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Abstract

The Schwarzschild and Reissner-Nordstrgm soutions to Einstein’s equations describe space-times
which contain spherically symmetric black holes. We consider solutions to the liear wave equation in
the exterior of a fixed black- hole space- time of this type. We show that for solutions with initial data
which decay at infinite, a weighted L® norm in space decays like 3. This weight vanishes at the event
horizon, but not at infinite.
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1 Introduction

Black holes are very important objects in Relativity, but very little is known about their dynamics and
interaction. Even the question of stability under small perturbations is a challenging, open problem. Any
solution to such questions will require an understanding of the interaction between black holes and grav-
itational radiation. The structure of the vacuum Einstein equations, which govern these dynamics in the
absence of other matter, make it impossible to consider only radial perturbations, so that more general
perturbations must be considered immediately. We hope that the study of linear, uncoupled waves outside
the black hole will help provide an understanding of these problems.

Even the stability of the empty space was a very difficult problem. It was solved originally by Christodoulou
and Klainerman [7], and Lindblad and Rodnianski have since developed a simpler proof [23]. Decay estimates
for solutions of non linear wave equations played an important role in both proofs.

In Relativity, the structure of space- time is determined by a Lorentzian pseudo- metric, g, which, in the
absence of matter, satisfies the Einstein equations,

1
R, — §Rg,“, =0. (1.1)

The Schwarzschild and Reissner-Nordstrgm solutions are singular solutions to the Einstein equations
which describe space- times containing a spherically symmetric black hole. The Schwarzschild solution is
a special case of the Reissner-Nordstrgm solutions. We will restrict our attention to the exterior region,
outside the black hole. We discuss the geometry of the exterior region further in subsection 2.1. Because the
structure of the Einstein equations makes it impossible for these to have spherically symmetric perturbations,
it is expected that the study of black- hole stability will require analysis of the more general, non spherically
symmetric, rotating, Kerr-Newman black holes. The linearisation of the Einstein equations around the Kerr
solution has been shown to have no unstable modes|[34].

In 1957, Regge and Wheeler investigated the linear stability of the Schwarzschild black- hole, and were able
to reduce the problem to the study of a second order, scalar equation[27]. After appropriate transformations,
this equation and the geometrically defined, scalar wave equation differ only by a multiple of the potential
term appearing in each. Using these transformations, the exterior region of the black- hole can be decomposed
into the product of time and a three dimensional space.

Because of the intrinsic interest in the geometric wave equation and because of its possible applications
to the study of black hole stability, we consider the wave equation

Oa =0 a(1) =i, (1) =iy (1.2)
For this equation, we prove the following result.

Theorem 8.21. If @ is a solution to the wave equation (2.21) , and u = ra,

Nl=

1F2 | o gy <t~ 5 C(l[uoll3 + Eluo, w] + Eeluo, w] + || Lul* + E[Luo, Lua)?,  (1.3)
1002 + 1) % ll o gy <2 Cllluoll3 + Eluo, ua] + Ecluo, wi] + | Lu|® + E[Lfuo, Lwa])%,  (1.4)

=

where Efv,w] and Eclv,w] are the energy and conformal charge which are defined in section 3, p. is the
Regge- Wheeler radial co-ordinate defined in section 2, and L is an angular derivative operator defined in
section 7.

We have previously been able to apply our techniques to prove earlier results to both the wave equation
on the Schwarzschild manifold and the Regge-Wheeler equation, and expect the same to be true here[4, 5].

This decay rate is slower than the rate found in Euclidean space, which is t5 [18]. This is consistent with
current results for other equations on the Schwarzschild solution which only prove slower rates of decay than
those found in R3*T!. The L norm has been shown to decay like 7 for both the massive Dirac equation
[17] and the massive Klein- Gordon equation [21]. For the Schrédinger equation, the L° has been shown to
decay like t%+6[22]. All these results hold only for radial initial data, or data which is the sum of finitely
many spherical harmonics.
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The rigorous study of scattering for linear waves on black hole backgrounds was begun by Dimock and
Kay who proved existence and completeness of wave operators for the linear wave equation [13] and the Klein-
Gordon equation[14]. Asymptotic completeness and global existence for the cubic semi linear wave equation
have been proven for a wide class of black hole manifolds, including the Kerr- Newman solutions[1, 2, 26].
DeBievre, Hislop, and Sigal have proven asymptotic completeness on a large class of non compact manifolds,
including the Reissner-Nordstrgm manifolds [11]. However, none of these methods give decay estimates even
in the linear case. For sufficiently super critical Reissner-Nordstrgm black holes, Strichartz estimates have
also been proven[6]. Little is known about fields coupled to the Einstein equations, but for a spherically
symmetric, scalar field, Dafermos and Rodnianski have shown the field decays along the event horizon
according to an inverse cubic, Price law [9]. They also proved a weaker rate of decay for radial decoupled,
radial, semi linear wave equations in the exterior of Reissner-Nordstrgm solutions [10]. All of these results
also only hold for radial initial data or for data which is a sum of finitely many spherical harmonics.

We start by introducing an analogue of the conformal charge used by Ginibre and Velo [18]. However,
we are prevented from completing the argument which holds for the wave equation in Euclidean space by
the presence of a closed geodesic surface in the three dimensional space which describes the exterior region
of the black hole. The absence of such geodesics is a non- trapping condition which is commonly imposed in
scattering theory. The presence of this geodesic surface and the gravitational lensing they cause is already
known[8, 32]. This surface is called the photon sphere.

To over come this obstacle, it is sufficient to prove estimates on the angular derivative of the solution in
the region near the closed geodesics. We prove:

Theorem 8.20. Ife > 0, then if 4 is a solution to the wave equation (2.21) and v = r4

/ L% yaul2dt < C(|uo|22 + Efuo, w)), (1.5)
1

where L acts like one angular derivative and X, is a function with compact support near the closed geodesics.

This is sufficient to prove theorem 8.21. The loss of L€ is responsible for the additional factors of L€
appearing in theorem 8.21.

Estimates on the angular derivative have already been used to prove Strichartz and point wise in time
LP estimates in Euclidean space[31, 24] and on non-trapping manifolds [19].

Our method is to introduce an analogue for the wave equation of the Heisenberg equation for the
Schrédinger equation. There is a self-adjoint operator H which determines the time evolution of the solution.
We refer to this operator as the Hamiltonian. Other self-adjoint operators are referred to as observables, and
the analogue of the Heisenberg identity relates the time derivative of a particular inner product involving
the observable to the expectation value of the commutator between the Hamiltonian and the observable. For
the Schrédinger equation, the expectation value of the observable is differentiated in time, but for the wave
equation, the analogue is a more complicated inner product involving both a solution and its time derivative.
For an operator to be a propagation observable, we require a few other conditions.

Our first propagation observable is a radial derivative operator directed away from the geodesic surface.
This is used to prove a smoothed Morawetz estimate, which is like theorem 8.20, but with zero powers of
the angular derivative and a non compact, but decaying localisation function. A function g of the radial
variable, denoted p,, is used to direct this operator away from the geodesics.

Following this, we define the positive operator L by

LP=1-Ag, (1.6)

where Ag2 is the Laplace- Beltrami operator on the sphere, which acts as the derivative in the angular
directions. By rescaling the argument of g by powers of L, we generate a new propagation observable, which
we use to prove theorem 8.20 with € = % We call this rescaling by L angular modulation.

To prove the result for all positive e, we use phase space analysis. We introduce the phase space variables,

which are defined in terms of the original radial co-ordinate, p,, and radial derivative, 8%*.
X =L pa, (1.7)
0
="t —. 1.8
A (19)
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We localise a propagation observable in phase space by multiplying by a compactly supported function of the
phase space variable, X (x,,) and ®(§,,). We also localise with functions which are not compactly supported
but which decay away from a certain region. By both rescaling the argument of g and localising in §,,,
we can control powers of L in various regions of phase space. However, these estimates require control of
different powers of L in other regions of phase space. In a process of phase space induction, we are able to
combine the estimates across all regions, and use the estimate in one region to control the remainder terms
in another. This is sufficient to prove theorems 8.20 and 8.21.

1.1 Structure of the paper

Section 2 introduces the wave equation on the Reissner-Nordstrgm solution, some common notation and
transformations to simplify the equation, and discusses important regions of the geometry, including the
photon sphere. Section 3 introduces the energy, conformal charge, and a Sobolev estimate. In that section, we
prove point wise in time LP estimates can be reduced to bounding weighted space-time integrals of solutions
and their angular derivatives. Section 4 translates some of our conditions into terminology commonly used
by Physicists. In particular, we show that finite energy or conformal charge solutions need not vanish at the
bifurcation sphere.

The remainder of the paper deals with proving weighted space- time integral bounds. Section 5 provides
the basic propagation observable frame work, using a commutator formalism analogous to the Heisenberg
equation from quantum mechanics. Section 6 introduces a propagation observable v which majorates a
decaying weight. This is analogous to a smoothed Morawetz estimate. This is sufficient to control the
weighted space- time integral needed in the proof of the L? estimates. The section concludes with an L?
estimate for radial data and with a similar result for non-radial data, which reduces the problem to one of
controlling space- time integrals of one angular derivative in L2. This localisation is in an arbitrarily small
neighbourhood of the photon sphere. Section 7 uses a new technique of angular modulation to control %
angular derivatives in L? in the desired region. The method is to rescale the previous propagation observable
by fractional powers of the angular derivative operator.

In the final section, section 8, we introduce a family of propagation observables to control 1 — € angular
derivatives. The propagation observables are like the one from the angular modulation argument, but are also
localised in both the radial variable and radial derivative. We refer to this as phase space analysis. Subsection
8.1 introduces these observables and rescaled versions of the radial variable and radial derivative, which we
call the phase space variables. Subsection 8.2 provides a commutator theorem which allows us to rearrange
localisations in the non commuting phase space variables. It also provides lemmas which cover particularly
common cases. Subsection 8.3 begins the argument by using the commutators to bound fractional powers of
the angular derivative. These estimates have decaying weights in the rescaled radial variable and derivative.
Subsection 8.4 removes the weights in the rescaled radial variable, leaving estimates localised in the radial
derivatives only. All these estimates involve remainder terms which include lower powers of the angular
derivative, but not localised in the same region. Subsection 8.5 combines the results inductively to control
1 — € angular derivatives with out phase space localisation. It concludes with an LP estimate with € loss of
angular derivatives in the energy.

2 The wave equation on the Reissner-Nordstrgm space

2.1 The Reissner-Nordstrgm solution

The Reissner-Nordstrgm solution to the Einstein equations represents the space-time outside a spherically
symmetric, charged, massive body. It is the unique spherically symmetric, static!, asymptotically flat solution
to the vacuum Einstein- Maxwell equations, which govern the structure of space-time in the presence of
gravity and electro- magnetic fields. This solution can be represented in terms of the co-ordinates (¢,r, 6, ¢)

1The static condition is redundant since spherically symmetric solutions are necessarily static.
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by the Lorentzian pseudo-metric:

ds® =Fdt?> — F~Ydr? — r%(d6* + sin?(0)d¢?), (2.1)

oM Q?
F=1-" 2.2
T (2.2)

where M > 0 is the central mass and @) € R is the central charge, both as measured by observers at infinity.
The polynomial r2F has two roots at

re = M+ /I =0 (2.3)

In the sub critical case, 0 < |@Q| < M, these roots determine the location of two event horizons which permit
geodesics and energy to cross only in the inward direction, towards decreasing r, and not in the outward
direction. In the critical case, |Q| = M, there is a single event horizon, which has the same property. In the
super critical case, |Q| > M, the roots are complex, there are no event horizons to prevent geodesics which
start at the singularity » = 0 from being extended to r = co, and the central singularity is called a naked
singularity. We will not study the super critical case. In the non super critical cases, the effects of the event
horizon and the structure of the interior region are complicated and have been studied extensively [15, 33].
The interior region is called a black hole since anything, including a light ray, may fall in but can not escape.
We will restrict our attention to the exterior region of the non super critical solution,

t €R, r>ry =M+ /M2 - Q2 (0, ¢) €52 (2.4)

The famous Schwarzschild solution corresponds to the chargeless case, Q = 0,

ds® =Fdt®> — F~Ydr? — r2(d#* + sin?(0)d¢?), (2.5)

F=1- %, (2.6)
T

t €R, r>r, =2M, (6, ¢) €5? (2.7)

The Schwarzschild solution, ¢ = 0, has only one event horizon at r = 2M, because the second root, r_
coincides with the central singularity » = 0. In the exterior region, the Schwarzschild solution is representative
of all the sub critical solutions. The critical solution is similar; however, F' vanishes quadratically instead of
linearly towards the horizon, and this affects the rate of decay of other quantities.

In studying the exterior region of the Reissner-Nordstrgm or Schwarzschild solutions it is common to
introduce a new radial co-ordinate, the Regge-Wheeler tortoise co-ordinate, r,, defined by

dr
dr,
This co-ordinate extends from —oo to oo and has the effect of “pushing the horizon to negative infinity”.

The original radial co-ordinate, r, is now treated as a function of r,. The exterior region of the Reissner-
Nordstrgm solution is now represented by

=F. (2.8)

ds* =Fdt* — Fdr? — r*(d6? + sin?(0)d¢?), (2.9)
oM Q?
F=1-"—"7—4+2% 2.1
T (2.10)
t €R, . €R, (9, ¢) €52 (2.11)

In the Schwarzschild case, 7. can be expressed simply in terms of r and M and has simple asymptotic
behaviour.

—2M
ry =r +2M log (r % ) +C, (2.12)
lim r;tr =1, (2.13)
—2M 1
nl_i)rr_loor*_llog (T % ) =5 (2.14)
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In the literature, C, is commonly taken, for simplicity, to be —2M log(2) [33, 25] or —2M log(M/2) [15]. In
equation (2.32),we will use a particular choice of Cy, coming from the geometry of the Reissner-Nordstrgm
solution.

In the general sub critical case ,|Q| < M, the expression for r, is slightly more complicated, but the
asymptotic are the same.

2 2
Ty T—Ty T2 r—r_
. = 1 — 1 Cs, 2.15
e =T T n(—) P— n(— )+ (2.15)
lim r;'r =1, (2.16)
n@;cﬂmﬁJﬂ:”é“- (2.17)
In the critical case, |Q| = M, the expression for r, and the asymptotics are inverse linear, instead of
logarithmic, towards the event horizon.
r—M M?
= 2M 1 — C., 2.18
ro=rbaMIn(C ) - St (218)
lim r 'r =1, (2.19)
lim r.(r—M)=— M>. (2.20)
2.2 The wave equation
We wish to study the linear wave equation,
. . . 0 . .
Ornt =0, (1) =g, &u(l) =1y, (2.21)

in the exterior region of the Reissner-Nordstrgm solution. In terms of the tortoise co-ordinate the d’Alembertian
is
02 5 0 45 0

LRy :F71(7 —r

) — 2 2 .
ot? 3r*r 87"*) rAse (2.22)

where Ag2 is the Laplace-Beltrami operator on the sphere. The substitution

u=ri (2.23)
simplifies the wave equation to
0? 9]
FroL + Hu =0, u(1) =uo, &u(l) = uq, (2.24)

where the operator H is composed of the following terms

3

H=> H, (2.25)

i=1
82
H =—- 677“37 (2.26)
1 _dF
Hy =Vi(r)(—As2), (2.28)
1
Vi(r) =5 F. (2.29)
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We refer to V' as the potential and V; as the angular potential. In the exterior region, r > r, the angular
potential has a single critical point at (in terms of the r variable) 2

M + \/OM? — 82
oo M+ 92 8Q (2.30)

The critical point, «, is extremely important. Geodesics at r = o and tangent to this surface will remain on
the surface forever, and geodesics which approach this surface almost tangentially can approach the surface
as t — oo or orbit the black hole arbitrarily many times before escaping to 7. — oo [8, 32]. This geodesic
surface at r = « is sometimes called the photon sphere. The region near r = « will also be the most difficult
in which to prove decay of solution to the wave equation. This region orly presents a problem for non- radial
data.

The value of r, corresponding to » = « will be denoted «,, and we will introduce the new radial co-
ordinate

Ps = To — Qe (2.31)

This corresponds to taking r. = p. with the integration constant C, in equation (2.12), (2.15), or (2.18)
chosen so that

a, =0. (2.32)

For this reason, % = %, etc.
For simplicity, we typically use the measure

du=dr.d*pge. (2.33)

The space 9 refers to R x S? with the measure d3u. This defines L?(9t) and, more generally, L?(91) for
any p > 1. Unless otherwise specified all norms and inner products are with respect to L?(901).
1

The function space H'(9M) is the collection of functions for which v’ and V;?V%u are in L*(9N). This
space is not particularly useful, and we typically consider functions with finite energy or conformal charge,
as defined in section 3.

When dealing with the original function, @, we also use the measure

= ridr.d*pge. (2.34)
The two L? spaces coincide, in the sense that

[ull2(om) = ||ﬁHL2(9?n) (2.35)

The Schwartz space, S, refers to functions which are infinitely differentiable and for which, for a given
vES,
J

Vi, j k€ Z7,3C; j & Vhav| < Cijk (2.36)

.0
G R
kg,
The Fourier transform on R x S? is defined by first making a spherical harmonic decomposition in the
angular variable, and then applying the one dimensional Fourier transform on each spherical harmonic.

3 Methods for point wise decay

In Minkowski space, R3*1, there is a conformal charge which is conserved and which dominates 2 ||r =1V g2ul|?.
Using a Sobolev estimate, the decay of the angular component of the H!(R?®) norm implies decay of the
the LS(R3) norm [18]. We introduce an analogous conformal charge for the Reissner-Nordstrgm solution.
The growth of this charge is dominated by the sum of localised space-time integrals of v and its angular
derivative. Using a Sobolev estimate and the conformal charge, we reduce the proof of a point wise in time
LP(9M) estimate to bounding localised space-time integrals of a solution and its angular derivative.

2For the critical Reissner-Nordstrgm solution, the angular potential has a second critical point at the event horizon R = M.
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3.1 Densities, energy conservation, and the conformal charge

There are many formalisms for studying wave equations. In this subsection, we will introduce various
densities and show that they satisfy differential relations. Integrating these relations will show that the
energy is conserved and give an identity for the time derivative of the conformal charge.

Definition 3.1. Given a pair of functions, (v,w) € S x S, the energy, radial momentum, and angular
momentum densities are defined respectively by

1
elv,w] :§(w2+v’2+V1)2+VLVS2U~Vszv), (3.1)
Pp. [V, w] =wv’, (3.2)
Pulv, w] =wVg20. (3.3)
The energy is defined to be
Ev,w] = /e[v,w]d?’u (3.4)

These densities satisfy the following differential relations.

Lemma 3.2. If u €S is a solution to the wave equation, i + Hu = 0, then the following relations hold

0

0 =z elu(t), w(t)] = Op.pp. [ult), w(t)] = V2 - (Vepu[u(?), a(t)]) = 0, (3.5)
0 zgpp* [u(t),0(t)] — 0,. %(uu +u'u —uVu—Vgu-VVgu) — Vgz - (u'VL,Vg2u) (3.6)
— %uV’u — %ngu V|V s2u, (3.7)
and the energy is conserved
d .
%E[u(t),u(t)] =0. (3.8)

Proof. The relations are proven using the method of multipliers, in which both sides of the wave equation
are multiplied by a quantity, typically a differential operator acting on u, and then the right hand side is
rearranged.

The relation for the time derivative of the energy comes from the multiplier %u.

0 :(%u)(u —u" +Vu—Vy(Ag2)u) (3.9)
=uii +u'u + 0 . (uu/) +4Vu+ Vgeu- (Vi Vgeu) + Vg - (VL Vg2u) (3.10)
1
zﬁg(uu +u'v +uVu+ Veeu - Vi Vgau) — 8,, (Wu') — Vg2 - (4V,Vg2u) (3.11)
0 . . o .
=0 i)~ Oyl Ve - (Vi) (3.12)

Since the integral of a pure spatial derivative is identically zero, integrating this result gives that
4 Elu(t), (t)] is zero, and that the energy is conserved.
The relation for the time derivative of the radial momentum comes from multiplier 9,, u.

0 =(8. ) (ii — " + Vu+ Vi(~Age)u) (3.13)
=u't — v +u'Vu+ 'V (—Ag)u (3.14)
:%(u’u) — 't —u'u" +u'Vu+ Vgu' - Vi Vgeu — Vg - (u'VLVs2u) (3.15)
:%pp* — 0, %(uu +u'u' —uVu —Vgeu -V, Vgau) (3.16)

— %uV’u — %ngu Vi Vs2u (3.17)
— Vg2 - (W' VL Vs2u) (3.18)
O
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We now define the conformal charge in terms of the energy and momentum densities. In Minkowski space,
the conformal multiplier is found by conjugating the time derivative with the discrete inversion symmetry
of Minkowski space. The conformal multiplier is then used to define the conformal charge and its density
by the same process which defines the energy and energy density from the time derivative. The Reissner-
Nordstrgm solution does not have a discrete inversion symmetry, so we define our conformal multiplier by
formally taking the Minkowski conformal multiplier and replacing the Minkowski radial variable by p., the
Reissner-Nordstrgm radial variable.

Definition 3.3. The conformal multiplier, the conformal charge density for a pair of functions (v, w) € SxS§,
and the conformal charge for the same pair are defined respectively by

C=(+ 7)o+ 2p.d).. (3.19)
eclv, w] =(£ + p)elv, w] + 2tp.pp., (3.20)
Eclv,w) :/ec[v,w]dBM. (3.21)

The conformal charge density can be rewritten as a manifestly positive quantity. This form is more useful
for making estimates.

Lemma 3.4. For any pair (v,w),

1 1

(t* + p2)efv, w] + 2tp.plv, w] == pe)?(w — ') + yiia pi)?(w +0")? (3.22)
1 1

+§(t2+p§)vy2+§(t2+p3)VL(vsw-vSw) (3.23)

Proof. Only the time and radial derivative terms need to be rearranged.

(t — p ) (w —v')? =t?w? — 262w’ + t*0"? (3.24)
— 2tp,w? + Atp,wr’ — 2tp,v”? (3.25)
+ p2w? — 2p2wv’ + p*'? (3.26)
From this,
(= po)2(w — 0/ o+ (£ + pu)? (w0 + /)2 =22 + )P +0) + Stpuunf (3:27)
O]

In Minkowski space, since the time derivative is the generator of the time translation symmetry, the
conformal multiplier is a composition of symmetries, and hence a symmetry itself. From Noether’s theorem,
the conformal charge it generates is conserved. Our conformal multiplier is not constructed from symmetries
and does not generate a conserved quantity. Heuristically, the change of the Reissner-Nordstrgm conformal
charge should only involve the potentials, since, formally, the conformal multiplier is the same as in R3*!, and
the wave equation differs only by the presence of potentials. The potential appear in expressions quantities of
the form 2V +p,V'. We call them the trapping terms. In R3, the analogue of V; is 72, and the corresponding
trapping term, 2V -+ rV’, vanishes.

Lemma 3.5. If u €S is a solution to the wave equation, it + Hu = 0, then

d

< Belu(r), ()] = / LRV + p V' W2dp + / HOVL + pu Vi) (Vru - Veru)dip (3.28)

(3.29)
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Proof. We multiply the wave equation by the conformal multiplier, Cu, and then apply the relations from
lemma 3.2.

0=(Cu)(tt —u" +Vu+ Vi (—Agz2)u) (3.30)
=(t? 4 p?)u(ii — v + Vu + Vi (—Age)u) (3.31)
+ 2tpu (i — v + Vu+ Vi (—Ag2)u) (3.32)

0 .
~(02+ ) gyelut@) 40 = 3y~ Vo (Vi) (3.89
+ 2tp. (gtpp* — 0, %(uu +u'v' —uVu—Vgu-VVgeu) — Vgz - (u’VLvszu)> (3.34)
1 !/ 1 /
— 2tp. §uV u— §V52u -ViVs2u (3.35)

Integrating these terms and then integrating by parts in the angular derivatives eliminates the angular
gradients.

(gretu(® 0] - 0, ~ T (Ven)) (3.30)

1
— 0, 2(uu +u'u' —uVu—Vgeu-VyVgeu) — Vg - (u'vaSw)) >u (3.37)

Sl
S
P

uV'u + §vszu : VL’vSw) > (3.38)

PR
S8

SORIO R L (3.39)

[\
~
s
*
/\ ~ S N7 N
N | =

+ / 2tp. gpp* —0,, ;(uu +u'u' —uVu— Vgau- VLVSzu)> u (3.40)
- /Qtp* (Q’LLV/U + ivsw : VL/V52U> dp (3.41)
This is further simplified by integrating by parts in the radial variable and isolating pure time derivatives.
0= [ 5 (2 + A)elutt), (o) + 2p.p,.) (3.42)

+ / “otefu(t), (1)) + 20, du (3.43)

+ / —2ppp. + 21%(1211 + v’ —uVu — Vgou -V Vgeu)dip (3.44)

- /2tp* <1uV’u + %Vszu : VL’VSzu> dp (3.45)

=5 [+ piclutt), ale) + 200, (3.46)

/ t(Vu? + Vgeu - Vi Vgeu)dip (3.47)

/2tp* < uV'u + Vszu VLVSzu) dp (3.48)

O

3.2 Sobolev estimates

Our goal in this section is to bound the L® norm by the energy, the conformal charge, and a negative
power of t. The main step in this is to prove a Sobolev estimate, which, roughly speaking, controls the

10
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L% norm by the H' norm. The analogous result in Minkowski space,R3*1, is that the spatial L® norm can
be controlled by a third of a factor of the radial component of the H! norm and two thirds of the angular
component of the inhomogeneous H! norm. The energy controls the radial component of the H! norm,
and the conformal charge controls the product of a positive power of ¢ and the angular component of the
H' norm. It is not obvious from the definition that the conformal charge controls the weighted L? norm
needed in the inhomogeneous part of the angular H! norm, but it does [18]. A similar result holds for the
Reissner-Nordstrgm solution, but, because of the weight appearing in the L% norm, we require two estimates
on weighted L? norms instead of one.

The two estimates in the following lemma are the estimates needed for the Sobolev estimate. Note that
the terms appearing on the right are independent of w, the second argument of Fe¢.

Lemma 3.6. There is a constant such that, for all (v,w) €S xS

t* 4 p2

Eclv,w] >C{(v, 1 v), (3.49)
1
Eclv,wjt™% >C{v, g 11}). (3.50)

Proof. This is a smoothed version of the argument used in R™ [18].
The ingoing and outgoing wave terms can be isolated and rearranged. We introduce the notation ec (4,,,)
to denote these terms.

ec.(tplvsw] =llpawll® + [[tw] + vl + [[to]]® + (w, 4p. o) (3.51)
—lltw + po' |2 + [l pewo + 10| (3.52)

The weighted term hu = h(p,)u is introduced into these terms.

et pylost] =lw + put — pubwl? + loww + 10/ + th? (35
+ 2(p.0’, pehv) — 2(t0' thv) — (p.hv, puhv) — (thv, thv) (3.54)

Dropping the first two terms, which are strictly positive, and integrating by parts in the following pair yields:
eC,(t,p*)[va] > — <U> (zp*h + (pi - t2)h/)’l}> - <U, (Pz + t2)h2’U> (355)

A particular choice of h can now be made in terms of a parameter a.

Ds
h(p) = .
(p+) “Zta (3.56)
2
/ _ a — Py
R (ps) —67([)3 P (3.57)

We now substitute this choice of h into the previous calculations.

22 a— p? (02 +1%)p3
—(2ph + (p2 — )W) — (p2 +t*)h? = — u P ) ISR GRS S i * 3.58
(@peht (o = ) = (2 + E0* = — el 5T+ (2 = ) ) = @5 s (3.58)
_ piA3apl —ta+ 0] ,pl 4703 (3.59)
=€ 2 2 —€ T3 2 :
(2 +a) (p% +a)
4 2 2 2 2
P 3G,p* —t7a 2 tp*
=—(e+¢é —€ —€ —(et+e
G e GErar T GErap
(3.60)

For e € (—1,0) the first, second, and forth terms are positive. For € € (—%,0) and p? > 4, the forth term

dominates the third by a factor of 2. € can be chosen sufficiently close to zero so that for p? < T

—¢2
P +V(p2+1*) < —e

—t2a
0< 1 a)? 5 + Hay(p? +t°) (3.61)

(p? +a)

11
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Thus, with a =1,

t* + p3
s v
p:+1

Eclv,w] > ec (t,p.)[v, w] + (v, Hyv) >(—€ — €*) (v ) (3.62)

This proves the first statement in the theorem. The second part follows trivially by dropping the p2/(p2 +1)
term from the first estimate and dividing by ¢2. O

We now turn to the Sobolev estimate. Because our main interest is making estimates in terms of the
energy and conformal estimate, the estimate is expressed both in terms of L? norms of the derivatives of the
function under consideration and in terms of the energy and conformal charge. Once again, the energy and
conformal charge take a second argument w which does not appear in the quantity estimated.

Lemma 3.7. There is a constant C, such that if (v,w) € S X S, then

/ P 3= 4d3y <C(E[v, w] + Eelv, wlt=2) Ee[v, w]?t—*, (3.63)
IF% 75 0| Lo gamy) <C(E[v,w] + Eelv, w]t™2)% Eelv, w]5t™ 3 (3.64)

Proof. We begin by proving a Sobolev estimate which controls the L% norm by weighted H' norms.
. . 3 .
Following the standard argument [30, 16], the proof starts with a Wh! — L2 estimate. Take ¥ (p.,w)
infinitely differentiable and of compact support for simplicity. To this function v associate a function on the
sphere

1) = [ 15-vlenwld. (3.65)

Integration and the Sobolev estimates for R and S? can be applied. The Sobolev estimate in 1 dimension
follows directly from the fundamental theorem of Calculus.

[ (ps, w)| <I1(w) (3.66)

[¥(pse,w)| 2 <I(w) 2 [(ps, w)] (3.67)

/ (o)) F e < / 1 () [ (per ) o (3.68)
S2 SZ

The second term in the final product on the right side is estimated by the spherical Sobolev estimate.
The Sobolev estimate on 52 follows from using a partition of unity on S? into co-ordinate charts and then
applying the Sobolev estimate on R? [16]. The notation ||¢H( )(p*) is introduced to denote the L'(S?) norm

1
of ¥ (p«,w) with p, fixed. :

Nl

L wonslids <[ nis)

0
or,

([, Wlo) Py (3.69)

<|l

GIF(=As2) 2l 2y (00) + 18] 2 (p2)) (3.70)

1 1
w w

A radial weight f<(p,) can be introduced before integrating with respect to dr,.. For this proof, the exponents
« and G are used. They have no relation to the value of r — o governing the location of the photon sphere.

1 1
w w

o O it [ s 3
| [ 1t wbasar, <ol [ o =asboloye)+ gy @)
2a 1o} 1 1 2
175 lly <l plF (17 (-As) 2ol + 17wl (372)

12
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The substitution ¢ = f#|v;|* transforms this to a H; < L® Sobolev estimate.

170l <6 [ 7ol + 5077 ! (3.73)
< (4 [ 1Pl -as) buldn+ [ 1l (3.74)
([ 8ol nt <o [ Poofen [ 1nbdns (65 pen? (375)

([ peripand ([ A-astaPeas [ foPent o

We now choose

a+gﬂ =20 =2a+26 -1, (3.77)
o % (3.78)
6 =1, (3.79)
so that ||f3v1]|¢ can be cancelled.
175 0lls <41l + J;v1|2>%<||f%<—As2>%m||2 + 770 l2)? (3.80)

The weight f = =2 is now taken to give a result analogous to the Sobolev estimate in R3.
-2 0 _ 1o 1 _ 2
IrFerlls <Oz —vllz + | =28~ 01l (I~ (= Az ol + [~ o ) (3:81)

To complete the proof of the Sobolev estimate for the Reissner-Nordstrgm solution, the substitution
1 1
vy = F2v and the inequality Fr=! < (1 + p2)~2 are used.

|F3r T olls <C(|F2 ai*u||2 5P EMr? 202 + | - 2P Eru) (3.82)
X (|F2r (= Age) 2oflz + [F2rofl2)d (3.83)

<C(IF vl + 0+ ) H el (3.8)

X (IF3r 7! (~Age)bollz + [ F2rtol]2)d (3.85)

We introduce the dummy function w to act as the second argument of the energy and conformal charge.
From the definition of the energy, the conformal charge, and lemma 3.6,

0 0

1F2 |3 <[l 53 < Elv, w], (3.86)

or or
1F2r= (—Ag2)2v]|y <Eclv, w]t 2, (3.87)
|F2rYllp < [[(1+ p2) " 20| <Eclv,wlt™2. (3.88)

Substituting these into equation (3.85) proves the first two results. The second is simply the sixth root of
the first. O

We remark that if we repeat the same argument with f = Fr—2

analogous to equation (3.85), would be

and v; = v, the Sobolev type result,

B
or,
X (|F2r~ Y (=Ag2)2v||s + [|[F2r~t|j5)3. (3.90)

1F5r 5 vllg <C(|=—vlla + ||(—=2r~1 + 6Mr~2 — 4Q%3)p|))3 (3.89)

13
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The new weighted L? norm is also controlled by lemma 3.6, for ¢ > 1, although, there is no longer the
additional factor of ¢2.

t2 2
pQ_:—pl* w)¥o|| <Eelv, wl. (3.91)

*

[(=2r~ +6Mr~2 —4Q%r *)u|* < |(

Combining these results, we have control of a norm which decays less rapidly towards the event horizon but
at the cost of less time decay on the right hand side.

/ lv[CF3r=4d3u <C(Ev,w] + Eelv, w])Ee (v, w]*t™2, (3.92)

3.3 Local support of the trapping terms

We refer to terms of the form 2V + p,V}/, for both the potential and the angular potential, as trapping terms.
In this section, we show that the trapping terms are positive only in a finite interval of p, values in the
subcritical case. The functions W and W, will refer to the positive part of the trapping terms. Through the
conformal identity and the Sobolev estimates, this reduces the problem of finding point wise, weighted LS
estimates to proving local decay estimates of the form [ [ x|u|?d3udt + [ [ x|Vs2ul?d®pdt < C.

One of the factors in the derivative of the potential will require careful attention, both here and in
subsection 6.2. We introduce it with the notation Pg(r).

Definition 3.8. For Q € [0, M], Py(r) is defined by
Po(r) = 3Mr® — 4(Q* + 2M?)r* + 15MQ*r — 6Q* (3.93)

We now show that the trapping term for the potential is positive only in a bounded set of p, values by
computing the limit at +oo.

Lemma 3.9. The derivative of the potential is given by
V' = —2Fr " Pgy(r) (3.94)

For |p«| sufficiently large, 2V + p, V' is negative.
There is a compactly supported, positive, bounded function, W, such that W > 2V + p, V'

Proof. The derivative is computed from the definition of V' in equation 2.27.

_dr 0, | OF
9,V = dp*a(r Foo) (3.95)
:F%((T_l —2Mr 7%+ QM) (2Mr T — 2Q% ) (3.96)
:F%(QMF3 —2(Q% + 2M?)r~* + 6MQ%r 5 — 2Q%°) (3.97)
= —2Fr T (3Mr3 — 4(Q? + 2M?)r? + 15MQ*r — 6Q") (3.98)
From this,
_ dF  p
2V + p V' =2r7'F (dr - 7ﬂﬁpQ(r)) (3.99)
~ oM 2Q? .
2 2 2 2 4
ot ((2M_2Q7) _pe (3M 4@ -2M%)  15MQ  6Q (3.101)
72 r3 r \ r? 73 r4 75

To show that this is negative for sufficiently large values of |p.|, we will multiply by a positive factor and
then show that the resulting quantity has a negative limit as p, — +o0o. As p, — —oo, the subcritical and
critical cases must be dealt with separately.

14



P. Blue, A. Soffer Phase Space Analysis on some Black Hole Manifolds

In both the subcritical and critical cases, for p, — oo, pT* —land FF— 1, so
32V 4 p. V') =2M —3M = —M (3.102)
For p, — oo, the original radial variable has limit r — r, = M + \/m, and the limiting value of
Po(ry) is
Po(M +/M? — Q%) = = 22M* — Q*)(M? — Q%) — 4M\/M? — Q*(M* — Q?) (3.103)

In the subcritical case, the other factors in the trapping term are positive, so it is sufficient to look at
Po(rs).

7
_;Fp* 2V + p. V') —Po(r) (3.104)
=—202M? — Q*)(M?* — Q%) — 4M~/M? — Q2(M? — Q?) (3.105)
<0 (3.106)

In the critical case, since Py;(M) = 0 , it is necessary to multiply by a different positive factor before
taking the limit. For p, — —oo, from the asymptotic behaviour of p. given in equation (2.20)

rd 1 r—M Dx

1
- ! — L
o a2V V) =2M— S Pu(r) (3.107)
M
=2M+p*(7’—M)377,(7"—2M) (3.108)
—2M — 3M (3.109)
- M (3.110)

From these limits, it follows that 2V + p,V’ is negative for sufficiently large values of p.. Since V and
ps V' are continuous, it follows that 2V + p,V’ can be bounded above by a compactly supported, positive,
bounded function. O

In the subcritical case, a similar calculation of limits as p. — £oo shows that 2V} 4 p. V] is positive only
on a bounded set of p, values. In the critical case, the angular trapping term is positive as p, — —oo, and
we compute the rate at which it vanishes as r — r; = M.

Lemma 3.10. In the subcritical case, for |p.| sufficiently large, 2V, + p.V] is negative, and there is a
compactly supported, positive, bounded function, Wr,, such that W, > 2V, + p. V] .

In the critical case, there is a positive, bounded function, Wi, such that Wy > 2V + p, V], Wi is
identically zero for sufficiently large p., and W, decays like (r — M)F as p, — —o0.

Proof. As in the previous lemma, 2V, + p. V] will be shown to be negative from the fact that when a positive
factor is applied, the limit as p, — $o0 is strictly negative or the quantity diverges to negative infinity. For
this lemma, it is simplest to separate the subcritical and critical cases, when evaluating the limits.

From the definition of V7,

—2F 3M  2Q?
0,V 11— —+ — 3.111
el T < r + 72 > ( )
so that
2F 3M  2Q?
In the subcritical, as p, — 0o, by the explicit expansion of p, given in equation 2.15,
r3 r2 r—r r_ r—r_ 3M 2Q?
— 2V — p, V') =r — | +y— 1 1— — 4+ — A1
37 2V = oV == (T len(T ) - o) 1 00 SR ) (3119
2 2
Ty r—rg e r—r_
=— 1 1 o1 3.114
T4 —T_ og( M )+T+fr_ og( M )+00) ( )
—— 0 (3.115)
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In the critical case, as p, — 00, by the expansion in 2.18,

3 2 2
oV — V) — r-M, M _ M 2Q°
Vi 2V — p. V") =r — (r + 2M log( 7 ) —ut o)1 i ) (3.116)
— _antog("= M) o) (3.117)
-0 (3.118)

For p, — —o0o, we use both the asymptotics of p, from subsection 2.1 and the geometry of the angular
potential from subsection 2.2. The critical points of V; are the roots of r? — 3Mr + 2Q2, which we denote by

3M + /IM? — 8Q?
= 5 @ (3.119)

ot

Only one of these, a4 = « is in the exterior region r > r. We now multiply the angular trapping term by
a positive term.

7“5 7"3
— 2V 4 p. V) = + 72 — 3Mr + 2Q* 3.120
5F _p*( L L) - (3.120)
7"3
:—p +(r—a)ir—a-) (3.121)

In the subcritical case, the relevant terms are ordered a_ < ry < a4, so that in the limit p, — —oo, r — r4,
and
5

;7 VL + pu Vi) = (e —a_)(ry —a4) <0 (3.122)
— s
In the critical case, the relevant terms are not distinct, a— = r; = M < 2M = ay, so the previous

argument does not hold. In fact, the angular trapping term is positive as r— — ry = M. Instead, equation
(3.121) can be rearranged as

(P)(2V + p. Vi) =% = pu(r — @) (r — o) (3.123)

From the asymptotics of p, in equation (2.18),

= pu(r—a_)(r—ay)=r®—(r+2MIn (r &M> — T’]14M +Cy)(r = M)(r —2M) (3.124)
=(r®+ M?*(r —2M)) +In (T &M) (r—M)2M@2M —r)+ (r — M)(r+ C.)(r —2m)
(3.125)

On the right, the last term clearly vanishes like » — M, and the second term is negative as p, — —oo. The
first term is a polynomial in r which vanishes at r = M, so it must vanish at least linearly. Thus the right
hand side is bounded above by a term which vanishes linearly in » — M. The potential term vanishes at a
rate which is F' times faster. O

Together, the results from this section show that a weighted L% norm is controlled, point wise in time,
by weighted space- time integrals of a solution and its derivative.

Proposition 3.11. In the subcritical case, |Q| < M, there are bounded, compactly supported functions W
and Wy, such that if uw € S is a solution to the wave equation, i + Hu = 0, then

Wi

/ ul®(t, pu, w) For—4d® i <C(Elug, ur] + Belu(t), a(t)]t~2) Eclu(t), a(t)| 3¢5 (3.126)

Eclu(t), u(t)] <Eclug,u1] +//2t(W|u|2 + Wi |Vsaul|?)d® pdt (3.127)

In the critical case, the same result holds with Wy, zero for r sufficiently large and vanishing linearly in
r—Masr —ry =M.
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4 Relativistic considerations on the event horizon

To study the behaviour of waves on the event horizon, it is common to introduce the Eddington-Finkelstein
co-ordinates 3[9, 25, 33]

s_ =t —p, €R, (4.1)
sy =t + p. € R, (4.2)
S =—e W e (—00,0), (4.3)
St =T € (0, 00). (4.4)

In fact, this range of co-ordinates only describes the exterior region of the black hole, , and the subcritical
Reissner-Nordstrgm solutions extend smoothly to positive S_ and negative S, 4. The outer event horizon
corresponds to both the lines S_ = 0 and S; = 0. The surface S_ = 0 is the future event horizon, H, and
S+ = 0 is the past event horizon, H_. To approach H., ¢t must diverge to infinite. The bifurcation sphere
is the sphere given by (S_,S;) = (0,0), with the spherical co-ordinates free.

In this section, we discuss how solutions must decay near the bifurcation sphere if they have finite
conformal charge.

4.1 Decay on the bifurcation sphere

To get u € L?(9M), we made several transformations and change of variables in section 2. To determine the
physical constraints imposed by finite energy and finite conformal charge, we must return to the original
function @ = r~'u, and use normalised vectors and their duals,

oy =F= 0, (4.5)
Or =F=0,,, (4.6)
dT =F2dt, (4.7)
dR =Fdp,. (4.8)

From this, the natural measure on (p.w) € R x 52 is

d/lnormalised = F%”‘de*d/lsl (49)

Since there is no bifurcation sphere in the critical case, we will only consider the subcritical cases in this
subsection.
We begin by writing the energy in terms of .

Elu, i] :/|u|2 F '+ FrVgeul? + 2M Fr=3[u2d (4.10)
- /(Iﬁ\Q a4 @] + Fro2|Val? + VI]al2)r2d®u (4.11)
:/(W F1i' 2 + Fro2|Vga)rdiu (4.12)

+ /2me' + F2a)? + Vrd|a)?d®u. (4.13)

The co-ordinates t and p, are singular at the bifurcation sphere, so we must rewrite the derivatives in terms

3The co-ordinates (s_, s4) are typically denoted (u,v) and the term Eddington-Finkelstein co-ordinates properly refers to
the mixed co-ordinate systems (u,r,6,¢) or (v,r,6, ).

4In the critical case, (S—,S+) = (0,0) is a singular point. Otherwise, the critical solution can be extended to an open set
containing S_ > 0,54 >0 and S— <0,5- <0.
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of iy = Oru, ug = Orl, and the four gradient V4.

Elu, ) = /(F*1|ﬁ|2 + F7YE P 4 r 2|V gett|?) Fridp.d*w (4.14)
—I—/—(FC;—Z:T—I—FQ)WF—I—(Fz—l—rFC;—l:)\degu (4.15)
:i/ﬂﬂTP4ﬂdXF—+r7ﬂV5ﬂH%PW%wﬂfw (4.16)
:/|@4ﬂ|2F%dﬂnorma1i5ed- (4.17)

For the energy to be bounded, it is sufficient that, far from the bifurcation sphere the four gradient of @
is integrable and that near the bifurcation sphere,

V4> F? <C, (4.18)
Vit <C(r — r+)_71. (4.19)

In particular, any function which has a continuous gradient at the bifurcation sphere (and is integrable far
from the bifurcation sphere), has finite energy.

The calculations and conditions for the conformal charge are similar. Once again, we begin be rewriting
the conformal charge in terms of .

Eelu, 1 :/(pi +1)(Ja)? + )2 + Fr2|Vgeu® + 2M Fr=3|ul*)d®u (4.20)
= [+ Darf + [anP + Vs Fridp. (421)

+ /(pi + D) (2Frad’ + F2a* + Vr2|a|?)d3 (4.22)

= [+ Darl + [anP + s Fridp. i (4.23)
+/72Frp*|ﬂ|2d3u (4.24)

= [+ Dl + anf? + 72T o) Frdp. s (4.25)
+/—2%\11|2Fr2dp*d2w (4.26)

:/ IVaal*(p2 + 1)F%dunorma1ised + / |a)*(— 27'?* )F%d,unormalised (4.27)

Since, towards the event horizon, — Zﬁ = is positive, both of the integrands are positive. In the subcritical

case, as r — 14, px ~ In(r — ry), so that sufficient conditions near the bifurcation sphere for the conformal
charge to be bounded are

~ 1 2 * 1
Vil (p? + 1)F? <C, al*(-=2) s <c, (4.28)
Vaa] <C|n(r —ry)[ "M (r — ) 7, i <Cln(r —r )| (r —rs) . (4.29)

In particular, if 4 and V4@ are continuous at the bifurcation sphere, and decay sufficiently rapidly at oo,
then the conformal charge is bounded.

5 The Heisenberg-type relation

For the Schrodinger equation from quantum mechanics,

—igpy + Hop = 0, (5.1)
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there is the well known Heisenberg type relation for the time derivative of a the expectation value of a
self-adjoint operator, A,

00, A =0, i[H, AJ). (-2

This formulation is central to the standard interpretation of quantum mechanics which associates operators
to physically observable quantities, and the expectation value to the mean observed value. This formulation
was also used in the original proof of scattering for the quantum n-body problem [12, 20, 28, 29].

We begin by defining the commutator in the form sense.

Definition 5.1. If H and A are two self-adjoint operators, and D(A) N D(H) is dense in L*(9), then the
commutator [H, A] is defined to be the form Q given by

Qv,w) = (Hv, Aw) — (Av, Hw). (5.3)
The Heisenberg-type relation follows from the wave equation and this definition.
Lemma 5.2. If A is a time-independent, self-adjoint operator, and w € S is a solution to the wave equation,

i+ Hu =0, then

d . .
%“uv Au> - <u7 Au>) :<’LL, [Hv A]U>, (54)

where (u, [H, Alu) is understood to mean the quadratic form [H, A] evaluated on the pair (u,u).

Proof. We begin by computing the left hand side.

d
o ({u, Al) — (i, Aus)) =i, Ad)+ (, Ai) — (i, Au) — (i, A (5.5)
=(u, —AHu) + (Hu, Au). (5.6)
Since A is self-adjoint,
%((u, Ady — (i, Au)) = — (Au, Hu) + (Hu, Au). (5.7)
The right hand side is exactly the commutator. O

Our method will be to find bounded propagation observables. A simple example of a propagation ob-
servable, A, which majorates an operator G, is one for which

[H,A] = G*G (5.8)

(where G* represents the adjoint of G). If A is a bounded operator on the energy space, then, from the
Heisenberg-type relation,

/||Gu||2dt < /%(@,Am ~ (a, Au)dt < Alla| Au|| < AE[u, . (5.9)

The standard definition of a propagation observable is broader than this, and our definition will be even
broader.

Definition 5.3. Given a air of operators, A and G, with D(A)ND(H)ND(G) dense in L*(9M), the operator
A is a propagation observable which majorates G if there is a pair of bounded, non-zero operators, X1 and
X5, for which

X1+ Xy =1d, (5.10)
[H, A] =G" X1G + lower order terms, (5.11

where “lower order terms” refers to the sum of operators R for which either
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1. R is a bounded operator and for all uw € S which solve the wave equation,

/(u, Ru)dt < C, (5.12)

2. or R is an operator with domain D(R) C D((G*G)?), and for all u € D((G*G)?),
(u, Ru) < C(u, (G*G)*“u). (5.13)

If A maps S to S, even if it is not self-adjoint, then, since H maps S to S, for v € S, H(Av) — A(Hv) is
well-defined on S. Since H is self-adjoint, by a similar calculation,

d

dt(<u Au) — (4, Au)) =(u, (HA — AH)u). (5.14)
Since products of smooth functions, integer powers of the radial derivative, and integer powers of angular
derivatives map S to S, if A is of this form, we can write

@, Ay — (i, Aw) =(u, [H, A, (515)

[H,A]=HA - AH. (5.16)
For anti-self-adjoint operators, since multiplication by ¢ commutes with H, we can define
(u, [H, Alu) =(u, [H, —iA]iu). (5.17)

From this, for an anti-self-adjoint operator, we have the same Heisenberg-type relation.

6 Morawetz Estimates

The goal of this section is to prove bounds on weighted space-time norms of solutions. We begin by intro-
ducing a propagation observable, 7, determine which weighted quantities it majorates, and conclude with a
Gronwall’s type argument to integrate the Heisenberg-type relation.

In R3*t!, the radial derivative can be used as a propagation observable to control the time integral of
lu(t,0)|?. This can be thought of as a weighted space- time integral with the J- function as a weight.
Essentially, our propagation observable is a smooth version of the radial derivative, which leads to a smooth
weight. This follows [22, 4].

The Morawetz-type operator is defined in terms of the radial co-ordinate p.. The definition involves a
weight, g, which is defined for o > % so that g, remains bounded.

Definition 6.1. Given o > %, the Morawetz-type multiplier v, is defined by

Px

9o (p+) E/OW L4 (6.1)

(1+72)°
Yo E%(ga(p*)aa 88 9o (p+)) (6.2)
4o(p2) + 394(02) (63)

In all cases o will not vary so the notation v = v, and g = g, will be used.

6.1 Preliminary bounds

Lemma 6.2. If o > %, then there is a constant C, such that for all u € S,

(u, vou) =0 (6.4)
1 . oo
Iyulze sca||u’||Lz+—||<1+<2§4>2> |z (6.5)
< o 2
CoVET] + 7 1L+ ()% "7l (6.6)
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Proof. Since u € S, derivatives can be moved about freely.

() = (g + g (67)
=5ty ) — (g, (65)
) (6.9)

The last equality holds since the L? inner product is symmetric on real valued functions.

Since g = 02071*‘/’(1 + 72)77%7 ¢’ is bounded by 7t (1 + (£5)) 7. Since the integrand is continuous and

decays as 7727 for o > %, g is bounded by some constant C. Using this and the fact that v € S, the following
holds.
! 1 /
lyull =llgu’ + 59"l (6.10)
1
<llgw'[l + lI59"ull (6.11)
<Collu|| + LH(l +(22)?) 7 (6.12)
- 4M 2M
O

6.2 Computation of Morawetz commutators

—o—1
We show that the propagation observable, v, majorates (1 + (2”1\*4)2) by computing the commutator
with H. Some additional terms involving the derivatives are also majorated. Since the commutator is linear
in each argument, we compute the commutator of v with each component of H, H;. We begin with Hs,
because the computation is simple. The commutators involving H; and H, are more complicated to and

must be combined to show they dominate positive operators.

Lemma 6.3. If Q < M, and o > %, then for all u € S,
(u, [Ha,Y]u) > (u, 2Fr=°(r — M)(r — a)g(=Ag2)u) > 0 (6.13)

Proof. Since Hy = Vi(—A%), and —Ag2 commutes with radial functions and derivatives, it is sufficient to
consider [V},7].

3] 3]
=95 (Fr=%) = —gFE(r_QF) = 2gFr~5(r? — 3Mr + 2Q?) (6.14)

Vi, 7]

The zeroes of (r? — 3Mr + 2Q?) are

2001 = 3M 4 \/IM? — 8Q2 (6.15)

The lower value, a_, is an increasing function of () and hence has its maximum value at Q@ = M, where
a_ = M. The outer even horizon, ry = M++/M? — Q2 is a decreasing function of Q and has minimum value
at M. Hence r, > a_, so that a = a is the unique zero of [V;,7] in (r,,00). The product 2Fr~>(r — a_)
is positive on (r4,00). The function g and (r — a4 ) each go from negative to positive at r = . Therefore,
the product is non negative, ie

Vi,7] = 2Fr 5(r—a_)(r —a4)g >0 (6.16)

Since 2Fr~5(r — .y )g is a positive function on r € (ry,00) and r — a_ is decreasing in  with minimum
value r — M, it follows that
[Visn] = 2Fr="(r = M)(r — a)g > 0 (6.17)

Multiplying through by —Ag2 and taking the expectation value gives the desired result. O

21



P. Blue, A. Soffer Phase Space Analysis on some Black Hole Manifolds

2 —o—1
)7

We now show that the commutator with H; dominates the weight (1 + (

Lemma 6.4. Ifo > %, then for allu € S,

o 1

H > 5+(3-2 2 6.18
<u7[ la’Y]u> _<’LL7 (1 I (QPJ&)2)U+2 (ZM) [ +( U)(2M) ]u> ( )
Proof. Since w € S and Hy, = —08—:2 is a linear operator, the commutator can be computed formally, and

then the expectation value can be taken.
With out using the choice of g(px),

0? -1 9 9 & # 9 0 0 1
2 529 Y5 99 “artar) T et o T 2f (6.19)

[_877'37,Y] -

To transform this expression to the sum of a positive operator and a local decay term, we consider the
action of this operator on a function, u, and to transform this to the action on the function p; ‘u

02 o ,0 1 B
(=5, e =(=25—9'5— = 59" )p.(pi ") (6.20)

4, 0 _ 1 B
=p(=25-9'5— —4p. 19’8 —2p.1" = 59") (0 ) (6.21)

The L2(90) inner product of this with u is now taken to compute the expectation value. This is rewritten
as an expectation value with respect to p; 'u and the measure p2dp,.d?pug:.

o2 ) o, 0 .0 a1,
w5z 7w = /(p* 1U)(*Qaf' —dp. g 5 =27 " — 59" ) (o w)pldp.dips:  (6.22)

ors B
3 0 )
4ol u)pidp.d’pg: 6.23
/52 /Ooo) o 3 4 or, Pe9 or. ) (P w)pidpyd”pis (6.23)
0 0 b
Tlu)(=25-g' 5 — 4oy Clu)pldp.dPpge 24
+/SQ /(_w)o)(p u)( o gy A9 ar*)(p* w)p2dp.d®us (6.24)
1 .
+/ u(f2p;1g// - *gm)UddNS? (625)
om 2

Each of these integrals is dealt with separately; although, the first and second are very similar. The first is
dealt with by noting p2dp.d?pug= is the volume form on (0, 00) x S? correspondlng to spherical co-ordinates
in R?® with p, as the radial parameter Since the adjoint in R3 of 5 is —5— — 2p; Y, the first integral can

be written in terms of v(p.,w) = p; lu(ps,w) and the inner product in LQ(]R3) (o, @) 12(r3).

, 0 0 ) ) )
. —4p 'y Clu)pldpadpg: = 2(—v, 9’ =—v)r2rs) > 0 6.26
/SZ/OOO)(p* u) (=25 9" 5= — 40,79 5 ) (o w)pedpudus (o9 g o)rms 2 (6.26)

A similar argument holds for the second integral, taking —p, as the radial co-ordinate in R3.
Turning to the third integral in equation 6.22, direct computation shows

1 o 1
—2p,1g" — =g" = 5+ (3—20 2 6.27
rd =30 = g mrE a2y (627)
This calculation is shown in more detail in the proof of lemma 7.5. O

The commutator with Hy = V still must be dealt with. Unfortunately, this is not positive. While it can
be bounded by the contribution from H; = —% so that [—a‘% + V,~] is positive, some tedious calculations
are necessary to show this. The work is to show that the polynomial, Pg(r), defined below, is positive in
two regions and bounded in absolute value in the third. Nothing more than Calculus is needed to show this.
The three regions are naturally divided by o and the root of Pg(r). Since the root is hard to locate, we
replace it with an approximate root. The problematic region lies between « and the approximate root.
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Lemma 6.5. If Q € [0, M], and o € (3,3), then there is a constant C' such that for all u € S,

(s [Hy + HaAu) > Clus (1+ (52)2) ™M) (6.28)

Proof. Having already proven a lower bound for [Hy,7] of the form (1 + (£5)?)~7~!, this result would
immediately follow if the potential satisfied the repulsivity condition

0
[H2, 7] =[Vir]l = —g5 -V 20. (6.29)

However, there is an attractive region where [Hz,v] < 0. In this region, the contributions from H; and Ho
must be combined.
The commutator involving Hs is given by

d d .
[H2,7] = [V,9] = 95, Vi=—gFg V=2gFr Pq(r) (6.30)
where
Po(r) = 3Mr® — 4(Q* + 2M*)r? + 15MQ*r — 6Q* (6.31)

Since 2Fr~7 is clearly positive, the repulsivity condition is equivalent to gP,; > 0. From its definition, ¢ has
a single root at r = a. In the case Q = 0, Pg = 3Mr® — 8M?r? has a single root at r = %M < 3M = q,
so gPg is negative only in the interval %M < r < 2M. Although a similar result is true for all @ € [0, M],
because the root of Py is hard to work with, it is easier to introduce an approximate root of Py given by

8 2
ﬁapprox = gM - gQ (632)
This is equal to the root at the end points @ = 0 and Q = M and should be thought of as a lower bound
for the root. Note that [Bapprox < a.
With this background, we proceed to prove the result by working in the three regions.
Step 1- gF,(r) is positive above r = a
For r > «, from its definition, g > 0. At r = a, we have r? = 3Mr — 2Q?, and

Po(r) =(3M)*r? — 6MQ?*r — 12(Q* + 2M?*)Mr + 8(Q* + 2M*)Q? + 15M Q*r — 6Q* (
=2TM3r —18M2Q? — 12MQ?r — 24M3r + 2Q* + 16 M2Q? + IMQ*r (6.34
=(3M?> —3MQ*)r + (—2M?Q? +2Q%) (
=(3Mr —2Q*)(M? - Q?), (

which is nonnegative at r = a, since o > 2M. Since the r derivative of Py is
0rPo(r) =9Mr? — 8(2M? + Q*)r + 15MQ* > (9r — 16M)(M? — Q?) > 0, (6.37)

which is positive for » > o« > 2M, Py is nonnegative for r > «a, and the condition gPg > 0 holds.

Step 2- gFg is positive beneath (,5pr0x, the approximate root of Py

The region under consideration is 7y < 7 < Bapprox. Since Bapprox < @, g is non positive and it is sufficient
to show that Py is non positive. This will be done showing there are no critical points in this region and
that Pg is non positive on the boundary.

Let Qg and @, be the values of @, as a function of r, which satisfy %PQ =0and %PQ = 0 respectively.

%PQ = —8Qr® + 30MQr — 24Q* = —2Qq(4r* — 15Mr + 12Q3) = 0 (6.38)
—4r +15M
2 R it
Q5 <10, 5 r} (6.39)
aQPQ =9M7r? — 8(Q* + 2M?)r + 15MQ* = 0 (6.40)
T
9r —16M
2 _
Q? = s (6.41)
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The condition for a critical point to exist is Qg = Q.

Since r > ry > M > @ equation 6.41 can only hold if r = M = @Q,, but this contradicts equation 6.39,
so there can be no critical points in the strip @ € [0, M].

The values of Py are now computed on the boundary.

Po(r) = 3Mr*(r — gM) <0 for r € [2M, gM] (6.42)

Py(r) =3M(r — M)*(r —2M) <0 for v € [M,2M] (6.43)

PQ(gM - ;@) - gQ(M — Q)(—64M> + 20MQ + 35Q%) < 0 for Q € [0, 1] (6.44)
Po(M + /M2 —Q2) = —2(2M? — Q® + 2M /M2 — Q?)(M> — Q?) <0  for Q €[0,1] (6.45)

Step 3- Estimate [Hy, 7| from below between o and Sapprox

Since g is non positive in this region, it is sufficient to get an upper bound on FPg. Using the decomposition
2Fr~"Pgog = 2Fr=5(r—2Pg)g, it is sufficient to get upper bounds on the factors 2F, =5, r=2Pg and —g.

Since F is increasing in r and @, and r~° is decreasing in r,

oM M?
<2(1 - =— .
2F <2(1 = o7 + o7s) (6.46)
2 1
<21 -Z+= 4
<21-3+3) (6.47)
8
<= 4
<3 (6.48)
r? <(2M)7P (6.49)

Since, in the previous step, it was shown that Fg is non positive at Bapprox, r’QPQ can be bounded by
(7 = Bapprox) Sup(g:m > Pg).

r~2Pg =3Mr — 4(Q* + 2M?) + 15MQ*r ! — 6Q* (6.50)
%(r*%) =3M — 15MQ*r ™% + 12Q** (6.51)
<3M (6.52)

r*Po <3M(r — Bapprox) (6.53)

The term —g can be estimated in terms of p,, since the integrand in the definition of ¢ is less than 1,

[P+
—g < . 6.54
9S50 (6.54)
An estimate for p, can be found from estimating F~', which is maximised where F is minimised. In the
region under consideration and for fixed @), F' is minimised along the lower edge of the region, at r = Bapprox-
Along this edge of the region,

B 2g) (51 - 207
Pt 3Q)_(%M—§ )2 —2M(EM - 2Q) + Q? (6.55)
3(16M?% —8MQ + Q)
)
T AAM? —5MQ + BQ?) (6.56)
& .8 2 3M(16M?—32MQ + 7Q?)

The derivative has one zero in [0, M] at Q = %M. At Q=0o0r Q =M, F7' =4, so by evaluating at the
critical point, it follows that in the region 0 < @ < M and Bapprox < 7 < @,

16

3 (6.58)

max F~! =

24



P. Blue, A. Soffer Phase Space Analysis on some Black Hole Manifolds

This bound on F' gives a bound on p, and thus g,

—p. <sup(FY)|r — o (6.59)
1
§§6|r—a| (6.60)
1 16
g <— |y — .61
g<grralr—al (6.61)
Combining all these results,
8 1 1 16
—5y(,.—2 RN gt o
F)0) 7 Po) (=) <5 T dM(r = o)y 5 (o= 1) (6.62)
1 8 1

Smgms(T*ﬂQ)(*(T*a)) (6.63)

a+,6approx
2

The maximum value of the quadratic —(z — Bapprox) (@ — @) occurs at and is i(a — 5approx)2.

The distance a — Bapprox iS now estimated to find an upper bound.

3M  OMZ_8Q2 8M 20
o — ﬂapprox = 9 + 9 - 3 ? (664)
C—TM \JOM?—8Q?  2Q
=t 5 + 5 (6.65)

im -8 | .

0Q oM —8Q?
The critical point is at Q = %\/%M At the endpoints, @ = 0 and Q = M, the distance |a — Bapprox| is
%M and 0 respectively. At the critical point, the distance is (%7 + @)M . The estimate on |& — Bapprox| 18
therefore

2
s (6.66)

-7 11
o — 5approx S?M + \/JM (667)

<.bM (6.68)
Using this information on the quadratic and o — Bapprox,

1 81 1M

(2F)(r=°)(r *Pg)(~9) SW§M81( B )? (6.69)
Sﬁé (6.70)

Step 4- Estimate the contribution of [H,7] between a and Sapprox
Using the lower bound for [Hy,v] from lemma 6.4 and the bounds on p, and r in equation (6.60) and
(6.68),

([, 2) 20 s e O+ 8= 20) 55w (6.71)
>0, e G0+ (G2 (6.72)
1 5 4.9, _
>(u, W(i(l + (g) )7%))u) (6.73)
>, () (6.1
=\ 2 2() '

Step 5- Sum the contributions
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For r > a or r < Bapprox, since the contribution from [Hs,~] is nonnegative, the lower bound on [Hi, 7]
in lemma 6.4 is sufficient.
In the region Bapprox < r < @, combining the results from steps 4 and 5,

(u, [Hy + Ha, yJu) =(u, [H1, y]u) + (u, [H2,7]u) (6.75)
1 36 1

>(u, W(W - 5)“) (6.76)

>(u, ﬁ(m x 107%)u). (6.77)

The quantity in the expectation value is strictly positive so it dominates some multiple of any bounded
function, in particular (1 + 2”—](‘4)_"_1. The constant in equation 6.77 is very small because crude estimates
involving o were made. In fact, estimates made with the help of computer algebra packages show that [Hy, 7]
quite easily dominates [Ha,7].

Combining the results in all the regions considered gives the existence of a constant C' so that

(u, [Hy + Hy,yJu) > Clu, (1+ (;—A})Q)—U—luy (6.78)

O

6.3 L? local decay estimate
We begin with a type of Gronwall’s estimate.

Lemma 6.6. If 6 : [0,00) — [0,00) with uniformly bounded derivative, € € (0, %), and there are constants
Cq, Cs, and T, such that fort > T

t
/ 0(7)%dr < Cy + Cot“0(t)' (6.79)
0
then there is a sequence {t;} such that lim;_, ., t; = co and
lim £60(t)' <=0 (6.80)

Proof. Successively stronger bounds on 6(t) will be proven.

The bound on the derivative implies 0(t) and t<6(t)!~¢ are linearly bounded above.

Suppose there is no sequence {¢;} on which 6(¢;) — 0, then 6(¢) is bounded below by a constant. By
the integral condition ¢0(t)! ~¢ is bounded below by a linear function. From this 6(¢)? is bounded below by
a quadratic, and its integral is bounded below by a cubic. This contradicts the linear upper bound of the
integral. Therefore, there is a sequence {¢;} such that ¢t; — oo and 6(¢;) — 0.

Since € < %7 there exists r < 1 such that

1—c¢ €

- <
2—r+4re 1—ce¢

Now choose § negative such that § > 1‘% from which it follows that

20
1—c¢

ré < 14 (6.81)
Suppose IK > 0,8 > 0:Vt > S : 6(t) > Kt°, then by the integral condition (6.79) there is a positive Cs

such that
Cst?t20 < Oy + Coteh(t) (6.82)

Since § > =5 > _71, 1+ 26 is strictly positive. Thus for sufficiently large ¢, there are constants Cy, C5 such
that

C4t1+25

26
Cytiti—e

IN

teg(t) ¢
o(t)
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If § is sufficiently close to zero, then this contradicts the previous result that 6(¢) goes to zero on a subse-
quence. If § is larger, then we use the fact that by equation (6.81), 6(t) > C5t™. This implies the original
assumed lower bound is replaced by the larger lower bound ¢"®. Repeated iterations of this process shows
that 6(t) is bounded below by ¢""¢ for any n. Since r < 1, this reduces the situation to the § close to zero
case, which led to a contradiction. Thus #(t) can not be bounded below by a function of the form Kt° for

§ > ==. In particular, 6(¢) can not be bounded below by a function of the form K t7-¢ and so the desired

subsequence must exist. O

=8
The propagation observable v majorates the weight (1 + (2’)]\*/[)2) ° for 6 > % This is a regularised

version of the Morawetz estimate. As a consequence, the solution is space-time integrable in any bounded
region, and must decay in that region.

Theorem 6.7 (Local Decay Estimate). If 5 > %, then there are positive constants K1 po and K1 ps such
that for u € S a solution to the wave equation, it + Hu = 0,

=B
p)

ul|? (6.83)

[ Eamalla+ (L
+ Krps(u, 2Fr = (r — M)(r — a)g(—Ag2)u) < VE(E + |[u(1)]]) (6.84)
where E = Elug, u1].

Proof. Throughout this proof the letters C; will refer to constants independent of u. They will be used as
constants within a particular equation, but will vary in value from one equation to the next.

-8
First a crude estimate on the norm growth of || (1 + ( )2) ’ u| is made. In this paragraph, we use

P
2M
—o—1

the notation f = (1 + (2"]\*/[)2) <.

0 0
a“f“”2 :&UU, fu) (6.85)
0
2|l full 1 Full =2{fu, fu) (6.86)
0
el full sl fall < flall < v Efu(1)] (6.87)

Initially 3 is restricted to (%,2], and the variable 0 = 3 -1 € (%,
estimates lemmas 6.3 and 6.5, there are constants Cs and C3 such that

T 2\ 7 T 2N\ 7
P 2 P 2
C 1+ ) n dtS/C (1—1— ) n 6.88
[l (i (5)") ukas [ (14 (£)7) (6.59)

+ C3{u, 2Fr =2 (r — M)(r — a)g(—Ag2)u)dt (6.89)

1] is used. From the commutator

T 3
< /1 (0 [3 Hiroi (6.90)

From integrating the Heisenberg relation, the final integral on the right is bounded by

"o N N T
[ i = toya)at <l yi) = (i ] (6.91)
<[ ) — 24, 70)) ey (6.92)
<[-2{a,yu)]{, (6.93)
<[l Fyullecs + [l Iyl s (6.94)
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From energy conservation and the bound on ||yu| in lemma 6.2, these norms are bounded by

—o

Ualllbyalle=s + [llyulle-r <CVE(VE + | (1 + (& )2)2 u()]) (6.95)

2M

+ CoVE(VE + || <1+ (2@\})2>;U(T)||) (6.96)

Since o € (4,1], ¢ can be chosen in (5= + 3,2) C (1,2). If p is the conjugate exponent to g and x = 2

p7
then

1 2 1
->1—-—-== 6.97
, 553 (6.97)

2—K
1

oq >U; (6.99)

Holder’s inequality can be applied to the last term in equation 6.96 using conjugate exponent p and gq.
Continuing to use || || as the L? norm gives,

P \2\ "7 o e 3
I <1+ <2M) ) ul| _/Sm —( —dp (6.100)

K 73 e ‘u|(27n)q 3
<([ (|
& w1+ (£%)7)
2—kK

ul =1

—MII%
(1+ (#)%)

Q=

(6.101)

b2
<lful= {7

(6.102)

The fact that og > ”'2"1 can now be used.

—o—1
Px 2\ 7 1 P 2 2 1
1+ (7)) =il (14 ()°) i (6.103

Since [|i||> < E, the norm of u is controlled, |[u(t)|| < ||u(1)||+tE=. The computations from the beginning
of 6.88 to 6.103 give an integral inequality for the weighted norm of w.

T ) —a2—1 ) —02—1
P 2 2 11 Px 1—1
< 2ptp 3 .
/1 || <1+ (L) > ull2dt < €y (Elu] + lul]®) + CoElu] %13 (1+ (L) ) a5 (6.104)

—o—1

Since 2| (1 + (2’01;‘[)2> * u| is uniformly bounded by equation (6.87), and since % € (0, %), the Gronwall’s

estimate lemma 6.6 applies, and there is a subsequence on which

9 —(12—1
£5) <1+(2’;\"4)> ullF 0 (6.105)

Using the calculations starting from the left hand side of equation 6.88, which is monotonically increasing

in time, to equation 6.103, which is sequentially decreasing, the desired result holds for 3 € (%, 2). Since
-8

(1 + (2”];[)2) N |u| is monotonically decreasing in 3, the Lebesgue dominated convergence theorem extends
the result to all 3 > % O

Since the weights in the local decay theorem will dominate any compactly supported function, if u is a
radial function, the trapping terms can be integrated in time to control the growth of the conformal charge
and the weighted L® norm.
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Corollary 6.8. In the non super critical cases, |Q| < M, if u € S is a solution to the wave equation,
i + Hu = 0, and up and uy are radial functions, then there is a constant, C, depending only on |lug|?,
Elug,u1], and Eclug, u1] such that, then

1
6 _
( / ufS(t, p*,w)F3r4d3,u)> <1 (6.106)
Proof. Since the initial conditions are radial, the solution u will remain radial, and
/WL|ngu|2du —0. (6.107)

Since the potential trapping term, W, is compactly supported, it can be dominated by the weights in the
local decay result. This provides a bound on the conformal charge.

t
Ee[u(T),u(T)) §Ec[u0,u1]+/ /2TW|U|2d3,udT (6.108)
<Eelug, u1] +t//2W|u\2d3udT (6.109)
<Eecluo,u1] + tEZ (E? + |Juo|) (6.110)

From proposition 3.11,

/|u\6(t, P, ) F3r™4d3 u <C(Elug, u1] + Ec[u(t), w(t)]t™ ) Ec[u(t), u(t)]t™* (6.111)
<Ct™? (6.112)
O

For non-radial solutions, the local decay result controls also controls the angular energy away from the
photon sphere, r = 0.

Corollary 6.9. In the non super critical case, |Q| < M, for any positive, smooth, compactly supported
function xo which doesn’t vanish at r = «, there is a constant C, such that if uw € S is a solution to the
wave equation, i + Hu = 0, then

/ ul®(t, p,, w)F3r 43 <C(Efuo, u1] + Eelu(t), a(t)t~2) Eclu(t), u(t)] 3t (6.113)
Eclu(t),u(t)] <Ec[ug,u1] + CE[u — 0, ul]%(E[uo,ul]% + ||uol) (6.114)
+Ct /t/xavszu%%m (6.115)
Proof. Given x,, there are constants so that
C12Fr=>(r — M) (r — a)g + Caxa >Wr. (6.116)

This controls angular term in proposition 3.11.

K ¢ N 7
/ /27(W\u|2+WL|VSzu|2)d3pdT§/ /cn <1+ (2‘;\"4) > lu|2d? pdr (6.117)

t J—
+/ /017'2Fr*5(7’7M)(T rag)|VSzu\2d3udT (6.118)

+/t/CTXa|V52u|2d3udT (6.119)
<CEJu—0,u1]? (EJu— 0,u1]? + |Juo]) (6.120)
+C’t/t/xa|vs2u|2d3udr. (6.121)
O
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7 Angular Modulation

To close the conformal estimate it is necessary to estimate one angular derivative in L? localised near the
photon sphere 7 = «. Although this will not be possible, we will be able to bound fractional powers of
the angular derivative. To do this, we introduce a propagation observable, which is an analogue of v but is
rescaled, on each spherical harmonic, by a fractional power of 1 — Ag2.

Inspired by, but deviating from, the standard notation from Quantum Mechanics, L is notationally used
to refer to the operator square root of 1 — Agz; however, since an explicit decomposition of the function
space into eigenfunctions of 1 — Ag2 is known, at this point it can still be thought of as a purely notational
convenience. A strictly positive version of —Ag2 is used so that inverse powers can be taken in section 8.

Definition 7.1. L is defined to be the operator square root of 1 — Ag2. On each spherical harmonic this

acts as multiplication by /1 +1(1 4+ 1).

The local decay result, theorem 6.7, provides control on the angular energy away from p. = 0, and, by
corollary 6.9, the angular component of the energy only needs to be controlled in a compact set around
px = 0. This is the region near » = «. We introduce the weight x, to work in this region; although, the
particular choice of x, will not matter.

Definition 7.2. The function x is defined to be a smooth, compactly supported, radial function, such that
Xa < 1, and xo = 1 in a neighbourhood of p. = 0.

7.1 Angular Modulation and Initial Estimates

A new operator yrm is introduced to give better estimates near p, = 0. Because there is no optimisation
over o, as in the previous local decay estimate, o = 1 is used.

Definition 7.3. The projection operator onto the I spherical harmonic is denoted P;. The angularly

modulated multiplier ym is defined for m € [0,1] by

L™Mp,

T L™p,
grm E/O ’ (14 72)~tdr = arctan( 2]\5 ) (7.1)

m
A+1(141)) 2 py
2M

= i /0 (1+72)d7P, (7.2)

0

1 0

(Note that if v is a radial function, then grmv = guv since L = 1 in the definition of gpm.)

-1
Lemma 7.4. If m € [0,1], then for all u € S, |[yzmul|2 < Cp(EJu] + | (1 + (;A})Q) ull?)

Proof. Since grm = arctan(L™p,), it is bounded in absolute value by w/2. The derivative is bounded
m -1
on each spherical harmonic shell. ¢}, = L™(1 + (43£)2)"t < C(L™F~2r' + (1 + (2’31\*4)2) ) (This

constant is independent of the spherical harmonic shell). The norm ||g} .u|? is bounded by ||LFzr1u? +

-1
I (1 + (2"1\*/[)2> ul|? which are bounded by the energy and local decay norm.

1
yemull® <2(llgme'|I* + 5 llgzmull®) (7.4)

<Con(Elu] + | (1 + (2@;‘4)2>1 ull?). (7.5)
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7.2 Direct Angular Momentum Bounds

The family of multipliers yr= is not sufficient to prove a local decay estimate for the angular energy
(u, xoL?u). Instead only an estimate for (u, xaL%u> can be proven directly without phase space analy-
sis. The same method as in the proof of local decay is used, and the best result is found by optimising over
m.

Whenever a commutator involving x., or its derivatives, appears in a calculation, that term can be
controlled by the previous local decay result. The commutators are dealt with in index order, not order of
simplicity as in section 6.

Lemma 7.5. If m € [0,1], then there are constants Cy and Co such that for all u € S,
L3m

) H, m ZC ) 7.6
(u, [H1,vrm]u) 1(u (2M)3 (1+(L p*)2)2U> (7.6)
2L™
+ Colu, — ! T
2 T ) (7)
Proof. We begin by proving the intermediate results:
Lm
A !
(u, [Hy, ypm]u) =(u (e p*)zw (7.8)
2L3m 1 L™p,
+ (u, = (1 —4( ) )u) (7.9)
(ZM)3 (1 + (£5L=)2)3 2M
L3m
<u7 [H177Lm]u> Z<U, (710)

3 L™py\2 2u>
2M)*(1 + (Z577)?)
The argument from lemma 6.4 is repeated using the scaling p, — L™p, on each spherical harmonic.

Substituting grm for g and ym for v in equation (6.19) gives

o2 1.8, o
[*ﬁﬁut] :*5( or ngW JrS]L/m) (7-11)

The same decomposition as in equation (6.25) can be made to write the expectation value of this as a sum
of three terms

9
H m 1 m——4p g m
(u, [H1,yrm] /SQ/[O)pu agLa pgrm g

/ / ~1)( 8 0
52 OOO p a nga

+ (u, (—2p" ' gm — 29%) u) (7.14)

This is the same decomposition as in equation (6.26), and the first two terms can be shown to be positive
by the same transformation to an R? integral by the same argument as in lemma, 6.26.
For the third term, direct computation shows

)(patr) p2dp.dpige (7.12)

0
—)(pa)pildpedps: (7.13)

i :(;jj ) 1+ (12377;*)2)2 (7.15)

gim :(2;/[2)3 (1+ (LL};*)Q)g + (28]6_;)4 1+ (LL};,*)Q)?) (7.16)

_295: gg'" _(2LJZ; i+ (lep*)g)Q(u 1- (L;\;*)a(l ; (lep*)z)) (7.17)
:(2Lj\34n;3 1+ (Limjvlj*)g)g (5+ (L;?)Q) (7.18)

W : (7.19)

= (QM) (1 + (L"Lp* )2)2
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This establishes equation (7.10).
Equation (7.9) follows from substituting g7 .. and ¢/’ into equation (7.11).
L™py\2
Since % is bounded, taking a weighted sum of equations (7.10) and (7.9) gives the desired
T2M

result. O

Lemma 7.6. If m € [0,1], then there is a positive constant C such that for all u € S,

o\ —2
s 2wl < Ol (14 (57)°) ) (7.20

Proof. From lemma 3.9, the derivative of the potential is —V’ = 2Fr~7Pg(r) where Py is a cubic polynomial
in 7.
Since for p, — oo, r ~ p,, and for p, — —oo, F' decays exponentially, there is a constant C' so that

—2
V' <C (1 + (2p]\*4)2) . Since |g=| is bounded by /2 and [Ha,ypm] = —gr= V', the result holds. O

The next theorem has a factor of grmp.x. in its statement. The additional factor of gpmp, is not
redundant. It describes the rate of decay at p. = 0. These factors are not relevant for large values of p.
since x, has compact support.

Lemma 7.7. If m € [0,1], then there is a constant C' such that for allu € S,

(u, [Hz, ypm|u) >(u, gpm(L? — 1)2Fr=5(r — M) (r — a)u) (7.21)
>C((u, (L2 = 1)(gmpe) X)) (7.22)

Proof. From the proof of lemma 6.3,
Visyim] > 2Pr=3(r = M)(r — a)gpm (7.23)

which is non negative since r — « and gy= both go from negative to positive at p, = 0, and the other terms
are positive. Since Hy = (L? — 1)V, and L? commutes with v, equation (7.21) holds. Since 2Fr=5(r — M)
is continuous and doesn’t vanish in 9, it is bounded below on supp(x.). Furthermore, since r — o vanishes
linearly in p,, and since (r — a)gr= and p.gr= are both non negative, there is a constant so that 2Fr=5(r —
M)(r — a)grm > Cpugrm Xa, proving equation (7.22). O

The last sequence of lemmas shows that ;= is a propagation observable which majorates powers of L.
That is, ignoring terms which are space- time integrable, the commutator is bounded below by the product of
powers of L and localisation functions. These localisation functions are functions of L™p,. In the following
theorem, the Heisenberg-type relation with yr= is integrated in time. The theorem shows that vyym is a
bounded operator on the energy space.

The localising function x,, is included to restrict attention to the region p, small. In the theorem, taking
the optimal value m = % gives an estimate for (u, XQL%u). The estimate for other values of m will be used

later, in the phase space analysis.

Theorem 7.8. If m € [0, 1], then there is a constant C such that for all u € S which satisfy the linear wave
equation, it + Hu = 0,

[ i+ [ ar OB + )1 (7:24)
) U, L-grm P« X aW)aAT ) U, (1+(%)2)2u T < U U .
[t D <C(El+ [uIP) (7.25)

Proof. Applying the Heisenberg identity to the operator ypm gives

3
3 Gy — i) = (0, Y Ho (7.26)
i=1
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Using lemma 7.4 and the fact that yz= is antisymmetric with respect to the L?(9) norm when acting on
C™ functions, this equation can be integrated to get an estimate on the commutators.

t 3
/1 (u, (5 Hiy vy <2l |ygeul (7.27)
=1

<C(E[u] + | (1 + (2@\*4)2) w(D)])” + | (1 + (2’;\4)2) TP ()

-1
By the local decay estimate, theorem 6.7, || (1 + (;&)2) u|| — 0 sequentially. On a sequence of times,

t 3
/1 (u (5 Hiyyplu)dr <2l o ul (7.20)
=1

<c(Blul+ 1 (1+ (2”]\})2)_1 u(1)[) (7.30)

By the local decay result, theorem 6.7, and lemma 7.6,

[ttt retitar < [T (14 (L)) wiPar <o sy @an

From the estimates for [Hy,yrm] and [Hs,yrm=] in equations (7.10) and (7.22) respectively, the following
estimate holds on a sequence of times:

t Ldm )
Iz (g (= D poxandar (7.32)
<C(Elu] + [[u(1)]?) (7.33)
+C(Blu] + | <1 + (2’;\"4)2> u(1)|?)] (7.34)

By the local decay estimate, theorem 6.7, (u, grm p«Xau) can be integrated in time. This means that the
L? — 1 term in the second term in the integral can be replaced with L2.

t 3m
/ (u, LL—mU> +(u, L2gpm puxau)dr <C(Blu] + [[u(1)]?) (7.35)
1 (L (5H)?)?
Since the left hand side is monotonically increasing and the right hand side is decreasing on a sequence,
equation (7.24) holds for all ¢, not just a sequence.

Equation (7.25) is proven by taking m = %,
|p«| > L=2. In the first region |p,| < L™z

and estimating L2y, in the regions lp«| < L=% and

m 3
i+ %?*)2)2 s (ZW)Q 2 02 2 Ol s (7:36)
oM
In the second region, |p.| > L3,

L2grmpiXa > L? arctan(L%p*)p*Xa > EL%XOC > CL%Yq (7.37)

Combining the estimates in the two regions with equation 7.24 gives the desired result
[ Lixa < C(Bl + JulP) (7.39)
O
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This has proven an estimate for (u, Lgxa ). In the later phase space analysis, it will be necessary to
estimate mixed derivative norms involving 8— and functions of L and p,.. The following corollary is a result
of theorem 7.8 and the first part of lemma 7.5. It estimates a mixed derivative norm.

Corollary 7.9. If m € [0,1] then there is a positive constant C such that for all uw € S which satisfy the
linear wave equation, i + Hu = 0,

- ! 7Lm ’Z,L, T u u 2
/1 <u7(1+(L;V?*)2) ydr < C(Efu] + [lu(1)]%) (7.39)

In particular, if u is a solution of the linear wave equation, it + Hu = 0, and x1 is a smooth, compactly
supported function, then 3C :

[t onyar < o) + ) (7.0
| I GawlPar < OBl + u)]? (r.a1)
(7.42)

Proof. If in the proof of theorem 7.8, [H1,~] is estimated by equation (7.7) instead of (7.6), it follows that

/:OW mfﬁ:))wm <C(Elu] + [lu(D)|?) (7.43)

To get the second result, the first result is applied with m = 0.

A u')dr u] + [lu(1)?
| e < O+ ) (7.49)

If x; is smooth and compactly supported, then there is a constant C such that x? < C Wlpi*)z) Taking
2M
the expectation value of this and integrating in time gives equation 7.40.

oo oo 1
(', xju'ydr S/ (', ————5<u')dr (7.45)
/1 ! 1 1+ ($57)%)
< C(Efu] + lu(1)|*) (7.46)
For the estimate involving ||8¥i*(xlu)||, the Leibniz rule can be applied on %(Xlu). The resulting term

involving xju can be controlled by the local decay theorem, since X’ is compactly supported, and the yu’
term can be controlled by the result just proven.

o0 a o0
| g tawlPar = [ I xaPar (1.7
1 T 1
é/ MWWM+/ x| 2dr (7.48)
1 1
<C(Blu] + [u(1)[?) (7.49)
O

8 Phase Space Analysis

The main conclusion of this section is the phase space induction theorem. It does not control the time
integral of the angular energy, but instead loses an arbitrarily small power of L. The bounds are still in

terms of the initial energy and the L? norm.

3 +m

To prove this result, we introduce the operators I';, ,,, to majorate L*=. Each I'y,m is a phase space
localised version of yr=. Our localisation will use the radial variable and the radial derivative rescaled using
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the powers of L. We call these rescaled quantities the phase space variables. Because of the localisation, the
34
commutator of I'y, ,,, and H only dominates L “T— in regions of phase space. This is where our definition

of propagation observable differs from the standard one. In the standard definition, the commutator of a

propagation observable must dominate the operator it is said to majorate; whereas, we allow this dominaztion
to occur in a region of phase space. Under our definition, but not the standard one, I';, ,,, majorates L¥

The definition of majoration always permits “lower order terms”. For I';, ,,,, these will be L =5 So that
the lower order terms truly are lower order, we require 0 < n < m < % By combining various m and n
choices, we eventually show that ||L'~x,u(|? is integrable in time.

In subsection 1.1, Structure of the Paper, there is already an outline of this section, which we repeat
in brief. Subsection 8.1 introduces the phase space variables and I'y, ,,. Subsection 8.2 introduces the
commutator expansion theorem, which allows is to expand commutators of functions of the phase space
variables, and several lemmas for common cases. Subsection 8.3 computes the commutators to show I'y, »,
dominates powers of L with localisation in both phase space variables. Subsection 8.4 combines these
estimates to prove estimates which are localised in the rescaled radial derivative alone. Finally, subsection
8.5 combines these in a finite induction to eliminate all phase space localisation. This is sufficient to prove

point wise in time L% decay.

8.1 Phase Space Variables, Localisation, and Multipliers

Previously, we introduced a radial variable which was rescaled by the angular momentum. Now, we also
introduce a rescaled radial derivative. We refer to these as the phase space variables x,,, and §,, respectively.
These will be rescaled separately with different parameters m and n. By varying these parameters, we will
be able to control powers of L in various regions of phase space.

Definition 8.1. The phase space variables are

Xy =L py (8.1)
5}

_ _srn—1_Y
£, =—1iL or. (8.2)

For these phase space variables, we have a notion of lower order.

Notation 8.2. The notation O(L') denotes functions of time which are integrable, and for which the L?
norm in time is bounded by a combination of constants, the energy of u, and its initial L?(9N) norm.

The notation B denotes an arbitrary bounded operator, just as the motation C denotes an arbitrary
constant. As with arbitrary constants, the value of B may vary from line to line in an argument. The
notation B; is used to refer to a bounded operator which is referred to later in the same argument.

Forn < %, the notation O(HL#X&UHQ, LY) denotes inner products and norms of u which are either of
the following form

142n

L2

Xaull?, O(LY), (8.3)
or bounded by norms of this form. Note that for ¢ < 14 2n, this includes any term of the form
IL% Bxaull®. (8.4)

Note that in particular if m < %, then m +n < % +n and

142n

IL™*" Bxoul* = O(| L™=

Xaul?, LY). (8.5)

To begin with, it is not possible to use sharp cut off functions, so more regular functions with infinite
support must be used. The rate of decay for these functions is important, and various secondary functions
derived from the first appear.

In our estimate on the angular energy, we lose powers of L from our choice of localisation. We lose a
factor of L¢ from our choice of decay for ®, () and a factor of L° from our choice of width for Uy s<jal<1-
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Definition 8.3. The near and far localisation functions for x,, are

1
X () =———— (8.6)
()
X () oy EtARE) (8.7)

x
From this, X|(xm) and X;(xm) are defined by the spectral theorem.

Definition 8.4. The smooth, near localisation for €, and two functions derived from it are defined by

Dy e(z) =(1+ $2)_% (8.8)
Oy (1) =2, () (8.9)
Dpe(2) =[P o () (g c(2) + 209, (), (8.10)

(The definition of ®.(x) requires the argument of the square root to be positive, which is proven in lemma
8.6.)
We use the notation x(A,x) to denote the characteristic function of A which is 1 if x € A and 0 otherwise.
The sharp, near localisation and sharp, interval localisation for &, are

Djp<1 =x([0,1], 2) (8.11)
Vp-scpia =x(7°,1),2). (8.12)
Smooth, interval localisations will be defined in section 8.4. The functions |, <1 and Vp-s< |, <1 are extended

as even functions.
From these, ®q.(£,,), Pv.c(£,,),- .. can be defined by the spectral theorem.

To prove a phase space localised version of the Morawetz estimate, we introduce the operator I'y, ,,,. The
parameters n and m are restricted to 0 <n <m < %, because this is the range on which an estimate can be
proven.

Definition 8.5. For0 <n<m < %, the phase space induction multiplier is defined to be

Fn,m :onq)a,e(én)LniefyL"”q)a,e(gn)Xa (813)
= 5 X6, )i (aretan(xm)E, + &, arctan(xm) Pa.c(€,)xa (3.14)

We now prove some preliminary results, starting with some estimates on the localisations.

Lemma 8.6. For alle >0, n€[0,3], andv €S

1
[Pc,e ()]l = €2 ([ Pa,e(&,)0]]- (8.15)
ForOSnng% and v €S,
1—e 9 1+ne—2e o
IL77°€n Pae(€n) 0]l < 1L 0ll + [ 5 vl (8.16)

Proof. The function ®..(z) is computed explicitly.

D, (1)? =P (£,)(Pac(§,) + 229, (z)) (8.17)
(1422 T (1 4+ 02T (L +02) — 21602 (8.18)
—(1+22)" 7 (1+ex?) (8.19)
>e(l+a2) (8.20)
=e®q(£,)° (8.21)
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Since @, (£,,)(Pa,c(&,) + 22, (v)) is strictly positive, the square root function, ®. (x) is well defined.

Since @, ((2)? > e®, ((£,,)?, the spectral theorem also determines that | ®. (€, )v|| > €2 |Pg,e(€,)v]-
Equation (8.16) is proven first for Schwartz class data. For this data in a representation where L and
—iz- both act as multiplication operators, 4 ¢(£,)? < [€, |77 = | —iz2- L"~!|7*<. This can be used to

start estimating the norm of L™~ E%q)a,e(én) v. This gives equation (8.16).

L€, @a e (€,) 0] IILTTE, 1€, 0] (8.22)
<[Pl (8.23)
0
< L1+n6726 € 824
<| | =izl (3:24)
Continuing in a representation where both L and —i% act as multiplication operators, the identity, for
positive f and g, fg < fﬁ + g« can be applied with f = L1Tne=2¢ and g = | — Zar <.
€ +71.E 2e
IL17€, @a,e(€,,) 0] <L v+ 15 (8.25)
O

Since 'y, ,, is a product of operators, there is a Leibniz (or product) rule for computing the commutator
with another operator. It is possible to further simplify this by expressing a sum of complex conjugates as
a real part. The main application will be when the other operator is H or one of the subterms H;.

Lemma 8.7. ForuecS,0<n<m< 1 5, and any self-adjoint operator G which commutes with L

(u, [G, T n]u) =(u, XaPa,e(§,)[GyLm [ L™ @4 (§,,) Xatt) (8.26)

+ (U, XalG, Pa,e(§n)Lm L™ Pa e (€,) Xat) (8.27)

+ (U, Xa®Pa,e(§,)7Lm L™ (G, Ca e (€,,)] Xaw) (8.28)

+ (U, Xa®Pa,e(§,)7Lm L™ @y (§,,)[G, Xalu) (8.29)

+ (4, [G, XalPa,e (€))L L™ Pa e (&) Xau) (8.30)

Proof. This is simply an application of the Leibniz rule for commutators. O

8.2 Commutator Expansions

To apply the Heisenberg like relation, it is necessary to expand commutators involving localisation in §&,,.
This is done through a version of the commutator expansion lemma previously used in scattering theory|[29].
We consider the special case of this expansion for commutators involving localisation in the phase space
variables §,, and p. or x,,. These expansions are as finite order power series with an error term which
involves the Fourier transform of a kth order derivative of one of the localising functions.

First, the adjoint is defined. These are iterated commutators and will appear in the commutator expan-
sion, both as terms in the finite power series expansion and as a term in the remainder.

Definition 8.8. For two operators H and A, the kth commutator of A with respect to H, Ad’i (H) is defined
recursively by

AdY\(H) = [H, A] (8.31)
AdV\(H) = [AdTH(H), A (8.32)

Ingtially the commutator [H, A] is defined only as a form on the domain of A intersect the domain of H by
the formula

(u, [H, Alu) =(Hu, Au) — (Au, Hu) (8.33)

If Ad7Y(H) extends to a bounded operator, then Ad"(H) is defined on the domain of A.
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The commutator expansion theorem expands the commutator of an operator, F; , with a function of a

self-adjoint operator, F5(A). The expansion is as a power series in the adjoint and has remainder involving

the L' norm of Fourier transform of Fg[k].

Theorem 8.9 (Commutator Expansion Theorem). Ifn > 0 is an integer, A is a self-adjoint operator,
Fy is a self-adjoint operator satisfying

1. for 1 <k <n, Ad"(Fy) extends to a bounded operator,
and Fy(x) is a smooth function satisfying

L IFTFM < oo
then if [F1, F2(A)] is defined as a form on the domain of A™,

[Fy, F5(A)] = ni: —FM(A)AdS (Fy) + R, (8.34)
k=1

in the form sense with the remainder R,, satisfying

| Rull <CIFE 1] AdA (F)] (8.35)
Consequently, [Fy, F»(A)] defines an operator on the domain of A"~ *.
Proof. This is proven in [29]. O

The commutator expansion theorem is now specialised to the localising functions in the phase space
variables. In terms of the previous theorem, A = §,, = —i5— 8 L™ ! and Fj is a function of P« or of X,,.

There are two applications of this lemma. The first apphcatlon is the expansion of the commutator of
the Hamiltonian, /I, and the phase space induction multiplier, I';, ,,,, as a power series in the adjoint. The
remainder is a higher order term, in the sense that the commutator minus the power series expansion can be
multiplied by a positive power of L and still remains a bounded operator. The second application is using
the expansion with no terms and using the remainder to directly estimate the entire commutator as a higher
order term. This second application is expanded upon in the lemmas which follow this one.

Lemma 8.10 (Commutator order reduction lemma). Let k be a positive integer, Fy(x) be a smooth
function satisfying

1. for1<j <k, |FP o < o0
and Fy(z) be a smooth function satisfying
L IFIF)h < oo

then there is a constant, Cy, depending only on k, such that

L*=(F (p,), Fa(€ ZLW W EPN€,) (L") F] (p.) + Ry, (8.36)
IRl < cknﬂFg““ 1 oo (8.37)
and

k—1 ) . .

LFO=m=Ry (x,,), Fa(€,)] = Y LFO=m= ) EINg )(GL™ 1) F) (p.) + Ry, (8.38)
j=1
k)

IRkl < Crll FIE 1 FM oo (8.39)
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Proof. The main idea in this proof is to apply the commutator expansion theorem, theorem 8.9.

The m = 0 case is a special case of the formula for general m > 0.

All quantities in equation (8.39) are composed of powers of L and functions of operators which commute
with L. Therefore, they preserve the spherical harmonic decomposition, and it is sufficient to prove the
power series expansion of the commutator on each spherical harmonic. We will use [ to denote the action of
L on each spherical harmonic, rather than the standard spherical harmonic index.

On a fixed spherical harmonic, take * = x,, = "p, and A =§,, = —il”_la%* and apply the commutator
expansion theorem.

k—1
Fioen), Pa€)] = 3 5 P €)M (Fa(xn) + R (5.40)

IR <CullFIE 1 AdE (F)lloo (8.41)

The adjoint can be rewritten in terms of I, p,, and 8%‘

Ad] (Fi(x)) =[Ad) T (F1 (x0n)), €, (8.42)
=[Ad{H (F (" p.), =il ai] (8.43)

o .
:z‘l"‘la—mAdénl(Fl(lmp*) (8.44)

Taking a derivative with respect to p, of a function of " p, will introduce an additional factor of {". For
7 =1, we have

ey O
Adg (Fy(xm)) =il" 1871?1(1%*) (8.45)
=il LR (1M py) (8.46)

Each adjoint acts as a derivative, so, by induction,
AdL (Fy(xm)) =(il™ 1) I (1m)p,) (8.47)
=(imtr1y pll(x,,) (8.48)

Applying this, and multiplying by [¥(:="=") gives that on each spherical harmonic,
k-1
1 7l—n—m\j j
DR (), Fa€a)] = D1 B GT EY (x) + R (8.49)
j=1 ’

IRk <Crll FIEE ) F oo (8.50)

Since the constant in the commutator expansion theorem, theorem 8.9, is independent of the choice of =,
A, Fy, and Fy, the constant C} is independent of . The result on each spherical harmonic can be extended
across all harmonics with out any change. In particular, the operator Ry is uniformly bounded across all
spherical harmonics. O

The commutator order reduction lemma, lemma 8.10, is used to estimate commutators of localisation in
the phase space variables. Usually it is sufficient to know that the commutator is a bounded operator times
negative powers of L, and that is what the following lemmas assert for certain classes of localising operators.

The following lemma shows that the commutator of phase space localising functions is lower order in the
common situation when the localisation in §,, is a Schwartz class function.

Lemma 8.11. There is a constant C, such that if 0 < n < m < %, Fy € CYR), F] € L, and F; is of
Schwartz class, then there is a bounded operator, B, satisfying the following

[F1 (%), Fa(€,)] =L" ™' By (8.51)
1B1]| <ClIF[F] 1)1 F o (8.52)
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Proof. Since the Schwartz class is preserved by differentiation and the Fourier transform, F[Fj] is Schwartz
class and, hence, in L'. The expansion to order 0 from the commutator order reduction lemma, lemma, 8.10,
is

L' Fy (%), F2(€,)] =Ry (8.53)

IRyl <CIIFFR] |1 | F3ll (8.54)

Since L is bounded below by 1, and 0 < n < m < %, the operator L'=™~" is bounded. The operators
L'=™=" and R; are bounded, so they can be composed. Applying L!=™~" to (8.53) proves the desired
result. O

The previous lemma can not be applied with the smooth, near localisations for &,, which are not in
Schwartz class. To prove a similar result for the smooth, near localisations, it is sufficient to show that each
satisfies the condition F[Fj] € L'. The following lemma also proves a commutator order reduction result for
two unbounded functions of £,,, F» = { and Fy = 9, (£), using a first order expansion in lemma 8.10.

Lemma 8.12. There is a constant C, such that if 0 <n <m < 1, F; € C*(R), € > 0, and F(z) is one
of the following functions: z, @ (), ®p (), Pce(z), then there is a bounded operator, Bp,, satisfying the
following

[Fy(xm), Fa(€,)] =L""" "' Bp, (8.55)
|Br, || <C|F||s0- (8.56)

If Fy(x) = 2@, (x) and the other conditions apply, then there is a bounded operator, Bp,, satisfying

[F1 (%), F2(€,)] =L""™ ' B, (8.57)
IBr Il <C(IF [l + 1 FY [loo)- (8.58)

Proof. The fundamental problem here is that the permitted F5 functions are not in Schwartz class. There
are finitely many functions F, considered in this theorem, so if a C' can be found for each of them, then the
largest one can be applied to make the result hold uniformly.

For the function Fy(z) = z, Fy(g,) = &, = —i%L”fl. All the operators involved commute with
the spherical harmonic decomposition, and on each spherical harmonic, the commutator can be explicitly

computed

. a n—171 __ m i n—1
[F1(Xm), _ZGT"*L ] =[F1(L™p.), ~ia L") (8.59)
=i "R (L™ p,) = i LTV (%) (8.60)

The commutator is a product of a power of I and a multiplication operator. The L° norm of the function
is the operator norm of the associated multiplication operator.

To apply the commutator order reduction lemma, lemma 8.10 to the remaining functions, we prove: If
g € C*(R) N L%*(R) and ¢” € L*(R), then ||F[g]||y < oo.

Since g € C2, ¢” is well defined, and since g,g” € L*(R), both Flg] and F[g"] are well defined and in
L?(R). Let

£(6) =101+ € FLae)]. (8.61)
Fore(©) =S OX(L.00). (€)). (5.62)
fsmall(f) Ef(g)X([(L 1)’ (6))7 (863)
and observe that
F(&) = iiel€) + Frmn () (3.6
Flale)] <28 4 o)) <y g4 el (5.65)
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From properties of the Fourier transform it is known that

I Flgl(€)] +1Fg"1(€)] = IFlal(©)] + IEFgl(©)] = |F(€)], (8.66)

and hence that f is in L*(R). Since fuig < fi, < f?, foig is in L'(R), and since fonan < 1, fs;’;gg@ is also
in L'. The sum of these bounds |F[g]|, so that F[g] is in L' (R).

For the three functions, @, (), ®p (), and @, (x), each of these is a power of a polynomial and decays
like 2= . Therefore, F and (F})" are each in L2, since they decay like =2 and 22 respectively, and
F|F}]is in L'. By the same argument as in lemma 8.11,

[F1(xim), Fo(€,)] =L"" 7B (8.67)
1Bl <C(I1F1llo0)- (8.68)

The last, and most difficult piece, is for Fy(z) = 2@, (). In the previous arguments, the commutator
was directly estimated. In this case it is expanded to first order, and both the first order term and the
remainder are estimated. The derivative of 2®, () decays too slowly to be in L? and may not have an L'
Fourier transform.

As usual, all the operators involved commute with the spherical harmonic decomposition. On each
spherical harmonic, by lemma 8.10

[F1(%m), F2(€,)] =F3(&,) QL") (FY (xm)) + L2272 Ry, (8.69)

The first term is a product of operators which commute with powers of L and each can be estimated in
norm.

1F5(€,) (=L =) (= F{ () | =L F5 (€)1 ()| (8.70)
<L Fyloo || B lloo (8.71)
Since Fy(z) = 2Pq (), Fy is bounded.
The second term is estimated by lemma 8.10.
[R2ll = CIFIES I FY [l (8.72)

Since Fy = 2®, (z), Fy is a smooth function, which is in L? and has its second derivative, (F3)"”, also in
L?, we conclude that F[Fy] is in L!.
Since L2n+2m—2 < [ntm—1l the estimate on each of the terms in the expression for the commutator can
be combined to give
ITFL (), E2 (€l L™ HIFglloo | FY lloo + L2272 CY FIE 1 FY [l (8.73)
SCL™ ™ (|| Flloo + 17 [loo) (8.74)

On each spherical harmonic there is a bounded operator, B, such that

[F1(xm), F2(€,)] =L"*"7'B (8.75)
1B <CUIFllso + 1FY lloo)- (8.76)
Therefore, B can be extended as an operator on L? satisfying the same condition. O

8.3 Phase Space Estimates

In this subsection, we compute the commutators between I'y, ,,, and the components of the Hamiltonian,
H,. This is analogous to subsection 6.2 with additional factors of L. The H; commutator dominates the
radial derivative and a constant both localised around small x,,, with localisation like X|(x,,). The Hj
commutator is simply lower order. The H3 commutator dominates powers of L localised away from small
X, With localisation X (X ).

We begin with the H; commutator which, as in lemma 7.5 for yzm, dominates two terms.
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Proposition 8.13. There are constants Cy and Cs, such that foru € S and 0 <n <m < %,

m+4n—e 1 a
(s [, Do nlut) =C1|L™F 7 X (xm) 5= e (€)Xt (8.77)
3m+4n—e 1+2n
+ Cal| L7 X (%) a (€ xatul® + O(IL T x|, L) (8.78)

Proof. The commutator is expanded using the Leibniz rule, lemma 8.7. Since ®,.(&,,) and a% commute

and Hy = —g—;, the commutator [Hy, ®,.(,,)] is zero. Therefore, the expectation value of the commutator
is the the sum of three non zero terms.

<Ua [Hh Fn,m]a u) :<U7 Xaq)a,e(gn)[Hlv 'VLWL}LH_E(I)a,e(ﬁn)Xa'IQ (879)
+ (u, [Hi, Xa]Pa,e(€) vLm L™ Pq e (€5,) Xatt) (8.80)
+ (U XaPa,c(€,)7Lm L™ P@p e (€,)[H1, Xaluw) (8.81)

The commutator in the first term, [Hi,~yr=] only involves the angularly modulated multiplier, ypm.
Commutators involving the angularly modulated multiplier were calculated in section 7, and the commutator
with H; was computed in lemma 7.5. For these calculations, the expectation value is taken with respect to

n—e

L= cba,e(é.n)Xa-

82 i m+4n—e 1 3
(1 Xa®a ()= 53 12m L" P () at) ZCLIL 7 Xy ) g tuc€ranl® (852)
+ Cal| L X (36) (€)Xt (3.:53)

It now remains to show that the commutators involving x, gives only lower order terms. There are two
of these. The one involving xo®a.e(&,,)7Lm L™ ®@q ¢ (€,,)[H1, Xo] Will be dealt with first.

Since x4 is a function and H; = —5% is a derivative operator, their commutator, [Hi, xa], can be
explicitly calculated and substituted into the relevant expectation value.

82
<U7Xa(ba,e(fn)’YL’”Lnié@ﬂ,é(gn)[*ﬁvXa]u> (8'84)
0
= <uv onq)a,e(£n)7Lan_€¢’a,6(€n)(_2ar X:x - ng)u> (8'85)

To analyse this term, ;= is expanded into two terms so that the most significant term can be dealt with
first. The slightly less common expansion ypm = a%*ng — %g'Lm is used. There are a total of four terms to
consider, two from expanding [Hi, x| times two from expanding ~ym.

The term that appear to be highest order is the one involving a%*ng from yrm and 72%)(& from

[_68722’X04]' It will be referred to as I; ;. It can be simplified by moving one of the derivative operators

through @, ((£,,) (since they commute), and then moving it and a factor of x, to the other side of the inner
product.

) . )
It =0 XaPac (€n) 590 L P c(€,) (—25 X)) (8.:36)

0 e 0
=- <877,*X04ua (ba,e(én)gL’"L q)a,e(gn)(_QaT*

Xo)u) (8.87)

Applying the Cauchy-Schwartz estimate gives the sum of two terms. One of these is H%XUHZ which is
O(L') (integrable in time) by corollary 7.9. The other can be rewritten in terms of &,,.

Lia>—|

8 2 n—e a / 2
or. Xocu” - ||®a,e(£n)ngL (I)a,e(én)ar XauH (8.88)

*

> — [[L1 g, (€,)9rm € Pa,e (€)x0ull* + O(LY) (8.89)
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The remaining norm is going to be manipulated with the goal of applying lemma 8.6 to control &, P, (£,,)>

by the energy. This manipulation will introduce additional error terms from commuting the phase space
localisations. To commute ®, (&,,) and g~ while avoiding any error terms involving factors of £, outside a
commutator, it is necessary to commute &,, through grm and then commute &,®, (£,,) back through grm.

Ly > —||L€,Pa c(€,)90m Pac(€,)x0ull?
— |L @y e (€,) [92m €] Pa,c (€)X ull” + O(L')
— L' g1m €, Pa.c () X0ull? = L1, @a.c(€,), 9m]Pa e (€)X ull?
— |L @y e (€,) [92m €0 Pa.c (€)X bull” + O(L')

By lemma 8.12, the commutators are of the form L™~ B. Since ®, (£,,) is also a bounded operator, all

the error terms from commuting are lower order terms. In the remaining term, the factor of grm can be

dropped for a constant and then lemma 8.16 can be applied to control &, ®, .(£,,)%

Ly 2 = C|IL' ™ g1, Pae (€, )2 aull® = CIL' L™ Bxgul* + O(LY) (8.94)

 xaul?, LY (8.95)

14ne—2e

>—C(|L7= XaUH2+H X(XUII) o(

The angular energy away from r = « is time integrable by theorem 6.7. Since x,, is compactly supported and
identically 1 in a neighbourhood of r = «, |x’,|? is dominated by a multiple of (p. arctan(p,)) and ||Lx’ ul|

is integrable in time. Interpolating between the local decay result and the angular energy decay away from
14ne—2e

the photon sphere result both from theorem 6.7, ||[L~ 1-= x/,ul|? is time integrable, and hence in O(L%).
By corollary 7.9, ||-2- 5o XauHQ is time integrable and hence in O(L'). All the terms in I; ; are now controlled.

0
ors

8 —€ 142n
g L@ (€,)(~25—x)u) > O(| L7 xqul|%, LY). (8.96)

Il,l E<’I,L, Xaq)a,é(gn) a,r

S qul|?, L) not merely O(L'). This
is the term involving ¢}.. from ~pm and —Q%X; from [—%,XQ]. It is estimated by moving most of

The term that appears to be the next highest order is also O(

the localisation to the other side of the inner product, applying the Cauchy-Schwartz inequality, replacing

bounded operators by a constant, and then finding that the remaining terms are each O(||L1+2n xoul?, LY).
(NP €) ey Pecl) o (8.7

—- §<¢a7e<sn>m+"-6x¢ (a6 )Xt o) (3.98)

> — Ol el ] (5.99)

(HL’”" Naull* + 15— XaUH ) (8.100)

— O(| L™ xaull?, LY) (8.101)

The terms involving x/ from [— (,?722, Xa] are the lowest order terms and are quickly shown to be lower

order. The same method as was used for the term involving ¢} .. and —Z%X; can be applied.

8 - 8 n—e
<U>Xaq)a,e(§n)ar ) ng(I)a76(§n)X:)lzu> :<ngaTq)a7e(£n)Xau7L (I)a,e(gn)xloiu) (8102)
CII8 Xaull[L" ™ xqull (8.103)
>—-0(LY) (8.104)
— O(|IL™%* xoul®, L") (8.105)
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(1 X B () — o, (€ (8.106)
1+ (%57)°

=(Pac(€)Xatt L™ X | (30) D e (€,,) X 1011) (8.107)

> — C|| L™ 37 B e (€,)Xaul| [ L5 @ c(€,) xau| (8.108)

> — O L™ xaull? (8.109)

>~ O(|IL7% xoul*, LY) (8.110)

There is another term in the Leibniz rule expansion of (u, [H1,T' m]u). From the symmetry properties
of &, (&,), L" ¢, and x, and the anti-symmetry properties of ym and [Hi, x4], this term can be rewritten

as the complex conjugate of the one just shown to be O(||L 72" yqul|?, L1).

(U, [H1, Xa]Pa,e(§,)7Lm L™ @y c(€,,) Xatt) (8.111)
=(Xa®Pa,c(&,)7Lm L P@ac(€,)[Hi, Xalu) (8.112)

=((t; XaPa,e(§,)yLm L@y (€, [H1, Xa]u))* (8.113)

=O(|L 7" xqul?, L") (8.114)

O

The commutator with Hy is now computed. Because Hs is a function of p, and contains no derivatives,
all the commutators can be shown to lower order by lemma 8.12.

Lemma 8.14. Foru €S and0 <n<m < %,
(u, [H2, Ty m]u) = O(L") (8.115)

Proof. Lemma 8.7, the Leibniz formula for commutators, is used to calculate [H,T';, ;] and then the com-
mutators are shown to be lower order by lemma 8.12. Since x, and V commute, [Ha, x| = 0 and only three
terms are left in the expansion of the [Ha, I'y, ).

<u7 [HQanﬂrJu> = <U7on Lnie([vv (I)a,e(gn)}’YLm(I’a,E(én) (8-116)
+ Pa,e(§)[V. 7] Pa,e(€) (8.117)
+ @, (&) 7L [V, @a e (€,)]) Xaw) (8.118)

The commutator [V, ~y=] only involves the angularly modulated multiplier, and was shown to be a bounded
function in lemma 7.6. Applying additional bounded operators and powers of L yields a bounded operator
multiplied by the same power of L.

L' c(£,) [V, yim]Pa,e(§,) = LB (8.119)

Since n < %7 by the angular modulation theorem, theorem 7.8, the expectation value of this operator is
O(LY).

(U, Xa L"[V, @a,e(§)]7Lm Pa,c(€n) Xa) =(u, L™ Bu) (8.120)

=0(LY). (8.121)

The remaining terms are complex conjugates of each other. Only one is considered here, and the other

can be dealt with in the same way. The commutator is shown to be a bounded operator times a negative

power of L using lemma 8.12. y;m can be expanded and the bounded functions involved in this expansion
can be absorbed into the bounded operator from the commutator expansion.

n—e n—e 0 1 n-
L' @ c(&) 7 [V Pae (€0)] =L Pae(€0) (5 —grm — 591 )L" ' B (8.122)
) 1
=L (€,) 5 By + LTI S X (0 B (8.123)
:LG_l_eq)a,e(gn) 0 Bl + Lm+2n_1_EB3~ (8124)

or.

44



P. Blue, A. Soffer Phase Space Analysis on some Black Hole Manifolds

This operator can be substituted into the relevant expectation value. This gives a sum of two terms, both
of which can be estimated by the Cauchy-Schwartz inequality.

(U, Xa L™ @ (&,)7Lm [V, Pae (€)X ) (8.125)
:<—a%<1>a,e<sn>xau, L2717 Byyqu) + (Xat, L2717 Byyqu) (8.126)
> - C<| ull + 177 " xaul?) (8.127)

~Cllg, xauuz +] Xoull? + |17 xqul|?) (8.128)

Since 2n — 1 — e < % and (3 —e)n < %, by the angular modulation theorem, theorem 7.8, the two terms

involving powers of L are time integrable, ie O(L!'). By corollary 7.9, ||8%*Xau|\2 = O(LY). Therefore the
expectation value being considered is time integrable

(u, XaLn_e(I)a,E(En)'VLm [Va (I)a,e(Sn)]XOtu> :O(Ll) (8-129)
O]

The commutator with Hs can now be computed. In the angular modulation argument, lemma 7.7 was
used to show that L2g;mp, was bounded in expectatlon value by the commutator. Here, up to localisation
in &,, L**"~gpmp, is again controlled. For m = 1 and x large, this controls L3+ The same power
was controlled in the complementary region by lemma 8. 13.”

Because Hz = (—Ag2)V; = (L? — 1)V; contains two angular derivatives, which are exactly what is under
consideration, this commutator requires the most care. The difference between L? — 1 and L? is a local
decay term. The commutator is first expanded using the product rule in lemma 8.7. The commutator with
vrm is computed for the angular modulation argument in lemma 7.7. The commutator with the localisation
b, (&,) can be expanded to second order using the commutator order reduction lemma, lemma 8.10. The
first order term is of the same order as the commutator with yzm. It involves a derivative of ®, ((&,,) and is
multiplied by the 8— term from ~yym. There are two such terms, and when rearranged and combined with
the term from the commutator with vm, they give @ (£,,)? = D4, (€,)(Pac(&,,) + 29, (€,)). This term
must be positive to give the desired estimate. The second order term in the expansion nafvely appears to be
of a high order since Hj introduced two factors of L. However, rearrangements yield a cancellation of the
highest order part of this term and the remainder is a lower order error term. For both the first and second
commutators, there are many rearrangements of phase space localising functions. These are shown to be
lower order in the standard way using lemma 8.12. The remainder term is shown to be lower order directly
from the commutator order reduction lemma, lemma 8.10.

Proposition 8.15. Foru €S and 0 <n <m < %

24n— m € 1+2n

(=i P12 X (35m) P (€, ) Xatt]|? — O(| L2 xaul|?, LY) (8.130)

Proof. The difference between Hz = (L? — 1)V} and L2V} is a local decay term. To simplify the calculation
this is first removed.

(u, [Hs, T m]u) =[|L

(u, [Hg, Ty ]ty =(u, [(L* = 1)V;, T ] u) (8.131)
=(u, [L*V4, D] u) = (u, [V, T u) (8.132)

By the same argument as in lemma 8.14, (u,[V;,I', »Ju) = O(L'). Now it is sufficient to consider the
commutator [LQVZ,Fn,m].

Lemma 8.7, the Leibniz rule, can be applied with G = Hj. Since [L?V}, xo] = 0, there are only three
terms in this expansion.

(s [L2Vi T ) = (1 L7 L2V B () 1 B (61) (3.133)
+ @a,c (€, [L2 Vi, 7Em P e (€5,) (8.134)
+ @ (€,)7Lm [LPVi, Ba e (€,)]) Xa) (8.135)
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To simplify the calculations, the commutator will be expanded and the expectation value will be taken on
each piece separately. In this expansion, the commutators involving ®, .(£,,) are expanded to second order,
and ~ypm is expanded using both expansions ypm = gpm % + %gle = %ng - %g’Ln

L ([L2Vi, o e (€,,)]72m @a e (€,,) (8.136)

+ q)a,ﬁ(én)[LQWa ’VLm](I)a,e(gn) (8137)

+ @, (€,)7Lm [LPVi, Pa e (€,)]) (8.138)

= L2+n_€<(q)a7€(£n)/[‘/17£n] + (ba,E(gn)H[[Wagn]agn] + R3)(8%9L"" - %g/Lm)q)a,e(sn) (8139)
+ Pa,e(€n) gL Vi, %]@a,e(ﬁn) (8.140)
@€ g+ 300 ) P (€ TV + o) V6] 6]+ Re)) (514D

This complicated expression can be broken into six different terms, based on which term in the commutator
is used and which term in the expansion of vy= is used. These are indexed from highest order to lowest
order. The leading term, I, will give the terms in the estimate, and the rest will all be shown to be lower

order error terms, O(||L1+22" xaul?, LY).

I = D90 (60 €l 01 Pac(6,) (8.142)
+ @ (€,)g1n Vi o 1Pac(E,) (8.143)

+ B € o0 )V (8.144)

Iy = D0 (= B (6, Vi €0k @ (€,) + Bac(€)00mPuc €,V TVED)  (8:145)
= D W€V ) g Bac(€,) (8.146)
4B c€)gum VL€V ) (5.147)

I = DP9 (= @ (€,) Vi €, £l aclE,) (3.148)
B (€,)9 Bl )V, ) (8.149)

s = L2 Ry g1 (6) + o €,)91m 3 o) (8.150)
T = P05~ Roglna€0) + Pa (€010 2o o) (s.151)

The leading order term, I, is composed of two types of terms. One type comes from the commutator
[H3,7vrm], and the other comes from combining the first order term in the expansion of [Hs, @, ((§,,)] with the
derivative terms in yrm. To get the desired estimate, it is necessary to rearrange the phase space localising
functions. This involves commuting the phase space localisation, which introduces additional lower order
error terms. In the calculations, leading order terms are written first here, followed by those which will be
shown to be lower order or error terms.

The term I; is rearranged so that all the leading order subterms contain the p, localisation factor,
(—=V/grm), which first appears in the commutator [V},yr=], and is the localisation in the statement of the
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lemma. The commutators from rearranging localisations are lower order by lemma 8.12.

B = P @€ (V) (L) g B (€,) (8.152)
+ Pa.c (&) gL VI, 8%*]%,6(5”) (8.153)

+ Pac(€,)9Lm % (&) (V) (=L ) (8.154)

= L (D0, (€,) €0 (= V) g1m ) R0 e (€,) (8.155)
+ (I)a,e(sn)(_vl ng) ( ) (8156)

+ @q,c(€,) (= V/gm)§,, éae(ﬁn)’) (8.157)
+L2+n76(q)a 6(6 )/[_‘/275 ]ngéa E( )+ (8158)
( )ng[E (Da s( ) ]) (8159)

= L**"” E( ae(€) (Vi grm)®ac(€,) (8.160)
Dy (€,)(=V/grm) P, (€,,) (8.161)

+<I>“( &) (=VigLm)§, ‘bae(én)) (8.162)

+L1+2n ‘B (8163)

Following this, the &,, localising functions are gathered to the right of the p, space localisation. Once they
are gathered this way, their sum is the operator ®.. .(§,,)?. One factor of ®. (§,,) can be moved back through
the p, localisation, so that ®..(£,,) appears on both sides of the p, localisation. Rearranging in this way
introduces new commutators, which are not immediately estimated since they involve (—V}grm). This is
a localising function in p, and p,L™ so that the previous lemmas which estimate commutators can not be
applied.

L= L= Vigem)®a,c(€,)(Pa,c(€,,) + 26, Pa,c(€,)) (8.164)
FLPT (€, Pae (€)' =V grm]Pae(€,) (8.165)
+ [Pae(€r): =V grm]Pae(€,) (8.166)

+ [Pa,e(€n), Vg€, <I>ae(€ )') (8.167)

+LITE B (8.168)
= L0, (€,)(—V/ grm) @e.e(€,)) (8.169)
L ([(—=Vgim), Pec(€,)]Pc e (€,) (8.170)
+[£nq)a,e(£n)lv_v79m”} ae(&n) (8.171)
+[Pa.c(€n), =V grm]|Pa,c () (8.172)

+ [Pae(€n), Vg€, <I>ae(€n)) (8.173)

+LITE B (8.174)

Of the terms in the previous expression it is clear that the first is the term desired in the statement of the
theorem and that the expectation value of the last is in O(|| L~z o Xaul|?, L'). The other terms all involve a
commutator of the form [F(€,,), (—V/ gr=)] multiplied by L**"~¢ and bounded operators.

By rewriting the commutator [F(£,,), (=V/grm)], the four remaining commutator terms can also be
shown to be O(||L2" xqul|?, L). Tt is necessary to separate —V/grm into a function of p, and of p, L™ to
estimate the commutator. Naively applying the Leibniz rule for commutators, gives a contribution from the
commutator with gr= which is L'*™+27=¢B which is not O(||L "2 e Xou|?, L) in expectation value. The
decomposition

~Vigrm = (=V/p: ) (pu L™ grm) L™ (8.175)

T a2, L') in expectation. This decomposition is possible

ensures that the commutators are all O(
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since —V}’ vanishes linearly at p, = 0.
LR (E,), (=V/ gom)] =L* R (E,), (<V s )L™ pi] (8.176)

The Leibniz rule can now be applied and the resulting commutators shown to be lower order operators by

lemma 8.12. Note that the class of F' considered here consists of ®. ((x), p.(x), and @, (z), all of which are

covered by lemma 8.12, and that (V/p; ') and L™p,grm = X, arctan(x,,) = X;(x,)? both have bounded
first and second derivative as required by lemma 8.12.

L C(F(E,,), (—V/gom)] =L (F(E,,), (V) p2 D] X (%) (8.177)

+ L2V T E(E), X ()] (8.178)

:L2fm+nfeLnleme* 4 L2+n76Ln+mle ( )

:L1+2’n—EBp* + L1+2n—EB ( )

Since x, has compact support,

= | (8.181)
= xaul?, LY (8.182)

XauH2 >
=0(]

This completes the estimate of the leading order term, I;.

(V) X (%m) e (€)1 + O(IL T2 xau|, L) (8.183)

1+2n

<u, onIIXau> =

It now remains to show that Io,...,Is are O(|[L"2 xqul/? L'). Discussion of these continues from
highest order to lowest. The first of these is I3 which contains terms involving g7 .. and §,®;, .(€,,) terms.
Note that because two different expansions of v;m were used in equation 8.152, the signs on the two factors
of g}m are different. To simplify I, the factors of g} .. are expanded.

v m+2n—e
= §L1+ 2 (_ q):l,e £n V Xl(xm) a 6(€n)

Iy = L2907 8, (6,)[Vio €0 P (€,) (8.184)
a,e()91m o (€:) V1, €,)) (8.185)

= DL ) (€, (L (VL X (k) (€, (5.156)
@0 (6,)X, (5, (€,) (L") (~ 1)) (8187)

(€, (s.158)

(€, (8.159)

q)a,E £n X (X'm) ae(én)‘/l)

This leaves an expression for Iy as the sum of two terms. The goal now is to rearrange these terms so that
the highest order parts from each cancel. As usual, the rearrangement will introduce commutators. Naively
attempting to commute Doc(§,) or @, (&,) with gm will leave a commutator of the form L2m+3"*€B, which

is not O(||L Xo/u”2 LY in expectatlon value. Once again, an additional factor of p.p; ! is introduced
and used to absorb a factor of L™ into a function of p,L™.

I, = %LHQ"*E( =@, (€)p L™ X | (%) (V] i ) Pac(€),) (8.190)
+ @, (€,) L X | (3m) B0 ()04 (V) p7)) (8.191)

Functions of p, are now moved to obtain the same localising functions, (V/p;!) and p.L™X|(x,) =
XmX | (X,), in both terms. This rearrangement introduces additional commutators which can be estimated
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by lemma 8.12.

Iy = S L2 (= B (6,) (0 X (%00)) B e (€0) (Vi) (8.192)
D () (6 X () @), (€,) (V7)) (8.193)

S L (= @ (60) (o Xy (e )V ), Bac(€,) (8.194)
+ Pae () X1 (06m) L™ [@ac(6,), ) (Vi pT 1)) (8.195)

= SLU (= ) (€, (0 X (600)) P (6) (V) (8.196)
D () (6 X () @), (€,) (V1) (8.197)

+ LB + LB, (8.198)

The &,, localisation is now grouped to the left of all p, and p.L™ localisation. The leading order terms are
both ®4.c(&,,) P, (&,)(XmX| (%m))(V/p; 1), but with opposite signs, so they cancel. The remaining terms
are commutators which are found to be L™+3"~€B in the standard way.

I = LM 0 (€)X (5m)), Pac €, ))(V) (8.199)
+ q)a,e(gn)[(mel (X’m))7 (biz,e(gn)}(v}/p*_l)) (8200)

+L37L76B1 + Lm+3n75B2 ( )

= Lm—i—i’m—eB3 + Lgn_EBl ( )

Because the powers of L involved are all less than 1 + 2n, the desired estimate on I holds.

1+42n

<X0¢ua IQXau> = O(HL 2

Xaul?, L) (8.203)

Next I3 is considered. This involves a second commutator [[V}, €,,],&,,] which can be explicitly computed
as (Vl//)(_L2n72).

o = P9 @€ Vi €l €l g Bac(€,) (8.204)
T TR (X ARS) (8.205)

= @6V T g Bal€) (3.206)

B (€,)gim L (€, (V) (~L272)) (8.207)

ors

To further simplify this, it is rewritten in terms of £,, instead of 8%'

I3 = il (@) (€,)(V]")€,90m Pac(€,) (8.208)
+ @4.c(£,)92m €, P (£,) (V")) (8.209)

This is rearranged to group &,, and @, (§,) together. Since x®; () is smooth and decays like i as
x — 00, @} () is a bounded function and §,® .(£,,) is a bounded operator. The rearrangement introduces

n=a,e

commutators which are estimated in the standard way by lemma 8.12.

Iy = L4205 (i6, @), (€,))V] 91 @0 (62) 5210
B (E,)gum (16, D (€N (8:211)
P (6, )V i€ Jgn P lE,) (8.212)
ey, (3.213)
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Since the powers of L involved are bounded by 1 + 2n, the expectation value of I3 with respect to x,u is
1+2n
O(|IL7=" xaull?, LY).
To estimate I, the commutator [[V},€,],&,] and the derivative ¢7.. are explicitly expanded to show I
is a product of bounded operators and powers of L.

L2 (= B (€,)[[Vin €], a0 Buc (€, (8214)
B0 (€,) 9 L (€ IVLE) ) (8.215)

= ST B (€, (V) (L)X () B €, (8.216)
B (€)1 X () B (€,) (V) (~L272) (.217)

= [mT3n—ep (8.218)

Since m + 3n — € < 1 + 2n, the expectation value of I; with respect to xqu is O(| L2 xaul%, L).

Finally the terms I5 and Ig involving R3 = L33 B are considered. These are each the sum of two inner
products, but by the symmetry and anti symmetry properties of the operators involved, it is sufficient to
consider just one of the inner products for each. The expectation value of I is considered, and the operators
Xa, Pa.c(§,) and a%* are moved to the left side of the inner product.

o B .
<U7Xaq)a,e(£ )L2+n Ea L"’R?)Xa >—<_87(I)a,6(£n)Xau7L2+n gL""R3Xau> (8219)

*

The Cauchy-Schwartz inequality is applied and the resulting norms are found to be of a bounded operator
acting on a?* Xt and on L4~ 1=¢y u. By corollary 7.9, H%xauﬂz is time integrable and hence O(L') and

O(||L™7" xaul[?, LY). Since 4n — 1 — ¢ < 120 || LAn=1=¢y 0|2 is O(| L7 xqul?, LY).

n—e 8 8 —€ _
(t, Xa®a,e(€,) L*F B u>2—(H<I>a7e<£n)87xaull\\L2+" L*"?Bxqul) (8.220)
9 —€ n—
- (H<I>a,e(£n)§xau||2 + | L7 L3 By qul|?) (8.221)
=I5~ xau||2+||L4" Xaul?) (8.222)

,O(

The term I is estimated in expectation value by expanding ¢} .. and finding the commutator is a bounded
1+2n 2 1
Xot||?, L.

“ xaul?, LY (8.223)

operator times LA"T™=1=¢ Since 4n +m — 1 — € < 1 + 2n, this expectation value in O(||L 2

(u, XaL* " gL m RaXat) =(u, XaL* ™™ X | (%m) R3Xau)
—(u, Yo L™ L33 By )
=(u, Xa L' Bxqu)

=O(LY)

This term is O(L') because 4n +m — 1 — ¢ < % Since (u, Xa R L2 Cqym @y (€,,)Xau) is the complex

conjugate of (u, Xa®Pa (&,) LT yrm Ryxau) it is also L' in time.
The expectation value of all the terms computed is

T yaul% LY (8.228)

<“’ [H37Fn7m]u> < Lrenome FXaq)c G(En)(_Vl/pgl)XT(Xm)2¢c7e(£n)xau> - O(

+2n

=(u, LT N0 e e (€5,) X1 (350 ) (= V03 ) X1 (3 ) P, (€) Xawt) — O( Xaul[®, L")
(8.229)

24n—m—c Smc 4.1 +2n
=|L7 T (V) E X (Xm) @, (€)xat]|* = O(IL 72 xaull?, LY. (8:230)
O
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8.4 Derivative Bounds

In this subsection, we remove the localisation on the x,, phase space variable. The resulting estimates are
localised in &,, only. Our estimates w1ll be in the regions corresponding to ®|4<; and \IJL s<le|<1- The first

S4m—c

lemma shows that I',, ! majorates Li and the second, that T, , majorates L'~ o

We eliminate the xn dependence by combining lemmas 8.13 and 8.15, and noting Xl (x) + Xq(zx) > C.
Since all the ® type localisations have the bulk of their support in the same region, we can replace one of
the @ -type localisations by another.

Lemma 8.16. For u € S and n € [0, 1], there is a constant C such that

+2n
(w0, [T, 3 J) CILE 0 crvatt]? — O(ILM5 xaul?, 1Y) (8.231)

Proof. Since commutators are linear in each term, [H,T', 1 ] is given by the sum of the three commutators

[Hi, Ty m]. These were computed in lemmas 8.13, 8.14, and 8.15. Ignoring O(||L XQUH2 L') terms, the
commutator with H; gave two terms, the commutator with Hy gave no terms, and the commutator with Hs
gave one term.

(u, [H, Ty )y =(u, [Hy, Dy mu) + (u, [Hy, Ty ] u) + (u, [Hs, Ty, |u) (8.232)
=L X ) B (€ (5.239)

+ Col| L5 X ) (%0m) @ e () Yot (8.234)

LT (Ve D) X () R (€ ) x| = O(IL T xoul®, LY)  (8.235)

The first two terms came from H; and are localised in the region x,, < 1. The last came from Hj3 and is
localised in the region x,, > 1.

Here the specialisation m = l is used, and only the second term from H;, which includes L — , and the

term from Hj are used. These two terms are rearranged so that they include the same derlvatlve locahsatlon
and can be combined.
The term from Hs is

5tn—e
T (V)X () P e (€, Xat (8.236)

The second term from H; is rearranged with the goal of introducing localisation in &,, and p, which is the
same as the localisation appearing in the term coming from Hs. The x,, localisation will be complementary.
First @, (&,,) is brought to the left of the phase space localisations.

||L X (%) Pa (€)X

a,e(€,) X (xm) Xaul (8.237)

X (%), @ (€)Xt (8.238)

Since Oy (2) > CPe (), o (€,) can be replaced by ®. (£, ) while preserving the inequality, and &, (§,,)
can be commuted back through the x,, localisation.

1L X () B (6 ) x| 2C] e (€0) X ()Xt (8.239)
||L (X (m), Bae (€,)]at] (8.240)

>c||L Xl<xm><bc (&) xaul (8.241)

= [@ee(€0), X ()Xo (8.242)

X (), B (€]t (8.243)
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The two commutators are shown to be lower order by lemma 8.12, and since the resulting error terms include
power of L*2" in expectation value, the error terms are O(||L™2 " xqul|2, L'). Since Vip;! is a bounded
function, an additional factor of this localisation can be introduced freely.

|| ()l (8.244)
> O 5 X () e et — | ull - | ul - (8.245)
ZCHL%’E<—V/p;1>%Xuxm)@c,e(sn)xaun — O xaul%, LY) (8.246)

Since X|(x,,) and (—=V/p;!) commute, equations (8.246) and (8.236) can be combined.

(u, [H,T,, 3 Ju) >C(] (o) (V)3 D (€)Xt (8.247)
L Xﬂxm)(—v;p;l)%<1>c,e<sn>xauu2> (8.248)
— O(|L " xaul %, LY) (8.249)

Both of these terms involve localisation in x1 acting on (—=V/py 1)%‘1%,6(5”) XaU- The two localisations satisfy
the relationship

1 2+ (o arctan(m))2 e (8.250)

X (2)? + X1 (2) = (W -

so that they can be combined to give a better estimate.

3 —
5+n—e

(u, [H, T, 1]u) >CI L7 (=V/po ) 2@ c(€,)xaul* + O

T a2, L) (8.251)

To eliminate the factor of (=V{p:1)2, a new function is introduced. This function, denoted f, is a

smooth, compactly supported function and equal to the inverse of (—Vl’p*_l)% on Suppxe. Since it is a

bounded function, f can be introduced into the norm on the right hand side and then commuted through
. 1 oy

P, (€,) with (=V/p;1)2 at the cost of an additional commutator.

1+ n

(u,[H,T, 1]u) > (=V/p:")? e e (€)Xl — (||L Xaul®, L") (8.252)
14 - 1L

>C| ce(&n )f(_%/p* I)ZXQUHQ - T [f(= Vll 1)2 ) CI)C,E(fn)}XaUHQ (8.253)

— O(|I L™ xaul®, L") (8.254)

Since f is equal to the inverse of (—V/p; ') on the support of xa, f(—=V/p:')2Xa = Xa. The commutators

can be shown to be lower order by lemma 8.12, and since f% +3n — $ < 1+ 2n the error terms are
O(IL 2" xaul*, LY).

%*’"75 7 —1\ 1 2 %Jr —
(u, [T, ) ZCILS7 @, o (€,) F(~ Vi) a2 — L7 (8.255)

— O(| L™ xaull?, LY) (8.256)
c,e(ﬁn)XaU”Q - O(|

Since @; (1) > @|)<1, Pee(&,,) can be replaced by ¢ <1 to complete the proof.

F Xaul?, LY) (8.257)

+2n
(u, [H, Ty 1 ]u ) =Lt ~Pig, < xat]? — O(IL ™ xaul%, L) (8.258)
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Our next goal is a result with localisation WL*5§|(|§1£77,)‘ We begin by introducing new ¥ type localisa-
tions, which are used as smooth approximations to Wy, —s<|e/<1-

Definition 8.17. The function Uy : [0,00) — [0, 1] is defined to be a smooth C* function which has support
on [+,00) and is identically one on [1,00). The function ¥ : [0,00) — [0,1] is defined to be a Schwartz class
function which has support on [0,2] and is identically 1 on [0,1]. These are extended as even functions. The

extensions are also Schwartz class, since the original functions are constant in a neighbourhood of zero. The
operator W(L™9,&,) is defined by

W(L767€n> = \Pl(Lsgn)\PQ(gn) (8259)

The following lemma allows us to replace one ® type localisation with ¥ type localisation and to move
this replacement through x,, localisation.

Lemma 8.18. Given 6 and € positive, there is a constant Cy such that for all v € S and for Fy either ®,
or .,

19, -s<ie, j<1oll <[NW(L7°€,)0] (8.260)
L= (WL, o) ) (€,)0l] <6, (3261)

There is a constant Ca, such that for any differentiable function Fy and for Fy either ®,¢ or ¢,
L2 [Fy (%), (U (L0, o) F ) (€D < Coll /|l (8.262)

Proof. Since L, %, and &, are all commuting operators, any functions of these operators, defined by
the spectral theorem, also commute. The spherical harmonic decomposition is into orthogonal subspaces
preserved by these operators. Therefore, it is sufficient to prove the first two results for functions with a
single spherical harmonic component and to prove the third result by considering the operator on the right
as an operator on a single spherical harmonic.

For a fixed value of [,

V(0 x) =0 (1°]2]) Wa(|z)) (8.263)
>x([1, 00), )X ([0, 1], z) (8.264)
>x([17%, 00), |=[)x ([0, 1], z) (8.265)
>x([7°, 1], ) (8.266)
2V)-s<ia)<1 (8.267)
Therefore, by the spectral theorem, for any function v € S, on each spherical harmonic
W r-s<ie, 1<avll < UL, €,)0] (8.268)

Now the case when F, is either ®,. or ®.. is considered. Both ®,.(x) and ®..(z) are smooth,
strictly positive functions, so in either case Fy(z) has a bounded inverse for |z| € supp(Z2) C [0,2], and
(UyF5 1) (€,,) is a bounded operator. Since all the operators involved commute and ¥;(I°|x|) is bounded,
(U(L~0,e)F; )(€,) is a well defined, bounded operator. Again, for a fixed I,

|z Z%l“sx([%l“s,oo), |2]) (8.269)
Z%l“sx([%, 00), 1°[x]) (8.270)
Zél*‘;%(l‘slxl) (8.271)
>CI0, (1°]2]) (W Fy b () (8.272)
>CI7(U(L7°, &) Fy b) () (8.273)
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On each spherical harmonic, by the spectral theorem,
€0l = [1(1€,oll = CIIL™ (R(L™°, 0)Fy 1) (&,)v (8.274)
Finally the commutator is calculated. Again this is proven on a single spherical harmonic shell.
(WL, 0)Fy 1)(€,) =1(LO,)(V2F5 1) (E,) 8.275)
L2 0By (%), (U170, @) F5 1) (€,)] =L' " [Fu(xa), W1 (L€,) Ua(€,)] 8.276

(
( )
=L 0Py (x,,), U1 (LO€,)] W (€,) (8.277)
+ LU (L0 )[Fu(€,,), (WaFy 1) (€,)] (8.278)

Each of these terms is now estimated. Since only one spherical harmonic is being considered, the operator L
can be replaced with the constant I. This simplifies the discussion of the commutator involving ¥, (L°€,,).
Since the ¥, is compactly supported and C*, it follows that ¥4 is Schwartz class and that | F[P5]|; < cc.

1LY 2Py (%), O (10€,,)) (2 F5 ) (€,) || <OU° |20 [Fu(xa), U1 (108, (8.279)
<C | F oo | F (T2 (@] o D)l (8.280)
At this point, the derivative of the function in a scaled variable, (¥, (I°s))’, is evaluated to be a scaled version

of the derivative evaluated at the scaled variable, 10/ (I°s). To evaluate the Fourier transform of this, it is

noted that [|F[f(Ae)]||1 = [|F[f(e)]]1-

L2 [Py (%), U (LPE,) (W2 Fy ) (E,) | SCLU°Y|FY [l |1 FTWL (0] @ ]| (8.281)
<C||F{||so [ F[¥1]]11 (8.282)
<C|IF}]le (3.283)

This completes the estimate on the first of the commutator terms.
Since Wy is Schwartz class, and F, is smooth and has bounded inverse on supp(¥s), (W9 F; ') is Schwartz
class, and | F[(P2Fy )|y < oo.

L2000 (L0€,) [Fi(xn), (P Fy 1) (€)) | SCILY 2 [Fi(xn), (W Fy ') (€,)]] (8.284)
<O|ILY72"[Fy(xn), (P2 Fy (€| (8.285)

<O|F{ oI F[(®2F5 ) lI1 (8.286)

<C||F{]loo (8.287)

This completes the estimate on the second of the commutator terms. O

We now prove a W-s<|q<; localised estimate. This is analogous to the @, <; localised estimate in
lemma 8.16; although, the proof is more complicated because the ¥ type localisations are more complicated
to work with. Because §,, is bounded below on the support of ¥y -s<¢ |<1, we can dominate more powers
of L with this localisation.

Lemma 8.19. For u €S and n € [0, 1],

1+4+2n

(u, [H, T pJu) 2N L2700 s e j<axal® = O(IL 77 xaul®, LY) (8.288)

Proof. Once again, lemmas 8.13, 8.14, and 8.15 are used to estimate (u,[H,T, »]u). In lemma 8.16, the
combination of these three lemmas was given, and this is repeated here.

m n—e 8
(u, [H, T ]ty >Ch||L™3 Xl(xm)%ﬁqh,e(gn)xcymﬁ (8.289)
3m+n—e
+CQ||L 2 Xl(xm)q)a,e(gn)XaUHQ (8290)
+ | L (Vi ) X () @ (€, )Xot + O L7 xaul®, LY) (8.291)
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For this lemma, m = n will be used. The terms that will be used are the first term from H; which involves
8%* and its adjoint, and the term from Hj.
The terms from H; are estimated first. The first step is weakening the estimate to eliminate the square

root.

2n—e 1 3 n—& a
L7727 X (xn)2 Dy e(§n)Xaul Z[I L7727 X (x5) Pae(€n)Xaull (8.292)
Ory or.
Now a%* is treated as if it were a localisation in 8%* and is commuted to the right of the chain of operators.

2n—e 0 n—< 0
IL7= X (3n) 5= Pae(§n)xatll 2L 2 50X (xn) Pae(€n)Xau] (8.293)

=L 2 X (xn)

0
9 Tm]@a,e(fn)XaUH (8294)

The commutator from moving % through X (x,) can be computed explicitly. It involves the function
X{(x) = —22X | (x)?, which is bounded.

—1
o d L"p,\>
(X1 (xn), 51 =5~ (1 + ( 2]\; ) ) (8.295)
= —2L"%, X| (x,,)? (8.296)
—L"B. (8.297)

a,e

The “localisation” L”a%* can be replaced by L'~ (WU(L%, e)®1)(£,) using lemma 8.18.

5 X (0) B (ot ZCILTE (L, )0, (€)X (k) Buc (€ )xau] (3:299)

L
I ory

Xy (xn)
— | L** 2 Baul| (8.299)

The (U(L~?,e)®;1)(¢,) is commuted back through the x, localisation. The commutator involving

a,e

(U(L=%, @)@ 1)(€&,) is shown to be lower order by lemma 8.18. Lemma 8.12 can not be directly applied

a,e

to commutators involving (U(L~?, e)®;1)(£,), because W(L™0,¢,) = ¥, (L, )¥5(&,) is a product of two

a,e
operators with different localisations.

2n—e

0
HL X (Xn)iq)a,e(gn)Xa“H

B (8.300)

>C|IL 270X (xn) U(L7°, &) Xt (8.301)
— IL (WL, 0) D, ) (€)X (%) Pa,e(€) Xatt]l = L% Bxaul| (8.302)
>CO|IL 370X (%) W(L°, &) x| — O L2 L2" 1 Byqul| — || L2~ % Bxaul| (8.303)

5 is the power of L appearing in both error terms, and this exponent is less than #, the error
terms are O(||L72" xqul|%, L'). As in lemma 8.16, an additional localisation by (=V/p:1) is introduced.

Since 2n —

2n—c 0
IL7= X (xn) 5 = Pae(€n)Xaul (8.304)
— £ _ — 1 _ 142n
>C|IL 570X (%) (Vi ) Z U (L™, &) xaull = O(IL 2 xaull*, 1Y) (8.305)

Now the Hj terms are estimated. The goal is to replace the localisation ®. (£,) by (L™ €,). This
requires commuting (¥(L~°, ¢)®-1)(€,) through the p, localisation.

c,€e

24n—ce 1.1 _ € 1\ 4
L7 (Vo) 2 X (%) @ee (€ ) Xaull =[IL 72X (x0) (= V7 pi )2 @e,e (€ ) Xaul| (8.306)
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The bounded localisation (U(L~° e)®_1)() is introduced, and then commuted through the localisation in

c,e
X,. A factor of L? is dropped to control commutator terms involving ¥(L7%,§,) at a later stage.

(= V}P*) 1(%0) @ e (€,,) Xaull (8.307
>C(T(L0, ) 1) (&,) L2 X (30) (V9 1)2 e (€)Xt (8.308
>Cy|| L3 5X L) (WL, @)@ 1) (€,) (= V) pi 1) > Bec(€,) Xat] (8.309
5
(8.

— Co|| L2 0[(B(L 0, &) —1><s ), X1 (x) (= V/ 7 1) 2 B (€,) xat

Now the operator (¥(L~°, o)®.1)(&,) is commuted through the localisation (—V/p;!). This eliminates the
. .(&,,) localisation.

24n— m €

1L

)
)
)
)

TV )X () @ (€)X (8.311)
>O|IL 270X (%) (= VP ) (UL, @)@ 1) (€,) Bec(€,) Xat] (8.312)
— CIL 30X () [(R(L 0, @)@ ) (E,), (—V/ o) 3] ®e e (€,) Xaul| (8.313)
— L E (L0, )@ (€, Xy ()] (= VY ) e (€, xat (8.314)
>C| L5 X (%) (= V/p ) 2 U (L7, €, ) Xau (8.315)
— CJIL 57 X (x) [(R(L 70, 0) B ) () (= V9 ) 2] ®e e (€,) x| (8.316)
— L E (UL, )8 (€, Xy (%)l (VP ) 2 B e (€,) Xart] (8.317)

The commutator terms can now be estimated using lemma 8.18 and are found to be lower order error terms.

L= (= V! ) X (360) e e (€)Xt (8.318)
>C| L 20X (%) (= Vi p2 )2 W (LT, €, ) xau] (8.319)

— C|IL T E X () [(B(L 0, 9B 1) (E,), (— V) 97 1) 2] (€)Xl (8.320)

— L E (UL, @)D ) (€, X (%) (V) F B e (€,) Xart] (8.321)

>C|| L 30X (x0) (= Vi p2 D)2 U (L7, €, )Xo (8.322)
(8.323)

(8.324)

(8.325)

(8.326)

— C||IL X (%) LT By @ (€)Xl

— LR LA By (<Y 9 ) 2 B e (€, X
>C|ILY 270 X (%) (= Vi s )T U(L 7€)

+ O(

Xo ||

+2n
> Xoull*, L)

Equations (8.305) and (8.326) can be combined with the initial estimate on the expectation value of
[H,T,, ] to produce an intermediate result.

(u, [H, T p]u) >C(| D570 X 0 (3,) (= V pr D) EW(L 70, €,) xau? (8.327)
L E X () (VD ER (L0, €, ) aul ) (8.328)
— O(| L% xaul?, LY (8.329)

Both these terms involve localisation in x,, acting on (fVl’p;l)%\I/(L*‘s, £,)Xau. The sum of the locali-
sations is bounded below by a constant.

1 T
Xl(as)2 + XT(.I‘)Z = (7$)2 + () ——2)? > C (8.330)
Therefore, the two terms can be combined to provide a better estimate.

(uy [H, Ty nJu) >C| L 570 (= V/ p ) EW(L 0, €, ) xau]| — O(IL 7% xqul?, LY) (8.331)
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To eliminate the factor of (—V}’p;l)%, a new function is introduced. This function, f, is a smooth,
compactly supported function and equal to the inverse of (—V}p, 1)% on suppxe- Since it is bounded, it can
be freely introduced into the norm. The p, localisation can then be commuted through W(L=%,€,).

(u, [H, Ty pJu) >CI L5270 f(=V{ pr NEW(L70, €, ) xaul| — O(I L7 xaull?, LY) (8.332)
>C||L 5 0w(L™ ,£n>f<—V'p;1>%xau|| (8.333)
—||L1-%-5[ F=Vipi)E, W(L7 €, xaul| (8.334)

—O( xoéull2 Y (8.335)

From the definition of f, the product of all the p, localisation reduces to x,. The new commutator terms
can be estimated by lemma 8.18 and are found to be lower order error terms.

(u, [H, Ty nlu) >C|| L2 W(L7° &, )xaull — |12 L2~ Bxul| (8.336)
— O(|IL 72" yaul/% LY) (8.337)

—_£_ — 1+2n
>CO|L 5720 (L7°, €, ) xaul — O(IL=" xaul®, L) (8.338)

Lemma 8.18 can now be used to replace the localisation in W(L~?,€,) by localisation in Wp-s<ig, |<1-

T a2, LY) (8.339)
O

(u, [H,Ty, 5 ]u) ZCHLI_%_5‘I’L76§\gn|§1><au” - O]

8.5 Phase Space Induction
3 €

The previous section shows that I',, 1 and I'y, ,, majorate L% and L'~97% respectively. We would like to
integrate the Heisenberg identity to conclude that the time integral of the expectation value of these powers
of L are bounded. However, our definition of majoration allows the domination to occur only in a region of
phase space and the lower order terms to be unlocalised.

The lower order terms are O(||L1+2n Xat|[?, LY). To control these terms, we use a finite induction on n,
to eventually control L'~¢ without phase space localisation.

Following this, we use the control of L'~¢ in the conformal estimate to prove point wise in time, weighted
LS decay, with bounds involving an additional L¢ factor.

Theorem 8.20 (Phase Space Induction). If ¢ > 0, then for u € S a solution to the wave equation,
i+ Hu =0,

| LY~ 2 xqul|® = O(LY) (8.340)

Proof. This is proven for e = § + .
We induct on n to prove, simultaneously, the two statements

fan—doc 2 1
L™= xaul|" =O(L"), (8.341)
_ n 0
LML, 00), 5= )xaul* =O(LY). (8.342)
The induction will run from n = 0, in steps of size d, as long as
1
n < 3~ 20 —e. (8.343)

Each step in the induction will be proven by Morawetz type arguments using I',, ,, and I’ 1

The base case of (8.341) follows from the angular modulation result, theorem 7.8, which says, in the
notation of this section ||L2 xqul|? = O(L'). The base case of (8.342) follows from the corollary to the local
decay estimate, corollary 7.35. For n = 0, since

0x([l,00),2) <X ([0, 00),2) < a, (8.344)

LY
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by the spectral theorem and corollary 7.9,

0
1LY x([L, 00) " Xaul* = O(L"). (8.345)

xaull® I3

0
o)

T
The inductive step is now considered.

Morawetz type estimates with T, ,, and T, 1 will be used. Before these estimates are proven, 1T mul|?

is shown to be bounded by the energy and a local decay term, under the condition 0 <n < m < %

To begin estimating the norm of I', ,,,u, I'y », is expanded as a product of operators, and the factor of
vyrm is expanded as a sum of two terms. These terms can be further simplified by eliminating bounded
functions.

It =l (€) v 7 (6, ] (8.346)
<lXaPac(€,) g L Pl It (8.347)
a6y s I B (€, et (3.313)

T+ (5
e o A SO N I e (3.319)

Interpolation can be used to simplify |L™ " ¢y ul|.

o B (€ ol + COET + (14 (5 )) aPf)  (8.350)

0
T mtl] <11 ®a.c(€,) L

or”

To control ||<I>a,€(£n)%ngL"_Eéa,g(én)XauH, it is rewritten in terms of §,, and L, and its sub factors are
rearranged.

0 e .
||¢aa€(€n)ar Ln ng(I)a,ﬁ(En)XOéu” :HLl (I)a,e(én)gng[zmq)a,e(£7L)XQUH (8351)
<ILYgrm€,Pac(€,)* Xaull (8.352)
+ ||L176[€nq)a76(£n)agL””](I)a,E(én)Xa” (8.353)

The first of these two norms can be estimated by lemma 8.6. The second can be estimated using lemma 8.12
which states that the commutator is L" ™1 B.

0 n—e 1fne—2e 0
[ac(€) 5L gum @) xatl] SIL 5 xaul + 15— xat (5.354)
LB (€)Xt (5.355)

Since % < 1and n+4+ m — e < 1, each of the terms involving powers of L in this expression can be
estimated by interpolation.

o .. 2\
1906 5 L~ “g1a ol <Ol + 1 (14 (£57)°) b (5.356)
This completes the estimate on ||I'y mul|.
We can now integrate the Heisenberg like identity to find

r d

/ (u, [H, Ty m]u)dt :/%((U,anu> — (4, Ty mu))dt (8.357)
1

=— 20, Ty mu)|{ (8.358)

<ot + (14 (;A})z)luww w1+ (2’};)2)1 W) (8:359)
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~1
The second term on the right can be dropped since, by the local decay result, the norm || (1 + (&7) 2) w(T)|]? —

0 on a sequence of times.

[ttt i <o+ (14 (L)) o (5.360)

The derivative localisation results, lemmas 8.19 and 8.16 can now be applied. From the inductive hy-
pothesis (8.341) and condition (8.343), the lower order terms are integrable:

142n
IL72 xaul* =O(LY), (8.361)
O(|L"=" xau|?, L) =O(L"). (8.362)

From inductive hypothesis (8.342) and the derivative localising result with n = m, lemma 8.19,

- —_n— a — —n— —-n a
L1025, 00), e =2 (L D), Dl (8.363)
0
H L (L, 00), 5= )xaul | (8.364)
=L s j<ixaul)? (8.365)
0
UL 50), 20l (5.366)
< (u, [H, T plu) + O(| L7 xaul|%, LY) (8.367)
+O(L"). (8.368)
Integration in time extends inductive hypothesis (8.342) to n + ¢
- s s 9 pe 2\
1— 1—-n— 2 < % 2 . .
[ o), el <eEnd 1 (14 (57) ) awIB. (s300)
From condition (8.343), it follows that 2+n © < 1— 6. From the derivative localising result with n = 1,
lemma 8.16,

é-}—n—e §+n—e _n a

T xoul* =L (0, L1, 5 )Xl (8.370)
1—-n 9 2
X([L 700)7 ai)XauH (8371)
_ 0

<||L ~Ble j<axaull® + |ILM XL, 00), 87)XQUI|2 (8.372)
<(u,[H,T, 1]u) + O(| L7 xaul%, L) + O(L"). (8.373)

Integration in time extends inductive hypothesis (8.341) up to n + 4.

/100 L% xaul *dt <C(E []+( (QM)Q)_luu)H?) (8.374)

Since the induction continues as long as condition (8.343) holds, after the last application of equation

(8.374),
[
1

This proves the desired result with € = § —e. Since § and € can be taken to be arbitrarily small, so cane. O

“Yaul2dt = O(LY) (8.375)
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Except for the loss of L€, this provides the control on the angular energy near the photon sphere required
by corollary 6.9 to control the weighted L% norm. Since the wave equation is linear and L commutes with
H, L¢u is also a solution, and the energy of this function can be used to recover the additional factor of Lu.

Theorem 8.21. If @ is a solution to the wave equation (2.21) , and u = ru, then

Nl
Wl

1Pl oy <t™FCluoll3 + Bluio, ] + Feluo, ] + |1l + ElLuo, Lw))*  (8.376)

(8.377)

[N

= -5 € € €
162 + 1) 7 all oy <t *C(luol3 + Bluo,wn] + Eeluo, wr] + | Lul® + E[L o, Lu1])

Proof. If @ is a solution to equation (2.21), then u is a solution to equation (2.24). The weighted L® norms
are related.

1F 4 g = [ POl (5.375)
:/F3r_4|u\d3u. (8.379)

Since the wave equation equation (2.24) is linear and H commutes with L, if w is a solution, then so is
Lfu. The phase space induction theorem, theorem 8.20, can be applied to Lfu.

/HLHXQquH?dt =0(LY), (8.380)
/ | Lxaul?dt <C(||Lu||? + E[Luq, Lu4)) (8.381)

This is the term which is needed to control the conformal charge in the reduction to angular energy on
the photon sphere, corollary 6.9.

Eclu(t), a(t)] <Eclug, u1] + CtEug, u1]? (Elug, u1]? + |Juol|) (8.382)
t

+Ct/ /Xa\Vszu|2d3,udT (8.383)

<Felug, 1] + CtE[ug, u1)? (Efuo, u1]? + ||uol)) (8.384)

+ Ct(|| Luo||* + E[L uo, L°us)) (8.385)

Since the conformal charge controls the weighted L% norm, we have
1F ]| o gy g(/ Fir=4|u|d®p)s (8.386)
<Ct7 (|luol|? + Efuo, u1] + Eeluo, u1] + || Luol|? + E[Lfug, Lu1]). (8.387)

Similarly, since lemma 3.6 controls the weighted L? norm by the conformal charge,

1 1

<717 m@m(ﬁ) :<U7 mw (8.388)
<Ct™2Eclu(t), u(t)] (8.389)
<Ct 2Ec[ug,u1] + Ct~ (E[ug, u1] + ||luol|® + || Luo||* + E[L uo, Lcu4]) (8.390)

O
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