-dimensional optimal system of subalgebras. Finally, complete approximate
homotopy symmetry classification of Eq. (1) is performed and the connections between the two methods are established in
Section 5. The last section contains a conclusion of our results.

2. Basic notions

We take the following nonlinear perturbed partial differential equation (PDE)
E(u) = Eo(u) + €E1(u) =0, (3)

for example to review several concerning definitions, where E, Eg, E; are differential operators, € is a perturbed parameter,
u = u(x, t) is an undetermined function, and x, t are independent variables.

2.1. Approximate symmetry method
Up until now, there exist the following two main methods to obtain approximate symmetry of perturbed PDE.

2.1.1. The method due to Fushchich and Shtelen

First, we consider an approximate symmetry of Eq. (3) by the method due to Fushchich and Shtelen. This method
employs a perturbation of dependent variable and then the approximate symmetry of original equation is defined to an
exact symmetry of the system corresponding to each order in the small parameter.

Expanding the dependent variable with respect to the small parameter € yields

o0
u= Zekuk, 0<e<k1, (4)
k=0
then inserting it into Eq. (3) and separating at each order of ¢, one obtains a coupled system

0(€®) : Eo(uo) = 0,
9
0(e") : —E(ug + €uy)|emo = 0,
de
2

3
0(e?) : Sz b+ e + €%Uy)|e—o = 0,

cey

L i
0(e" : —E “Ue ) leo =0, .. ... 5
) o (;eu:>l_o )
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Definition 1 (Approximate Symmetry [12]). The kth order approximate symmetry of the nonlinear equation (3) is defined to
an exact symmetry of the system of the first k 4+ 1 equations in Eq. (5).

2.1.2. The method due to Baikov et al.

In this approach, there is no perturbation of the dependent variables but a perturbation of the symmetry generator
[10,11].
An approximate symmetry, X = X, + €Xj, of Eq. (3) is obtained by solving for X; in

X1(Eo(u)) |E0(u):0 +H =0, (6)

where the auxiliary function H is obtained by

1
H= EXO(E(H)) lEw=0 - (7)

Xp is an exact symmetry of unperturbed PDE E(u) = 0.

2.2. Approximate homotopy symmetry method

For approximate homotopy symmetry of Eq. (3), we consider the following homotopy model

H(u,q) =0, (8)
with g € [0, 1] an embedding homotopy parameter. The above homotopy model has the property
H(u,0) = Ho(u),  H(u,1) =E(u), 9)

where Hy(u) = 0 is a differential equation of which the solutions can be easily obtained.
Assuming that Eq. (3) has the homotopy series solutions of the form

oo
u=Y " du, (10)
k=0

where u; solve the following system
0(¢°) : Ho(up) =0,
0(q") : Hy(uo)uy + Fi(up) = 0,
0(q®) : Hy(uo)uz + F>(ug, uy) = 0,

0(q") : Hy(uo)u; + Fi(ug, ty, - .., ug—1) = 0,
(11)

in which the operator Hy(uo) is defined as

d
Hy(uo)f = £Ho(uo + af)|a=o, (12)

with arbitrary function f (x, t), and all F; satisfy

19 P )
Fizﬁa—qiE (;ukq)h:o, i=1,2,3,.... (13)

Based on the above homotopy model, approximate homotopy symmetry is defined as follows.

Definition 2 (Approximate Homotopy Symmetry [20]). The kth order approximate homotopy symmetry of the nonlinear
equation (3) corresponds to an exact symmetry of the first k + 1 equations in Eq. (11).

The homotopy model (8) can be freely chosen. Later for simplicity, the following simple homotopy model is exclusively
taken

H(u, q) = (1 — @)Eo(u) + qwE(u) = 0, (14)

where, thereinafter, g € [0, 1] is defined as in Eq. (8), @ denotes the convergence-control parameter.
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3. Infinite-order approximate symmetry classification

In this section, we generalize the method in [12-15] to obtain complete infinite-order approximate symmetry
classification of Eq. (1). Note that all symmetries in this paper are obtained by means of the differential characteristic set
method [29,30].

Expanding the dependent variable with respect to € as in expression (4), then one can expand F(u) in a series in €

0o o kT gkp
F(u) =F (; Ekuk) = ;%’ |: 8e(ku) €_01| ' .

Inserting the expansions into Eq. (1) and separating at each order of perturbation parameter, one has

k () S .
Up e + U1t = |:Z %UO).,U;S l: e uﬁuk—i,xi| , k=0,1,..., (16)
=0 JodJ1i- Uit .

where, hereinafter, u_; = 0, u’,: = Wi jo+ji+ - +jii=jlajo+lj1+ - +lji=i,0 <j<iandlp,1i,...,1[;are
not equal to zero and mutual inequivalent. j;, I;, j, k (i = 0, 1, 2, ...) are nonnegative integers. The kth order approximate
symmetries of Eq. (1) correspond to exact symmetries of the first k + 1 equations in Eq. (16).

To simplify our calculations, we use the following equivalence transformation of Eq. (16). In particular, one has
Proposition 1.

Proposition 1. Any transformation of the form

X=X+, t=T+cs, Uy = C4llk + Crys, FO (i) =Cf;C1_2FO)(U0), Jk=0,1,..., (17)

where cicq # 0, is an equivalence transformation of Eq. (16), i.e., transformation (17) maps Eq. (16) into

X

k o FO .y A
FL\l‘k’}'E + ak—lf = |:Z Fi(ﬁo)?[loﬁl .. ﬂ;:ﬁk,;i| . (]8)

T Uy
— joljia! -Gt O

Now, we consider a one-parameter Lie symmetry group of local transformations with an infinitesimal operator of the
form

o0
X =EX tug .. )+ T b g, Uy )3+ D miX, EUo, g .. )y, (19)
i=0

which leaves Eq. (16) invariant. Consequently, using Lie infinitesimal criterion [1,3], acting on the first k 4+ 1 equations in
(16) with the second prolongation of operator X, one has

k i
FO o) . .
2 0 i
X( ) |:Ukyn + Ug—1,t — |:Z mullgul,: ‘e u’liUk,j!x =0, k= 0,1,..., (20)
i=0 X
foranyu; (i=0, 1,..., k) solve the first k + 1 equations in Eq. (16). X is given by
k
X® =X+ 0w, + 0oy, + 0P 0y, + 0], (21)
i=0
with

n{ = Dyni — Ui xDy& — uj Dy, nf = Demi — uixDe€ — uj Dy,
ﬂfx = Dxn;( - ui,xxDxE - ui,xth"-" Uf[ = Dﬂl,-[ - ui,xtDtE - ui,ttDtTa (22)

where Dy, D; are total differential operators about x, t, respectively.

Until now, there is no general method to construct infinite-order approximate symmetry classification of perturbed PDE,
especially for the PDE containing arbitrary functions. Here, we adopt the method of mathematical induction. Inducing from
the first-, second- and third-order approximate symmetry classifications and enlarging the domain of k by degrees and
repeating similar procedures, we discover the formal coherence of &£, t and ; for infinite-order approximate symmetry of
Eq.(1).
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Table 1
Approximate symmetries obtained by the approach of Baikov et al.
F(u) Approximate symmetry operators
Arbitrary X1 = €(X0y + to;)
aet X1,Xo = X0y + t0 + et (50, — 20,) , X3 = €(x0y + 20;)
aut X1, X4 = t0, — %uBu +e#’f:4t (%iit + %ui)u) Xs=¢€ (xBx + %uau)
au~3 Xy, X5, X7 = €(x*8y — 3xud,)
au™ X1, X5, X7 = G(tzar + tudy,)
Table 2
Optimal system of one-dimensional subalgebras of Eq. (1) by ASM.
F(u) The operators of the optimal system
Arbitrary X1,X2 +cX3,c €R
AU

X1+ aXy, Xo + X3, 0X3 + X4, —A/2X; + X4 + aXy,a € R
tu#t—1) X1+ aXs, Xo + aX3, X1 + X5 + aXs, =3 (A — 2)X; + X5 + aXp,a € R
3 In addition to the operators of F(u) = u* in this table:
aXs + Xs, 5X1 + 3X5 + aXg, X3 +Xs — bXz, X; + bX3 — X5, X5 + X — bXo, Xo + X5 — bXg, X; +Xs —bXy, X1 +X; —bXs,a € R,b € Rt

Case 1. F(u) is arbitrary.
Splitting of the determining system with respect to the arbitrary elements and their non-vanishing derivatives gives
& =c1x+c3, T =1t + ¢, 0 = cqiu;. As aresult, Eq. (1) has a three-dimensional Lie algebra spanned by the operators

o0
Xy = X0+ t0 4+ Y _iudy,  Xo =10, X3 =0 (23)
i=0
Studying all possible cases of Eq. (1) up to the extended equivalence group leads to the following cases.
Case 2. F (u) = e*,
In this case, in addition to the infinitesimal operators X1, X, X3, Eq. (1) admits approximate Lie symmetry operator

A
Xg = S X0 + - (24)

Case 3. F(u) = u*(A # —4/3).
We obtain X1, X3, X3 and

1 [o.¢]
X5 = (= 2)x0 — td; + Uody — D itis1dy,,. (25)
i=1
Case 4. F(u) = u=*/3,
The approximate invariance algebra of Eq. (1) is generated by the operators X1, X5, X3, X5 and

1 o0
X = —§x28X XD widy. (26)
i=0

Remarks 1. Comparing with the method developed by Baikov et al. for Eq. (1), we obtain more new infinite-order
approximate symmetries. Table 1 gives the approximate symmetries obtained by the approach of Baikov et al. [11].

4. An optimal system and approximate reductions

4.1. An optimal system of one-dimensional subalgebras

ALie group (or Lie algebra) usually contains infinitely many one-dimensional subgroups (or subalgebras), it is impossible
to use all of them to construct invariant solutions. Hence, a well-known standard procedure [1,2] allows us to classify all
one-dimensional subalgebras into subsets of conjugate subalgebras, i.e. an optimal system. In this subsection, we investigate
one-dimensional optimal system of subalgebras of approximate Lie algebra of Eq. (1).

Proposition 2. For each case of approximate symmetry classification results of Eq. (1), the corresponding optimal system of one-
dimensional subalgebras is given in Table 2.

Proof. We take the case F(u) = u~%?3 for example to present how to construct an optimal system of one-dimensional
subalgebras, while the other three cases can be done with similar method.
Table 3 shows the Lie brackets of X1, X3, X3, X5, Xg.
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Table 3
Lie brackets of X1, X3, X3, X5, X6.
X Xz X3 Xs Xs
Xi 0 —Xa —X3 0 X
X X, 0 0 —3X X1+ Xs
X Xs 0 0 —Xs 0
Xs 0 23X, X3 0 —32Xs
Xs —Xs X1 — X5 0 %Xg 0
Table 4
Adjoint representation of X1, X5, X3, Xs, Xs.
X4 X2 X3 X5 X6
Xq X e Xy e X3 Xs e “Xs
2
Xa X1 —€Xy Xa X3 X5 + 2€Xp Xs—e(X1+X5) — X,
X3 X1 — €X3 X X3 X5 + €X3 Xs
Xs Xi e~ %€X2 e X3 X5 e%EXG
2
Xs Xi + €Xs Xy +eX1+Xs5) — 5Xs X3 X5 — 2€Xs Xe

In Table 4, the adjoint representation of Xi, X5, X3, X5, Xs are presented, with the (i, j) entry indicating Ad(exp(eX;))X;
defined as

2
Ad(exp(eX))X; = X; — e[X;, X;] + %[x,-, (X X1 — - (27)

Before proceeding with the classification scheme we need to identify invariants of the full adjoint action. These invariants
place restrictions on how far we can expect to simplify a given arbitrary element spanned by X1, X5, X3, X5, X5

X = a1 X1 + @ Xy + a3X3 + a5Xs + agXs, (28)

where q; (i = 1, 2, 3, 5, 6) are arbitrary constants. Here, we only concentrate on the case ag 7 0 because the case ag = 0

belongs to the cases F(u) = u* (u % —3) in Table 2.

The adjoint representation group is generated (via Lie equations) by Lie algebra X1, X5, X3, X5, Xg spanned by the
following symmetries (see [ 10, vol. 2])

.0
— kol P
Ai = e G b= 1,2,3,5,6, (29)
where C,-’]‘. are the structure constants in Table 3. Explicitly, we have
Ay = —a a 9 a 0
1= 282 38a3 68(167
A ad Sa a . ad " 0]
27 %a,  378a, | °\8q | 8as )’
ad
Az = (a1 — a5) —,
8613
5 9 ] 5 0
As = -y — == ,
3 " 0ay 3(13 3 aas
A—aaa8+a+5aa (30)
® T " oas 2\ 9a; | das 3 9ag
If a function p(ay, ay, as, as, dg) is an invariant of the full adjoint action, then one has
Ai(p) =0, i=1,2,3,5,6. (31)
Using the method of characteristic equations [ 1], after direct computations, we get general solutions of Eq. (31)
4,
P =f a; — as, a;as — gas — Qg | . (32)
In particular,
4,
p1 =01 — 0s, P2 = 105 — 5(15 — 0206 (33)

are two invariants of the full adjoint action given in Table 4.
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The invariants p; and p, provide us a key condition to simplify X by the action of adjoint maps. For example, if p; # 0,
we cannot simultaneously make a; and as zero through adjoint maps.
To begin the classification process, we investigate the coefficients ay, a;, as, as and ag. If X is presented in (28), then

X = Ad(exp(BXs)) o Ad(exp(@Xo))X = @iX1 + @Xy + @3Xs + G5Xs + GoXs (34)

has coefficients
~ 5 1T,
a = a; —odg + ﬂ a — ax + 5(150( — 5(1601 s

5
a =a; — a1 + 3(150[ — 506052,

~ ~ 5 1

@ = as, s = as — ago + B (az — a0+ 395 — gaaof) ,

et 5,2 1 L5 1, 35)
a5 =a a1 — =as+ —aga | — =B% [ ay — a1 + Zasa — —age? ) .

6 6 1 35 3 6 3 2 1 3 5 36

In the proceeding, we discuss the coefficients of X; (i = 1, 2, 3, 5, 6) in X by virtue of the arbitrary real constants « and
B. For the quadratic equation a, = 0, the discriminant of it is A = (5a5/3 — a;)? + 4a,a6/3 = ,012 — 4p,/3, we therefore
consider three cases for the classification of one-dimensional subalgebras which depend on the sign of A.

Case 1. A > 0. .

In this case, we choose @ = (—3a; + 5a5 + 3v/A)/(2as), B = —as/~/A, then @ = dg = 0, X becomes

~ 5 3
X =201+ VAKXt + 03X+ (01 + VD)X, (36)
Applying the adjoint map Ad(exp(yX3)) to X and setting y = as/(p1 + J/A), we arrive at

_ 5 3
X =2+ VAX, + S+ VA)Xs, (37)

which is scaled to X = 5X; + 3Xs.
Case2. A =0.
In this case, we consider the following two subcases.
Subcase 1. p; = 0.
The case p; = 0 implies « = a;/ag, then we obtain

o~

X = a3X3 + agXs, (38)

which is scaled to X = aX; + Xs, a € R.
Subcase 2. p1 # 0.
Acting on X by the adjoint map Ad(exp(kXs3)), we have

_ 5 3
X = 5101X1 + (a3 — p16)X3 + 5,01X5 + agXs, (39)
assuming x = as/p;, we obtain
— 5 3
X = 5,01X1 + 5,01X5 + agXs, (40)
which is scaled to X = 5X; + 3X5 + aXs, a € R.
Case3. A < 0.

Since A < 0, we cannot make two of the coefficients aj, a,, a5 and @g vanish simultaneously but make one of the
coefficients vanish. A < 0 means that the curve of quadratic function f(«) = @, has no intersection point with the o-
axis,i.e.as > 0, f(a) <0andag < 0, f(a) > 0.

Acting on X with the adjoint map Ad(exp(«X>)), we obtain

~ 5 1
X = (Cll — O[ag)X1 + (az — 0o+ 5050! — gnglZ) Xy + asXs; + ((.15 — aaa)X5 + agXs.

Next, we only consider the case ag > 0, f(«) < 0, while the case ag < 0, f (@) > 0 gives the same classification results.
Subcase 1. Setting « = ay/ag, we get

p2 X2 + (13X3 -+ ,01X5 + (16X6. (41)
6

X=-2=
3a
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Since A < 0 implies p; > 3,012/4 > 0, then one has p,/(3as) > 0. Hence, we consider the following two cases.
(HIfp; =0, X becomes —p2/(3a6)X5 + as3X3 + agXs, then applying Ad(exp(yX;)) to it, we get
)? = —ﬂeyXZ + a3eyX3 + (16671,)(5. (42)
3(15
To proceed, two different cases arise.
(a)az > 0.
In this case, X is equivalent to X5 + Xs — aX; after scaling the coefficients of it, where a € RT.
(b)as < 0.
Here, X is equivalent to X, — X + aXs after scaling the coefficients of it, where a € R*.
(I) If p; # 0O, by the adjoint map Ad(exp(xX3)), we have

X = Ad(exp(k X)X = —%xz + (a5 + Kk p1)Xs + p1Xs + GeXe. (43)
6

Assume k = ds/pq, Eq. (43) becomes X = —p,/(3ag)X; + p1Xs5 + agXs. Again, with adjoint map Ad(exp(yX;)), we obtain

X = Ad(exp(y X)X = —B‘leyx2 + ;X5 + age " Xe. (44)
de
(@p1 >0
In this case, X is equivalent to X5 4+ Xg — aX, after scaling the coefficients of it, where a € R™.
(b) p1 <O.

Here, X is equivalent to X, + X5 — aXg after scaling the coefficients of it, where a € R™.
Subcase 2. Setting o« = as/ag, we get

)? = ,lel — ;TZXZ + a3X3 + agXs. (45)
6

The case p; = 0 is same to (I) of subcase 1 in Case 3. If p; # 0, with the adjoint map Ad(exp(as/p1X3)), we have

> P2

X = ,O]X] — ?XZ + agXs. (46)
6

Again, with adjoint map Ad(exp(1X7)), we obtain
X = Ad(exp(AX)X = — 22X, + piXy + age X, (47)
43

Hence, we consider the following two cases.
(@p1>0. _
In this case, X is equivalent to X; 4+ Xg — aX; after scaling the coefficients of it, where a € R™.
(b) p1 < 0.
Here, X is equivalent to X; + X, — aXg after scaling the coefficients of it, where a € R™.
This provesit. [

4.2. Approximate symmetry reduction

The group properties are very useful for the construction of invariant solutions of the differential equation under study.
Using the invariants of the subgroups associated with the generators, one can reduce the original equation (1) to ordinary
differential equations and then construct approximate solutions. In this subsection, different subclasses are well investigated
based on the optimal system of preceding subsection and affluent approximate symmetry reductions and invariant solutions
are constructed. Note that ¢y, ¢y, c3, ¢4 are arbitrary constants and P; exist fori = 0, 1, 2, . .. if no special notes are added in
this section.

4.2.1. Reduction by X;
The similarity variables of X; is derived from the determining equations

dx _ dt _ dug duy _ duy,

(48)

X t 0 u; T ke

which are z = x/t, Py = uo. Viewing Py as a function of z, we have ug = Py(z). Similarly, we get other similarity variables

uy = tP1(2), uy = t°P(2), uz = 2P3(2), ..., up = t*Pr(2). (49)
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Inserting these variables into Eq. (16), we have kth order reduced equations given by

.

FOPy) .
zZPk,zz—sz1,z+<k—1>U<Pk—2sz,z+Pk1]=[§ it PP | (50)
TR z

In terms of Eq. (4), we obtain series solutions of Eq. (1) in the form

u= Z(et)"Pk(z). (51)
k=0

4.2.2. Reduction by cX5 + X3
When ¢ = 0, the invariant solution generated by cX; + X3 is a steady one and when ¢ # 0 provides traveling wave
solutions, where c is the speed of wave. We assume ¢ # 0 and omit the procedure of calculating invariants thereinafter.
Following standard procedure, we integrate the characteristic equations for cX; 4+ X3 to get similarity variables z =
X — ct, u; = P;. Then we get series solutions of Eq. (1) in the form

o0

U=y € Px—ct), (52)
k=0

where Py, satisfy
k i
FO(Py) . .
2 _ _ - NY po, ., pl .
(4 Pk,zz CPI(—l,z - |:§ ]0']1' .. lePllo Pllipk—l,z ) . (53)

4.2.3. Reduction by aX3 + X4
Here, we consider two different cases.
NDa=0
By X4, Eq. (16) with F (u) = e can be reduced to

k i—1
N . .
Pez + Py, =—2e"0y  ——_popl' _ pi (54)
2z z igo:]o!]l!_”]i! o™ Iy li
wherez =t,Py =ug —2Inx/A, Pi=u;, (i=1,2,...).
(a0
By aXs; + X4, Eq. (16) with F(u) = e can be reduced to
1 2 4
ajpo,zz = _XEAPO(PO,Z -1+ ﬁ[eAPO(PO,z - Dl

1 1 2 55 4
afzpl,zz + EPO,Z = _Xe O(Pl,z + )\‘P1P0.Z - )\P1) + ﬁ[e O(P1,Z + )\P1P0,z - }\Pl)]Zv

1 1 AP - W j1 ji AP : W2 j1 ji
ajpk,a + Epkfl,z = —2e"0 Z PI Plll o 'P[I;Pkftz +4|e"0 Z PI PI .. ~P1’;Pk7i.z ’ (55)

jo jo
T I T b
— joljia!---gil ° — jolin! gt 0

wherez =t/a—2Inx/A, Py = ug —2Inx/A, Pi=u;, (i=1,2,...,k).

z

4.2.4. Reduction by X1 + aX4(a # 0)
By X; + aXy4, Eq. (16) with F(u) = e can be reduced to

A > A A i
Ea +1) z°Po, — Ea +1 Ea +2)zPy, —a=1[e""Py.],,

A 2 2 A AP
Ea + 1) [2°P1z + 2P ] — Ea +1)zPy; +a=[e"°(Py, — AP1Po.)]:,
2 2

k .
N P .
= [e)‘PO Z . .j"PII(())I)I’; e I)l’ilpkiyz} ’ (56)
i

iolig! -
i—o JoJ1 ,

2 2
(a + 1) [(a + 1) 2Py — 2k — 1)zPy , — sz_l,z:| + (k= 1)(kPy + Pe_1)

where z = xt~(H*¥/2) py = yy —alnt,P;=t"y;, (i=1,2,...,k).
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4.2.5. Reduction by —A/2X; 4+ aX; + X4
In the proceeding, two different cases arise.

Case 1:a # 0
By —AX1/2 + aX, + X4, Eq. (16) with F(u) = e** can be reduced to
4 2 2 1 p
)LZPOZZ - XPO,Z - X = afz[e PO,z]z»
4 2 2 AP
ﬁpl,zz_xplz )L(POZ+1)— 2[6 O(Pl.z+}‘-PlPO,z)]27
4 2 k -
SPiz + =2k — DPe; + Pk 12+ (k= DU*P+Pey) = — | €70) PP PP, |, (57)
A A 5 Joljr! - -ji! ,
wherez = x/a+2Int/A, Py = ug — x/a, P; = t7hy, (G=1,2,...,k).
Case2:a=0
By —AX;/2 + X4, Eq. (16) with F(u) = e** can be reduced to
1
[eAPOPO,z]z = Xa

APg 2
[e (P],z+)\PlP0,z)]z = _Xv
k bu o .
(k= DIKP, + Pi_y] = [e“’° > i oP - .H;Pk_i,z} : (58)
— jolj! ! ,

wherez =x, Py = up +2Int/A, P =t"u, (i=1,2,...,k).
From the first and second equations of Eq. (58), we obtain

1
1 1 Z 2e2M6H2) (030 — 25
Pp=—1In (Ezz +az+ Cz) ) Py = e 27H2e1+2) |:/ (€ ) ds+cq |, (59)
1

2 A(s? 4+ 2c15 + 2¢3)

then the solutions of Eq. (1) are expressed in the form

11 12+ + 21Int
u= — n|{—x C1X C — n
X 2 1 2

1 203756+2¢) (043 — 2s) o
ete 2 +2c0) / ds+c €t) Py, 60
+ T T2t St +k;( )Py (60)

where Py, (k = 2, ...) satisfy the third equation of Eq. (58).

4.2.6. Reduction by Xs
In the proceeding, two different cases arise.
Case 1: A =2
By Xs, Eq. (16) with F(u) = u? can be reduced to

(k —2)[(k — 1P + P11 = X’:LP’ P’P (61)
k k—11 = £ ()\_])']0 ]' Io k—i,z Z;

wherez = x, P, =t 'y;
Case2: L # 2

By X4, Eq. (16) with F(u) = u* can be reduced to

24—2) 4, | <& AP - A.
Zzpk,zz + z(2kPy ; + Pe1.) + (k — 1)(kPy + Pr—1) = —7 |:Z P PII;Pkfi,z

(A —2)?2 &5 Go=Dlio!---jil °
N APy
+ sz ——— 0Pl PP, , (62)
(r—2)? {; (A = lio! -+ -jit o |

where z = tx¥/?=2 p; = t'-iy;.
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4.2.7. Reduction by X1 + aXs
Here, we consider the following two different cases.

Case 1.a # 1.
By X; + aXs, Eq. (16) with F(u) = u* can be reduced to

14 ra 2 °p 4 ,+2a—1 K+ a P4 P
— ) Z°Py kK + —— kK + —— _
2(1—a) b 1—a 1—a) ¥ 1
ra (2—MNa a
—(1+ k—2+ —— ) 2P, + 2P, + k+71_a zPy;

2(1—a) 2(1—a)

k A—j
AP
S | L T (63)
= A =Dlo! - ji! Z
where z = xt~17%/@=20) p, — ¢=i-a/(0-a)y,
Case2.a = 1.
By X; + Xs, Eq. (16) with F(u) = u* can be reduced to
A2 (&K 200 - )IPT :
P P, = PP, 64
kzz + Pr—1.z A |:§0: A = Dlio! - - - ji! o li (64)
where z = t, P; = x~%/*u;.
In particular, . = —2, after integrating once, Eq. (64) becomes
Py, +P1 =0y, (65)
which has the general solutions in the form
( 1) C1 [
P, = 14 1) = (Chan—i — €1)Z" + ¢4, 66
= G Z( )(m, Dz 4 (66)
then Eq. (1) for F (1) = u~2 has solution in the form
(67)

u= IZ |:( D¥ey gl 4 Z( 1)! l(ck+2 P— et +C]:|

(k+l)' i=0

4.2.8. Reduction by X1 + X5 + aX3
Here, we only consider the case a # 0, since with a = 0, X; +Xs+aX3 becomes X; +X5, which is discussed in Section 4.2.7

By X; + X5 + aX3, Eq. (16) with F(u) = u* can be reduced to

1 A X k APy
S (Pt aPey) = 5514 = M2Prz — 2Pz +202Py 2] = ZO m% PPz | (68)
1= z

where z = xe */Q0) p, — e~t/ay;

4.2.9. Reduction by — (A — 2)X1/2 + X5 + aXs
The case a = 0 is not considered here because it is included in Section 4.2.7. By — (A — 2)X;/2 + X5 + aX3, Eq. (16) with

F(u) = u* can be reduced to

2 2 2 2
(k —-1- X) |:<k - X) P, + ka,z + Pk71i| + ?[(k)\ — 2)Py; + 2Py 7 + APr_1 ]

1[& ap
= — [Z WP{O PP ,z} , (69)

2
a i=0

where z = x/a+ 2Int/A, P; = t2/* ;.
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4.2.10. Reduction by Xg
By Xg, Eq. (16) with F(u) = u=*/ can be reduced to
Pk,zz + Pk—l,z =0, (70)

where P_; =0,z =t, P; = X’u;.
Eq. (1) for F(u) = u=* has solutions in the form

1 1
= = ka |:Ek +)1C)1' ghHt 4 Z( 1) *(Ck+2 i — C1)t + c]:| . 71)
k=0

4.2.11. Reduction by aX3 4+ Xg (a # 0)
By aXs + Xs, Eq. (16) with F (u) = u~*/3 can be reduced to

1 1 k APy
ezt Pe1z=9 > mpzlo PPz | (72)
z

i=0

where A = —4/3andz = 2/x — t/a, P; = x*u;.

4.2.12. Reduction by 5X; 4+ 3X5 + bXg
In this case, we consider the following two different cases.
Case 1.b # 0.
By 5X; + 3Xs + bXs, Eq. (16) with F (1) = u~*3 can be reduced to

k

Pezz +Pio1z = 3b ) [—42°(APi ), + 2(2k — 2i + 3)2(AP i),
i=0

12k — 1)(2k — 2i + 3)AP_; — 2(2k — 1)ZAP_; ], (73)
where A = —4/3 and z = te~%/® p, = x3 exp[—3(2i + 3)/(bx)]u; and

k
> " [32k — VAP, + 62(AP_); + (2k — 2i + 3)AP_; + 22AP,_; .| = 0,
i=0
APy : A.
_ 0 _ph...pl (74)
A —=DYo! - --4it © :
which is proved by mathematical induction in the Appendix.

Case2.b = 0.
By 5X; + 3Xs, Eq. (16) with F(u) = u~*/3 can be reduced to

3 1 k )»!Pg_j P’ P}
Krg)|\kFtg) Pt P = [ Y] P ] : 75
< +2> |:< +2> k+ k 1:| ;(k—j)!jo ]' [ k—i,z ( )
where A = —4/3andz = x, P; = t 73/,

4.2.13. Reduction by X3 4+ Xg — bX>

Here, due to b > 0, without loss of generality, we set b = 32 in order to simplify the computations. By X5 + Xg — bX>,
Eq. (16) with F(u) = u~*?3 can be reduced to

1 k—1 1 k )L,P)ij 27“2)”1)1,4
3 |:Pk,zz+3ll«(1 —0)> 0Py, Z WP{O PP WP;O PP,
z

i=0
(76)

where

k A—j A—j
APy AP

Z|:()\_)"Pl’0 Pl},Pk 'Z+3((}»_)“P{0. Pllek lz):|50, (77)
Dljo! Dljo! ,

and A = —4/3and z = t/3 + 1/(3w) arctan[x/(3u)], P = (9u? + x*)3/?u;. Eq. (77) can be proved with similar method as
Eq. (74) in the Appendix.



4312 Z. Zhang, Y. Chen / Nonlinear Analysis 74 (2011) 4300-4318

4.2.14. Reduction by X5 + Xs — bX;
In this case, the characteristic equations for X5 + X — bX, are

dx dt du;

—@—Sx—b -t x—it+Dy’

(78)

so the following three different cases arise based on the discriminant of quadratic equation x?/3 + 5/3x + b = 0.
Case 1.12b — 25 > 0.
By X5 + Xg — bX, Eq. (16) with F(u) = u~*3 can be reduced to

1 k
€ (P +3Pe) = 3e7Pi ] = | (Bk— 4AP;; — AP
i=0

+3(k — i — 1)[(4 — 30)AP; + (AP,_);] + (AP,H-,Z)Z], (79)

where A = —4/3,

nt,

, 2 " < 2x+5 ) 11
= ———arctan | ———= ) — =
V/12b —25 ~/12b — 25 3

3 3(2i+3) 2x+5
P = (x* + 5x + 3b) 2 ex (7 arctan <7)> u;, 80
1= )? exp 12b — 25 Ji2b—25)) " (80)

and

AL , .
A= +p1m .. p”l
=Dt ---jit 7

k
> “[3(APci); + 3(4k — DAP_i + AP ] = 0, (81)
i=0

which can be proved with similar method as Eq. (74) in the Appendix.
Case2.12b — 25 = 0.
By X5 + Xg — bX>, Eq. (16) with F (1) = u~*3 can be reduced to

k

1
mez“z [Pez + 12P, ] — 12e'%P,_,, = ;[4(% — 4)AP,_; , — 300AP;_;

—48(i — 1)(4 — 3K)AP_; + 12(i — 1)(AP,<_,-,Z)Z], (82)

where A = —4/3andz = —1/(4x + 10) — Int/12, P; = (2x + 5) exp(6i + 9)/(2x + 5)u; and
A—j
A MR o pi
(=Dl ---jit oW
k

D IAP i, + 40AP,_; + 123k + DAP,_i - + 3(AP,).] = 0, (83)
i=0

which can be proved with similar method as Eq. (74) in the Appendix.
Case3.12b — 25 < 0.
By Xs + Xs — bX,, Eq. (16) with F(u) = u*/3 can be reduced to

1 k .
€ [Pz +3Pz) = 3€¥ Py o] = 3 [k — AP — AP — 3 — 1)(4 = 30APc; + (APiiz)el,  (84)
i=0

where A = —4/3,

, 2 " h< 2x+5 ) 11 ;
=————arctanh | ——— ) — = Int,
25 —12b /25 —12b 3

P, = (x* + 5x + 3b)% exp <Marctanh <ﬂ>> Uu; (85)
' V25 — 12b V25 —12b)) "
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and
A—j
_ APy o ph
= Plil---jit 0

k
> [3(APi); + 33k + DAP_i + AP,i ] = 0, (86)
i=0
which can be proved with similar method as Eq. (74) in the Appendix.
The reduced equations by the operators X; + Xs — bX, and X; 4+ X, — bXg are similar with the one by X5 4+ Xs — bX5, so
we omit them.

5. Connections between ASM and AHSM for Eq. (1)

In this section, we first concentrate on the complete approximate homotopy symmetry classification of Eq. (1), and then
give a comparative study of ASM and AHSM for Eq. (1).

5.1. Approximate homotopy symmetry classification

For approximate homotopy symmetry of Eq. (1), we consider the following simple homotopy model

H(u, q) = (1 — @lue — [FWulx] + golue — [FWuxly + puel =0 (87)
with u = €. The above homotopy model has the property

H(u, 0) = uy — [F(u)uyly, H(u, 1) = uy — [F(u)uyly + pu. (88)
Assuming v = 1 — 6, one has

(1 =0 [ugx — [FWuxly] + qu(1 — 0)u, = 0. (89)

Expanding the dependent variable with respect to g as (10), then one can expand F (1) in a series in homotopy parameter q

o o k akF
F(u)=F (Z qkuk> = Z % |: aq(ku) i| . (90)
k=0 ' q=0

k=0
Substituting the expansions into Eq. (1) and separating at each order of homotopy parameter, one has

kRO o S
o — {Z L CURN .L[;::uk,-’x:| +u(1—-6)Y 0, =0, (91)

il i th
=0 JoJ1: it pr

The kth order approximate homotopy symmetries of Eq. (1) correspond to exact symmetries of the first k + 1 equations in
Eq. (91).

Obviously, when 6 = 0, Eq.(91)is identical to Eq. (16) after using the scaling transformation u, = p*u, (k =0, 1,2, ...).
For & # 0, the relationship between the coupled system from perturbation with first-order precision derived by two
methods for Eq. (1) is easily obtained and given in Theorem 1.

Theorem 1. For Eq. (1), the first-order coupled system obtained from two methods are equivalent under the scaling
transformation uy = g, u; = (1 — 6)u;.

The proof of Theorem 1 is directly obtained by expanding Egs. (16) and (91) with k = 1, so we omit it.

Based on Theorem 1 and Lie algorithm, first-order approximate homotopy symmetries are the same with first-order
approximate symmetries. However, for the higher-order cases with 6 = 0, the relationship between Eqgs. (16) and (91)
cannot be determined easily. Hence, we perform approximate homotopy symmetry reductions to search for the links.

Assuming that operator (19) leaves the first k 4+ 1 equations in Eq. (91) invariant, with similar method as approximate
symmetry, we get the following results in Table 5.

By means of the method adopted in Section 4.1, we obtain an optimal system of one-dimensional subalgebras of the
approximate homotopy Lie algebra admitted by Eq. (1) in Proposition 3.

Proposition 3. For each case of the approximate homotopy symmetry classification results of Eq. (1), the corresponding optimal
system of one-dimensional subalgebras is given in Table 6.

In general, after obtaining the optimal system, one should perform approximate homotopy symmetry reductions for
Eq. (1) via the Lie method. However, there is no need to construct the reduced equations by b1Y; + b;Y; in Table 6 by the
standard Lie method, since we can achieve the goal by acting a scaling transformation on the reductions by the operators
b1X; 4 biX; in Table 2, where by #£ 0, b; (i = 2, ..., 6) are arbitrary constants in what follows.
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Table 5

Approximate homotopy symmetry classification of Eq. (1).
F(u) Approximate homotopy symmetry operators
Arbitrary Y1 = X0 + t0 + X popliy — (i — 1DOU_118y,, Y, = 0x, Y3 = 3¢
e’?” Y1, Y2, Y3, Yy = %Xi)x + Oy .
w(h#-3) Y1, Yo, Ys, Ys = 5 (0 — 200 — £3 + 3500 — DO — 1]y,
T Y1, Y2, Y3, Y5, Y6 = _%Xzax +x Y20 Uidy,

Table 6
Optimal system of one-dimensional subalgebras of Eq. (1) by AHSM.
F(u) The operators of the optimal system
Arbitrary Y:,Ys +aY,,aeR
e Yo, Y1+ aXy, Yo+ o3, a¥s + Vg, =5V + Vs +aXp,a € R
ut (u# —3) Ys, Y1 +aYs, Yo +aVs, Y1 + Y5 +a¥s, =3 0. = 2)V1 + Y5 + aYVp, a €R
u’% In addition to the operators of F(u) = u* in this table:

aY¥s+Ye, 5Y1+3Ys5+aYs, Y3+Y67bY2, Yz“rng*YG, Y5+Y67bY2, Y2+Y57bY6, Y]JrYGbez, Y1+Y27bY5, a eR, beRt

5.2. Connections between ASM and AHSM for Eq. (1)

In this subsection, we first give approximate homotopy symmetry reductions based on the results with ASM, and then
perform a comparison of three-order series solutions.

5.2.1. Reductions by b1Y; + b;Y;

According to the reduction results by ASM for Eq. (1), we construct the higher-order reduced equations derived by
b1Y: + b;Y; through a scaling transformation in Theorem 2.

Theorem 2. The reduced equations constructed by the operators b1Y1+b;Y; are equivalent to the corresponding one by b1 X1 +b;X;
under the scaling transformation

Po=Pp, Pr=p(—0OP, P=[u(-0PP, ..., Po=[pd-0]IP. (92)
Proof. We take operator Y; as an example to show it, the other cases can be done with similar method. The reduced
equations by Y; for each order are listed as follows

k=0:2"Poz + 2Py ; — [F(P)Po .1, = O,

k=1 N ZZP]’ZZ — [PLZF(PO) + F/(PO)Plpo,z]z + M(] - Q)ZPO,Z = O’

] /
k = 2:2°Py,, — 22P,, — [P, F(Po) + F'(Po)P1P1, + EPo,szF/ (Po) + PoF (Py)],
+2P; + u(1—6)[Py — zP, ;] =0,

‘ .

FO (p, . .

The kth : 2Py, + (k — 1)[kP; — 2zP;.,] — |: E ﬁl’,’g .. .Pl]i’Pk—i,z:| + u(1—6)[Pr—1 — zP—1,] = 0. (93)
L joljy L ! .

Obviously, the first equation in (93) is the unperturbed equations which is identical to the first equation in Eq. (50) with
k=o0.
The second equation is linear about Py and Py z, Py 2, so setting Py = (1 — 6)Py, then we convert it to the form

2%Py 4, — [P1.,F (Po) + F'(Po)P1Py 11, + 2Py, = 0, (94)

which has the same form as the second one in Eq. (50). -
For k = 2, assuming P; = (1 — )Py, P, = [(1 — 6)]?P,, we have

~ ~ ~ ~ ~ o~~~ Tn ~y o~ ~ o~ ~ ~ ~
2%P, 5, — 22P5; — [P, ,F (Po) + F'(Po)P1P1 . + EPO,ZP%F "(Po) + P2F'(Po)1, + 2P, + [Py — zP; ;] = 0, (95)

which has the same form as the third one in Eq. (50).
Deriving by inductive reasoning, using the transformation

Po=Py, Pi=p(1—6)P, Py=[u(1—0)1Py ..., P.=I[u(l—0)]P, (96)
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we convert Eq. (93) to Eq. (50). That is to say, the two reduced equations, Egs. (50) and (93), are equivalent under the scaling

transformation (92). This establishes the theorem. O

Using Theorem 2, one can obtain approximate homotopy series solutions through acting transformation (92) on

approximate solutions with ASM for the same equations.

5.2.2. Other reductions by AHSM

The operators which do not contain parameter 6 are the same, so do the corresponding similarity variables, but the

reduced equations are different. Below, we perform symmetry reductions using these operators.
A1. Reduction by cY, + Y3
In terms of the similarity variables z = x — ct, u; = P;, Eq. (91) is converted to

, k—1 1o k F(;)(PO) ) )
PPz —epu(1=0) Y 01 7P, = | Y e PP PP |
0 —o Joy1: - Uit ,

A2. Reduction by aY; + Y,
To proceed, two different cases are distinguished.

(Da#0
By aYs + Y4, Eq. (91) with F(u) = e** can be reduced to
1 2 4
FPoz = =5 (Po; =D+ [Py, — DI,
1 1 2 4 o
ajpl,zz + al/«(l —0)Po, = e O(P1,; + AP1Po, — APy) + ﬁ[e O(P1,z + AP1Po, — AP1)];,
L+ Luc —e)kiek”*ip- = —ZeAPOiLPiOP“ PP
o) k,zz (JM L iz — - Jolial - Io 1y I Thk—i,z
k i
+4 ekP024A7] " poph . pip, k>1
— Joljr! - Ji! L '
1= z
wherez =t/a—2/AInx,Py =uy —2/AInx,Pi=u;, i=1,2,...,k).
(Da=0
By Y4, Eq. (91) with F(u) = e** can be reduced to
k=1 k A1 o )
k=1—ip 5 AP opit . pi
Puzz +1(1=0) 3 6717 Ps = =270 ) i POPI] - Py
i=0 i=0 !

wherez =t, Py =up —2/AInx,P;=u;, (i=1,2,...).
A3. Reduction by aY¥3 + Yg
According to parameter a, we consider two cases.
(I) When a # 0, by aYs + Yg, Eq. (91) with F(u) = u=*3 can be reduced to

1 1 ko KA =1)...(h—j+ P )
afzpkﬁzz + Eﬂ(l - 9) Z@k ! lPi,z = 9|:Z . . K Pl}g . "P[I;Pkfi,z s

P Py Jol- - it

z
where A = —4/3andz = 2/x — t/a, P; = x’u;.
(I1) For a = 0, by Yg, Eq. (91) with F(u) = u~%> can be reduced to
k=1 4
Pezz +1(1—6) Y 0P, =0,
i=0
where P_; =0,z = t, P; = X’u;.
Integrate Eq. (101) once, one has
k=1 4
Pz +1(1=0) Y 05" 7'P =y,
i=0
where c; is an integrated constant.
Eq. (1) for F(u) = u=*? has solution in the form

1 00 k—1 )
U=y :q"f |:c1 —u(1-0)) 9"“13,»(0} dt.
X °
k=0 i=0

(97)

(99)

(100)

(101)

(102)

(103)
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Fig. 1. Horizontal axis denote 6, vertical axis denote the error.

A4. Reduction by Y3 + Yg — bY,

Here, due to b > 0, without loss of generality, we set b = 32 in order to simplify the computations. By Y3 + Y5 — bY,,
Eq. (91) with F(u) = u~*? can be reduced to

1 =l , k APYT 4 -, 27p2APE ..
Py +30(1—0)) 651p, | = — 0 ___po...pPip | ———0 _po...pip |,
9 [k M0 } 2|\ G por o PP e TR AC R

i=0 i=0
(104)

where

(=Dl -+ -ji! © A —ljgl---jil 1o

1

k A—j r—j
AP, - A. AP ~ .
|:OP’° PPz + 3 |:°P’° . -P,’;Pk,,} ] =0, (105)
=0 z

and A = —4/3and z = t/3 4 1/(3uw) arctan[x/(3u)], P; = (9u? + x*)3/?u;. Eq. (105) can be proved with similar method as
Eq. (74) in the Appendix.

5.2.3. A comparison of three-order series solutions
In this subsection, we give a comparison of three-order series solutions for the case F(u) = u? with ASM and AHSM.
For F(u) = u?, we get particular solutions with three-order precision of Eq. (50) by ASM

sy, a5 y  Tc

Po=y, Pj=-% ., Pp=—2 - e,

o =Y 1 6+ﬁ p) 36 12J}7+ 2

~ 1 5 y 1 /19

P3=——y 205" +2c;) — — +c¢ — — —64c; ). 106

3 52y 2Oy +20) 54+z\fy+96<ﬁ 1> (106)
Then, substituting the solution

U= Py + etP + €2t%P, + €363P; (107)

into Eq. (1) and settingc; = c; = 1,x =t = 2, € = 0.01, we get
Uy + €Uy — (UPLy)y ~ 7.82945 x 1075, (108)
On the other hand, using transformation (92) in Theorem 3, we obtain
Po=Py, Pi=p(1—-60)P, Py=[u(1-0)P,  Py=[u(1-6)Ps, (109)
then a three-order approximate homotopy series solution of Eq. (1) is given as
u = Py + ptPy + p*(€°Py + tOPy) + p*(°P3 + 276P, + t6°Py). (110)
Inserting (110) into Eq. (1) and also choosingp = ¢; = ¢c; = 1,x =t = 2,4 = € = 0.01, we get Fig. 1 which
demonstrates the error of solution (110) with respect to the auxiliary parameter 6.
From Fig. 1, in particular, assuming convergence-control parameter # = 0.0894, one has
U + [F(U)yly + €l ~ —5.7284 x 10711 (111)

This example shows that appropriate convergence-control parameter 6 can adjust the precision of series solutions.
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6. Summary and discussion

In the framework of the approximate symmetry method originated by Fushchich and Shtelen, we investigate a class
of perturbed wave equations and summarize the formulas for different order similarity reductions based on an optimal
system of one-dimensional subalgebras of Eq. (1). For arbitrary F(u) and three types of special equations of Eq. (1), zero-
order similarity reduction equations are nonlinear ordinary differential equations while kth order (k = 1, 2, ...) similarity
reduction equations are variable coefficient linear ordinary differential equations of Py(z) which depend on particular
solutions of the first k similarity reduction equations.

In addition, we study approximate homotopy symmetry of Eq. (1) and show that first-order coupled equations and
the higher-order reduced equations derived by the operators containing convergence-control parameter are equivalent
under two scaling transformations, respectively. The comparison of three-order series solutions demonstrates that AHSM is
superior to ASM for Eq. (1) because the convergence of series solutions by AHSM can be controlled by adjusting the parameter
6.

Note that the problem of classification of all possible potential symmetries for Eq. (1) still remains open and can form a
subject of future investigation of properties of Eq. (1). Furthermore, whether the present work about connections between
ASM and AHSM hold for any perturbed nonlinear PDEs is worthy of further consideration. These topics are in preparation
and will be reported in our future works.

Appendix

By means of mathematical induction, we prove the following identical equation

k
> “[3(2k — AP + 62(AP,_i); + (2k — 2i + 3)AP\_; + 22AP,_i ] = 0 (A1)
i=0
where A = }\!Pé_jP,’g .. .I’l’;,"/(()L — Mol - - -jil) with A = —4/3.

4/3

Proof. 1.For k = 0, theni = 0. Hence,A = P, ', Eq. (A.1) becomes

_4 _4 _4 _4
— 31)0 3P0 + GZ(PO 3P0)Z + 31)0 3P0 + ZZPO 3P0,z =0. (A2)
2. Assuming Eq. (A.1) holds for the integer k, we prove it holds for k 4 1, i.e.

k+1
> I3k + VAP + 62(APs1-i); + (2k — 2i + 5)APiy1_i + 22APi1i.] = 0. D (A3)
i=0

Next, we search for all terms which contain Py in Eq. (A.3). After direct computations, we find Py, { only appear when
i=0ork+ 1, hence, we list all terms as follows:

i=0, A=P}; i=k+1, A=2rP P, (A4)
Calculating all terms which contain Py, and Py, and setting A = —4/3, we get
32k + 1)(A + V)P 1P} + 62(A + 1) (Pes1Py); + 2k + 5)Pyi 1P}
+ 3APes 1Py + 22[Pis1 2Py + MPes1Py 'PiiiPo ] = 0. (A5)

Hence, with Egs. (A.1) and (A.5), Eq. (A.3) is an identity, i.e., Eq. (A.1) holds for k + 1. The desired identical equation (A.1)
follows.

As for the identities (77), (81), (83) and (86), one can prove them with mathematical induction as above procedures, so
we omit them.
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