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Abstract

In this paper we study the energy spectrum of the Pauli-Fierz Hamiltonian gener-
ating the dynamics of nonrelativistic electrons bound to static nuclei and interacting
with the quantized radiation field. We show that, for sufficiently small values of the
elementary electric charge, and under weaker conditions than those required in [3], the
spectrum of this Hamiltonian is absolutely continuous, except possibly in small neigh-
bourhoods of the ground state energy and the ionization thresholds. In particular, it is
shown that (for a large range of energies) there are no stable excited eigenstates. The
method used to prove these results relies on the positivity of the commutator between
the Hamiltonian and a suitably modified dilatation generator on photon Fock space.



1 Introduction

In this paper we extend the method of positive commutators to a family of Hamiltonians
related to the Pauli-Fierz Hamiltonian describing nonrelativistic electrons bound to static
nuclei and interacting with the quantized electromagnetic field, subject to an ultraviolet cut-
off. This is a standard Hamiltonian of quantum electrodynamics of nonrelativistic particles.
Let e and m be the electron charge and mass and « := % , the fine-structure constant. The
physical value of « is approximately é , however, in this paper it is considered as a small
dimensionless parameter. In dimensionless units in which the energy, photon wave vector,

. . . . . . 2
particle coordinate, particle charge and particle mass are measured in units of mc*a?®, a5,

h2

me

5, e(@®?K)~! and m, respectively (here K is an ultraviolet cut-off defined below), the

Pauli-Fierz Hamiltonian for a system of N charged particles (typically electrons) is given

by

N
1 2
Hle) = 35— (1= esAles)) + V() 0 1)+ Lpan © Hy (11)
where e := (e1,...,en), €; is the electric charge, m; the mass, x; the position (-operator),
and p; := —iV, the momentum operator of the ;' particle, for 7 = 1,..., N; moreover
x:= (21,...,2n). The operator K'/2A(y) is the quantized electromagnetic vector poten-

tial, cut-off at large wave vectors, at the point y in physical space R?. It is assumed to
satisfy the Coulomb gauge condition, (V- A)(y) = 0. The operator V(x) originates in a
properly rescaled electrostatic (scalar) potential of the charged particles (electrons) in the
Coulomb field of static charges (nuclei) (see [2]). Finally, H; is the usual Hamiltonian of
the noninteracting, quantized electromagnetic field. The operators A(y), y € R, and H;
are densely defined, self-adjoint operators on the usual Fock space, Hy, of the quantized
electromagnetic field (the photon Fock space), and V(x) is a multiplication operator on the
particle Hilbert space, Hpar , which is given by (a subspace of prescribed symmetry character
of) L*(R3Y), with R3" the configuration space of the charged particles. The Hilbert space
of the entire system constisting of the charged particles and an arbitrary number of photons
is given by the tensor product space Hpat @ Hy. One can prove without much difficulty (see,
e.g., [8,9]) that H(e) is a densely defined, self-adoint operator on Hpare @ Hy, whose energy
spectrum is bounded below by a finite constant (depending on the positions of the nuclei
and their electric charges). A proof can be based, either on diamagnetic type inequalities or

on constructing the semigroup exp(—tH(e)), for ¢ > 0, with the help of path-integrals.
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It should be noted that, for simplicity, we have set the magnetic moments of the charged
particles to zero. (Otherwise, the Hamiltonian H(e) would contain an additional term
describing the Zeeman energies of magnetic moments in the ultraviolet cut-off, quantized
electromagnetic field. This term would complicate our analysis slightly.)

For |e| := Y, |e;| sufficiently small, we shall construct a suitable modification of the
(2" -quantized) generator of dilatations on the photon Fock space, with the property that
its commutator with the Hamiltonian H(e) is positive, provided that we restrict the energy
to small neighbourhoods of the eigenvalues of the particle Hamiltonian,

N
Hpart — ZQm

P+ Vi), (1.2)

corresponding to excited states of the atom or molecule. This result has the following
implications: In the vicinity of the eigenvalues of Hp,y corresponding to excited eigenstates,
- H(e) has no eigenvalues;
- the spectrum of H(e) is purely absolutely continuous;
- H(e) satisfies the limiting absorption principle.

Implication (i) is derived from the basic positive-commutator estimate via a virial the-
orem, while (ii) and (iii) follow from that estimate with the help of a slight extension of
Kato-Mourre theory presented in this paper. The limiting absorption principle represents
a first step towards analyzing properties of the time evolution of a quantum mechanical
system.

The results announced in the abstract follow from (i) and (ii) above, together with similar
(but simpler) results in Section IV of [3]. Results similar to (i) and (ii) above (but of
somewhat more detailed nature), were first obtained, under stronger hypotheses, in [2, 3, 4];
(see remarks after Theorem 3.1). If the quantized electromagnetic field is not only cut off in
the ultraviolet, but also in the infrared (at small wave vectors), e.g., by introducing a small
photon mass, results similar to ours have previously been established in [22, 10, 12, 11].
Furthermore, in [12], commutator estimates were derived that inspired, in part, our findings.
Parallel results for sufficiently high temperatures (here the temperature leads to an effective
infrared cut-off) were obtained in [15,16].

Commutator methods were introduced in [24, 18], further developed in [19] and turned
into a deep theory in [20]. In [20, 21, 23, 26] they were shown to yield a powerful tool

in analyzing spectral properties of Hamiltonians of quantum-mechanical systems and in
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studying their time evolution. The present paper is inspired by these earlier discoveries and
should be viewed as a step towards understanding the time evolution of systems of photons

interacting with nonrelativistic, quantum-mechanical matter.

2 The Hamiltonian of Nonrelativistic QED

As announced, we study systems of nonrelativistic, quantum-mechanical, charged particles
interacting with the quantized electromagnetic field, The dynamics of such systems is de-
scribed by the Hamiltonian H(e) introduced in (1.1). The potential energy V(x) is assumed
to satisfy standard Kato-type conditions specified below. The Hamiltonian H; of the non-
interacting, quantized electromagnetic field can be expressed in terms of standard photon

creation- and annihilation operators, a*(k) and a(k), as follows:
H = /w(k) (k) - a(k) &k | (2.1)

where w = w(k) = |k| is the energy of a photon with wave vector k. The creation-
and annihilation operators a*(k) and a(k) are transverse, vector-valued, operator-valued
distributions on H; satisfying k- a*(k) = k- a(k) = 0 and a(k)Q = 0, for all & € R?,
where Q is the vacuum (zero-photon) wvector in H;. Furthermore, these operators satisfy
the canonical commutation relations

||?

[a(k), af (k)] = 0. [ai(k), aj(k)] = (86 — =L)o(k—F),  (22)

#

where a¥ is the i"" component of a* (in the plane perpendicular to k), and a* = a or

a*.
The cut-off electromagnetic vector potential A(y), y € R?, is the densely defined self-
adjoint operator on H; given by
K(k)

B 2.3
0 (2.3)

Aly) = [(e™ 0@ ) + e 0 a(k)
where £ is a real function on R? of rapid decrease, as |k| — oo . It describes the ultraviolet
cut-off and is necessary for A(y) to be densely defined and self-adjoint, for every y € R?.
We assume it lives on a scale K , i.e., it is of the form s(k) = K~"2ko(k/K) , where ¢ is a
fixed function. The particular form of k¢ is irrelevant for our analysis. All that is required

are certain bounds on kg and its derivatives.



BFSS; Oct. 5, 1998 4

It is convenient to forget the origin of the vector potential A(y) and consider a slighty

generalized form of it given by

Aly) = / (Gy(k) @ a*(k) + Gy(k) @ alk))dk, (2.4)

where the function G, (k) is assumed to satisfy a variety of conditions (depending on the

problem we study), the most important one being

sup {/ﬁmx(kﬂzdi‘k} < 0. (2.5)

This condition guarantees that, for |e| small enough, the operator H(e) is bounded below
and self-adjoint on the domain of H(e = 0) (see [3]).

We recall that we neglect the Zeeman term,

describing the interaction energy of the interaction energy of the magnetic moments p; S;,
where S; is the spin operator of the i" particle, with the magnetic field B(y) = curl A(y).

In order to simplify notation and exposition, we demonstrate our approach on the model
of a particle system interacting with a massless scalar field, instead of the vector potential.

The Hamiltonian for such a model is given by
H = Hpart®1f+1part®Hf+g-[7 (27)

acting on Hpart @ F , where the Hilbert space Hpare is the same as before, F is the Fock
space of scalar fields generated by L?*(R3), Hp.y is given in (1.2) and is a particle (atomic)
Hamiltonian, acting on Hpart , and Hjy is a scalar field Hamiltonian on F given, similarly
o (2.1), by

H = / w(k) a*(k) a(k) &k , (2.8)

with w = w(k) = |k|, as above. Finally, the interaction term [ is defined by

[ = / (Ga(k) @ a*(k) + Gulk) @ alk)) Pk
— & (G.) +a(Gy), (2.9)

where = = (21,...,2y) € R3* | and where G,(k) is required to satisfy (2.5) (we use the

same notation for coupling functions as in the vector case). The operators a*(k) and a(k)
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are creation- and annihilation operators of a scalar quantum field acting on F . They obey
the canonical commutation relations, [a¥(k),a* (k)] = 0, [a(k),a*(k")] = 6(k — k'), and
a(k)Q = 0, for all k&' € R?, where Q is the vacuum vector in F. (For brevity we
continue to refer to the scalar field as photon field.) Note that for a scalar field the coupling
to matter cannot be “minimal”, i.e., it cannot be described by replacing the momentum
operator by a covariant derivative.

The simplified model contains all the difficulties of the vector model, but the infrared
problem becomes visible in its pure form, unencumbered by vector notation and other
inessential particulars. In (2.9), it is straightforward to also include terms quadratic in
a and a*. We do not pursue this in order not to muddle the key ideas underlying our
methods.

Throughout the paper, we assume that

Hyore = HJ, on the domain of Z —p] and has several isolated eigenvalues of finite
multiplicity, Eq, Eq,..., below the bottom Y, of its essential spectrum:

E0<E1<“'<Z.

This assumption is satisfied for a large class of potentials including many-body Coulomb
potentials (see e.g. [25]).

The Hamiltonian H(e) defined in (1.1) is self-adjoint under the above assumption on
the potential V(x) and under assumption (2.5) on the coupling function G, . This is
proven by using diamagnetic-type inequalities or by considering the semigroup e () Tt
was shown in [3] that for |e| = Y |e;| sufficiently small, it is self-adjoint on the domain
D(H(e)) = D(H(0)). The self-adjointness of the Hamiltonian H , defined in (2.7)-(2.9), on
the domain D(H) = D(H,), for g sufficiently small, follows from a result of a result of [3]
(see Eqn (4.10) of Section 4).

In what follows, EA(H) stands for the spectral projection function of a self-adjoint
operator H associated with an interval A, while yaeq, for the characteristic function of
a set O (thus EA(H) = xmea ). Below, we make use of the following exponential decay
estimate proven in [3]: If ¢ € C§°, with supp¢ C (— 00, Y — g2 sup f @) , then

lelo(H)|| < Ca (2.10)

for o sufficiently small (a < X — sup suppo — ¢ supf |G$ ) . Since the operators H; and
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[H,z] are H-bounded, Eqn 2.10 implies that

||<:1;>M @ (Hf 4+ 1)p(H)|| < oo for any M > 0. (2.11)

3 Results

First we formulate the restrictions on the coupling functions G, = G,(k) used in this paper:

: k- V) Ga (k)]
sgp{/ %aﬁk + <:1:>_M/ ‘( w()k) ( )‘ d3k} < 00. (3.1)

and

sup -M Z/ (1 +w(k (k vinG (k)|2d3k < 00 (3.2)

for some M > 0.

In order to simplify somewhat the technical part of the paper we assume that

sup(k)*(z) ™M |(k - V)" Go (k)| < oo, (3.3)

x,k

where k= k- |k|7!, for some M >0 and for n = 0,1, and that

1/2
G.|?
= sup G| < Cp'?. (3.4)
T Zp w

Let E' and ¢part, = 1,...,m;, be the eigenvalues and corresponding eigenfunc-
tions of Hpa, where ¢« = 0,1,..., and E° < E' < .... For i,j > 0, we assume
that f|k| o(Aij)*Ai;dS, is continuous in w and vanishes at w = 0. Here A;; are the

G ), in the case of the Hamiltonian H , and

m; X m] matrices with the entries g(y% part

part»
<;/)part, Z ey LG, part> pt=p—(p- k)k, with & = Iz_l (the projection of p onto the
plane, kL , perpendicular to k), in the case of the Hamiltonian H(e), ¢ =1,...,m; and
r=1,...,m;, and dS, is the area element on the sphere {k € R?| |k| = w}. For j > 1

(i.e., for excited states ;/)gsart

), we define the self-adjoint matrix , ; by
o= Y [ Ay e — B i, (3.5)
iFi<EI
where E7" = E’ — E'. The eigenvalues of this matrix are the resonance widths to second

order in the coupling constant, associated with the eigenvalue E’, what is known in quantum
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mechanics as Fermi’s Golden Rule. We assume that

§; = liminf(A\™%, ;) > 0, (3.6)
[A|—=0
where A = ¢ in the case of the Hamiltonian H and |e|] = max]|e¢|, in the case of the

Hamiltonian H(e).

The main result of this paper is the following theorem.

Theorem 3.1 Assume (3.1)-(3.4) and (3.6). Let j > 1. Then for |e| sufficiently small,
the spectrum of H(e) in any interval containing E’ | but not containing any other part of
the spectrum of Hp., and whose distance to spec Hyare N (—00, B7) is > |e|, is purely
absolutely continuous. Moreover, in such an interval, H(e) has the local decay property

(formulated below). A similar statement, but with |e| replaced by g, holds for H .

The first statement of the theorem was proved in [2, 3, 4] under additional assumptions

of analyticity of G, and [sup !ﬁi'; < oo for some 3 > 0, which is a stronger condition in

the infrared region, k& — 0, than the one we require in this paper.
Next, we formulate the local decay property mentioned in Theorem 3.1. To this end, we

introduce the anti-self-adjoint operator
1
A = L@ 5 [ @) (k- Vit Vi k)alk) . (3.7)

This operator is a second quantization of the generator of dilatations in the one-photon
momentum space, i.e., of %(k - Vi + Vi - k). In what follows, whenever no danger of
confusion arises, we omit the trivial factors 1,,4® and @1;. We say that H has the local
decay property in a spectral interval A (with respect to an operator A), if the following

estimate holds

I e ar < ca el (38)

for any o > 1/2 and any ¢ € Ran ygea . (In fact, a slightly stronger property, the limiting
absorption principle with Holder constant 6 < o — % , holds in our case.)

Theorem 3.1 follows from a positive commutator estimate derived below (Theorem 5.2)
and from the Kato-Mourre theory mentioned in the introduction and expounded upon in
Section 5. We prove only the part of Theorem 3.1 concerning the operator H. The cor-

responding part for the operator H(e), given in (1.1), is proven in exactly the same way,
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using some simple additional estimates related to the quadratic part > %A(ajj)z of the
perturbation H(e) — H(0).

We note that absolute continuity of the spectrum and the local decay property outside
of O(g*)- (resp. O(|e]?)-) neighbourhoods of the eigenvalues and thresholds of H,.. has

been proven in [3].

Remark 3.2 The requirement that g is small is not completely satisfactory, since if we, re-
membering the origin of G, in (2.3), take G,(k) = ﬂ%e‘“” and k(k) = K~ ?xo(k/K),
then

~

() [ %m — O(K?) (3.9)

for large K . However, the operator (x)~M/2k-N}, in conditions (3.1)—(8.2) on the coupling
function G,(k) can be replaced by the operator k- Ny — -V, . This is done by replacing
in our analysis the key operator A, given in (3.7), by the operator

1
A = 1,0 §/a*(k)(k Vit Vi - k)a(k)dk
1
—[5(1; Vet Ve 1) 01y, (3.10)

Given standard additional conditions on V(x) (see e.g. [6, 13]), most of the analysis given
below goes without a change. The advantage of the modified conditions on G, s in the

fact that they do not require the ultraviolet cut-off K to be small in the case of interest:
G, (k) = k) o—ikaith k(k) = IX’_%KO(]C/IX’) . Indeed, in this case, e.g.

&
z

Sl;p/ (k- Vi —j(-ka)Gx(kﬂ &k = 0(1) (3.11)

instead of (3.9). Moreover, if, abstracting properties of G,(k) = k) ik e gssume

w(k)
that G, satisfies

1 . j— . n 2
D sup (k- Ve i(zzx) Gk o, < 00, (3.12)

n=0

instead of (3.1), and a corresponding relation replacing (3.2), then the analysis presented in
Section 5 below simplifies considerably (see also Remark 5.7).

In what follows we absorb the paremeter g into the coupling function G.(k).
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4 Relative Bounds on the Interaction

In this section we collect some elementary bounds needed for the proof of Theorem 3.1. In

what follows, by Hf_l/2 we always understand Hf_l/zﬁg, where Pgq is the projection onto

the orthogonal complement of the vacuum state € in Fock space.

Lemma 4.1 (Relative bounds)

2\ 1/2
e o < (/ %) [CAR

oot < (5] Jerrolf,, + (J152) 1ol

Proof: We drop the subindex “Fock” in the proof. By Schwarz’ inequality we have

ol < 14 kel < (/%)/ ([t fatiye) ™

[t latkyl? = (o, Hye) |

this implies (4.1). Inequality (4.2) follows from

and

Thanks to

a(fla*(f) = a*(fla(f) + {f, /)1,
(0, a*(f)a(£)e) = lla(f)Y]* and (4.1).

We rewrite bound (4.1) as

9\ 1/2
Fock < (/%) ’

9\ 1/2
= ()

|a(r) B

&7 5)

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

These two bounds are equivalent, since the expressions under the norm signs are adjoint to

each other. Moreover, (4.1) implies that

9\ 1/2
sttt < 2 (L) ] e,

which yields ,
st tatn) < a4 U5
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for any o > 0. Furthermore, inequalities (4.1) and (4.2) imply

o vanel = (1)t e o () Tpmel.

Eqn. (4.9) implies that I is H; form-bounded with relative bound zero, provided (2.5) holds,

N\ 1/2
while Eqn. (4.10) implies that [ is H}/z -bounded with relative bound 2sup, <f %) ,
provided (2.5) holds. The latter of these two statements implies that, if (2.5) is satisfied,
then H is self-adjoint on the domain of Hj .

To develop more refined bounds we need Pull-through formulae (see [2, 3])
a(k)g(Hy) = g(H + w(k))a(k) (4.11)
and
g(Hy)a (k) = a(k)g(Hf + w), (4.12)

valid for any piecewise continuous and bounded function ¢. (These formulae follow from

the following commutation relation

(k) Hy = (Hy + (k) a(k) (113
and its adjoint.)
Now if ¢ = xp,<,?, then
la(k) lroac = ||XHf+w #)<p@(F )| Fock
< Xowy<olla(B)Y [ Fock - (4.14)

Using this in (4.3) we obtain instead of (4.1) (or (4.6))

1/2
/|f(k)|||a(k)XHf§p||Fock < ( / J;) R (4.15)

w<p
These estimates can be extended to products of several annihilation or creation operators.

Namely, relation (4.11) and a property of characteristic functions imply that

(Ha )XHf<p f[(a(kj)XHfgp)- (4.16)

Applying estimate (4.15) to each factor on the r.h.s., we find

1/2
ﬂﬁﬂga/m@n(/ﬂ) i (2.17)

1 <)
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and similarly for certain operators:

1/2

/H®|fj|||fo5p(f[a(kj)>||gﬁ JEE) (4.18)

5 Positive Commutators

In this section we formulate our key technical result. In the following, when we speak of
a communtator of two, in general unbounded, operators, H and A, we understand that
D(H) N D(A) is dense, and [H, A] is defined first as a form on D(H) N D(A) and then
extended to a bounded or unbounded operator.

We fix j > 1 once and for all. Let P, = Pgart be the orthogonal projection onto the
eigenspace of H, corresponding to the eigenvalue E’. For a fixed energy scale p, we

define the projection operator

P = P @ XH;<p (5.1)
and P =1 — P. We define a family of operators
Ay = A+ PVP-PV*P, (5.2)
where A is the second quantized dilatation generator defined in (3.7), and
V = 9R’I, R. = R.D, (5.3)

for positive constants § and & to be chosen below, where

—-1/2

R. = [(Ho— E') + ¢ (5.4)

Note that ¢R?* — §(Hy— E?), as ¢ — 0. We note also that Ay depends on four parameters,
g, e, 8 and p.

Lemma 5.1 The commutator [H, Ay| can be defined as a quadratic form on the dense set
D(Hy)ND(A) and can be extended from there to a ({x)M @ H;) -bounded operator. Moreover,
for any ¢ € C§° with supp ¢ C (— 00, Y —sup [ @) the operator

o(H)[H, Av] is bounded. (5.5)
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Proof: The first statement of the lemma follows from the relations D(H) = D(H,) and
D(Av) = D(A). The second of these two relations is due to the fact that the operator
Ay — A 1s bounded.

To prove the second statement we observe that, by a direct computation, ¢4, § € R,

maps D(H) = D(Hy) into itself and therefore, in a sense of quadratic forms,

0

[Hv A] = %‘G:OH%

(5.6)

where Hp = e " He . A direct computation (see Eqn (5.18) below) and Lemma 4.1 show
that the r.h.s. of this equality is a ((z)™ @ H;)-bounded operator. Hence [H, A] extends to
a ((z)M @ Hy)-bounded operator. Furthermore, due to definition (5.1)-(5.4), Ay — A is a
bounded operator mapping H = Hpare @ F into D(H), so [H, Ay — A] is well defined. As
can be easily shown, it is a bounded operator. Hence [H, Ay] extends to a ((z)M @ H;)-
bounded operator. Finally, the third statement follows from the second one and estimate
(2.11). .

Observe that it is not hard to show that the operator [H, Ay]| is self-adjoint. Hence

taking adjoints in (5.5) once concludes that also the operator
[H, Av]o(H) is bounded. (5.7)

Let A be an energy interval containing E? but no other parts of the spectrum of Hpu,
and let
#, = inf A — sup{ o(Hpart) N (—oo,ian)} > 0, (5.8)

i.e., the distance, 6, , of inf A to the part of the spectrum of H, below A is assumed to
be positive. The key technical result of this paper is

Theorem 5.2 Assume that Conditions (3.1)-(5.4) and (3.6) hold, and let, for simplicity, the
parameters €, 8, and p in (5.1)—(5.4) satisfy the inequalities ¢ < p < 0y and ¢ < 0. If ~;
is the smallest eigenvalue of | ; and o = O (5(9_1 +0sp7% + (91_19,025_2 + 8¢ 2p7 + g) +
o.(1), then

6(2 — a)

Ex(H) [H, Ay] Es(H) > U B (H)? (5.9)

5
(Here 0.(1) = 0, as ¢ = 0, and , ; is the matriz introduced in (3.5).)

This theorem is proven in Section 7.
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Since g < 6, we can pick the parameters ¢, 6 and p in (5.1)-(5.4) satisfying the

inequalities
0
\/Ep Lek b, bz < p® < 07, (5.10)

and

g L 472 pt? (5.11)

Then the parameter o in (5.9) is much smaller than 1 and therefore the r.h.s. is strictly
positive on Ran Ea(H). In what follows we assume that conditions (5.10)—(5.11) are satis-
fied.

Before proceeding any further we derive the most important consequence of this

theorem—the instability of the eigenvalue E7.

Theorem 5.3 (Virial theorem) Let the conditions of Theorem 5.2 be satisfied. If i is an

eigenfunction of the operator H with an eigenvalue E < ¥ — sup [ |G:|2 , then ¥ s in the
domain of [H, Ay] and

Consequently, in view of Theorem 5.2, H has no eigenvalues in any interval A containing

only one eigenvalue of Hay and satisfying 6, > g* with 0, defined in (5.8).

Proof: Let g1 € Cg°(R), be real, be supported in ( — oo, > —sup f @) and satisfy
g1(E)=1. Then ¢:(H)¥ =1, so (5.12) is equivalent to the relation

(¢, [9(H), Av]ip) =0, (5.13)

where g(A) := (A—E)gi1(X). Note g(H )i = 0. Since we do not know whether ¢ € D(Ay),
we must understand the commutator on the Lh.s. of (5.13) as an operator resulting once the

commutation is performed. Now we claim that

[A, g(H)] is bounded . (5.14)

Indeed, let g € C§° be s.t. gg = g and suppg C (— 00, ¥ —sup [ @) . The proof of
(5.14) will follow from the following formula

(A, g(H)) = [ dg(=)(= — H)™'[A, Hlg(H)(= — H)™"

+ [ dat=)(z — HY (A, H](= — H) ™ (5.15)
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understood in the sense of quadratic forms on D(A). Here we use the notation and defini-
tions of Appendix B of [14]. Indeed, the Lh.s. is defined as a quadratic form on D(A) by
(v, [A,g(H)J) = 2Re(g(H )b, Ay) , while the r.h.s. represents a bounded operator in virtue
of (5.5) and (5.7) and with V = 0 and estimates (B.6) of [14] on ¢ and g¢.

Thus it suffices to prove the representation above. To this end we use the formula
Blo—o(tb, e~ g(H)e" ) = Bplo—o (1, " g(H )™ g(H)0))

+00lo=0(t, g(H)e " g(H)e™ ) . (5.16)

It suffices to consider one of the terms on the r.h.s., say the first one. To this end we use the

Helffer-Sjostrand formula
g(H) = [ dg(=)(z — H)!

(see [14]) to obtain

Dolo=o(tp, ™ g(H )™ g(H)) = 69|9=0/df](2)<¢7 (= — Ho)"'g(H)¥) . (5.17)

—GAHGGA

where, recall, Hy = ¢ and is given by an explicit formula

H9 — Hpart ® ]-f + ]-part @ e_er + -[9

with Ip = a*(Gap) + a(Gap) , Geolk) = e % Go(e k).
It is not difficult to see that the operator function (z — Hyp) 'g(H) is differentiable in 6
at 8 =0: due to (5.7) with V =0,

Sl — Ho) ™' — (= — H)a(H) = (= — Hy) ™ 5(Hy — H)g(H)(= — H)"

— (2= H)™'[H, Alg(H)( — H)™

as # — 0, in the operator norm. Taking this into account and taking the é-derivative under

the sign of integral in (5.17) we arrive at

Oloolid ™" g(H)MgUH)0) = [ =), (= = H) A Hg(H)(= — H) ).

The last equation together with a similar equation for the second term in (5.16) yields (5.15).
As was already mentioned Eqn (5.15) together with Eqns (5.5) and (5.7) for V =0 yields
(5.14).

Eqn (5.14) implies that [Ay,g(H)] is also bounded.
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In order to write the Lh.s. of (5.13) as a quadratic form, which is what we ultimately

need for the proof, we proceed in a standard way by approximating it as follows

<¢7 [Q(H)v AV]¢> = }\ng <¢>\7 [Q(H)v AV]¢A>7

where ) = Ry, Ry = iA(iA + A)~'. (Note that ¥y — ¥ as A — oo.) Since ) €
D(A) = D(Ay) we can write

(¥, [g(H), Av]n) = 2Re(g(H )b, Avipy).

Since g(H)Y = 0 and [g(H), Ry\] = iA(iA+ A)7A, g(H)](:A+ A)~! (in a sense of quadratic
forms), we have

g(H)py = Ra[A, g(H)|(iA + A)~ .

Hence, since (5.14), ||Ry|] <1 and [|(iA + A)~'|| < £[[#]], we have

lo(E)eall < ~ 1A, gD

Consequently,
(x: [9(H), Avps) — 0

as A — 00, so (5.12) follows. |
To deduce the statements of Theorem 3.1, about absolute continuity and local decay,
from Theorem 5.2, we use an abstract Kato-Mourre theory. A standard variant of this
theory (see, e.g., [1, 6, 13, 20, 23]) requires H -boundedness of the commutators [Ay, H]
and {AV, [Ay, H]} . In our case, these commutators are not H -bounded for two reasons.
First, under Condition (3.1), [A4, H| and {A, [A, H]} are H-bounded only for M =
0, where M is the exponent appearing in (3.1). This follows from the straightforward

computation (justified in the proof of Lemma 5.5 below)

ady(H) = Hy 4+ a"((k- Vi + g)”Gx) +a((k- Vi + g)”Gx) ) (5.18)

where we used the standard notation ad4(H) = [H, A] (see, however, Remarks 3.2 and 5.7).

The second reason is that the second part of the operator Ay (see Equs (5.2)-(5.4))
contains the projection xpu,<,, entering in the definition of P, and this operator, not being
differentiable in H;, has a very singular commutator with the dilatation generator A (or

any other operator not commuting with Hy ).
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To remedy the first problem, we weaken the conditions used in Mourre theory (see Lem-
mata 5.5 and 5.6 below).

We go around the second problem by replacing Ay by a smooth version, as follows. In
definition (5.2)—(5.4) of the operator Ay, we replace the projection P by the projection

P, , where

Ps = part & XH;<sp * (519)

Thus, we just vary the photon energy scale a little. Denote the resulting operator by Ay,.
Let u be a non-negative function supported in the interval [1,2] and satisfying [p = 1.
Define

A&;w) = /M(S) Ay, ds. (5.20)

The next two lemmas establish the desired properties of A&;w) .

Lemma 5.4 Theorem 5.2 holds if we replace Ay by A&;w) .

Proof: Inequalities (5.10)—(5.11) still hold true if we replace p by sp with 1 < s < 2. Hence
(5.9) holds after Ay is replaced by Ay, for 1 < s < 2. Since p >0 and [p =1, this
implies (5.9) with Ay replaced by A&;w). ]

Lemma 5.5 Let ¢ € C5° and suppo C (—oo, Y—sup [ @) , where ¥ = inf ocont( Hpart) -
Then the operators [Agv), Hlo(H) and [Agv), [Agv), Hl|¢(H) are bounded.

Proof: The boundedness of the first commutator follows from Lemma 5.1 (see also the
sentence after Eqn (5.23)). To show the boundedness of the second commutator we write
A&;w) = A+ (@, where

Q= /(?SVPS ~ PV P )u(s)ds . (5.21)

We consider first the operator A and make sense of the formal computation (5.18). The
case n =1 was justified in the proof of Lemma 5.1. So we consider the case n = 2. Due to
(5.14)

o(H): D(A) — D(A). (5.22)
Hence, due to (5.7), the commutator [[H, A], A] is defined as a quadratic form on ¢(H)D(A).

The fact that ¢4, § € R, preserves D(H) = D(Hy) and a simple computation shows that

d2

02 Hy = [[HvA]vA]v
do? 9—o
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where, recall, Hy := ¢ "4 He%4 | in a sense of quadratic forms. The Lh.s. of this equality
can be evaluated explicitly: it is exactly the r.h.s. of (5.18). Applying Eqn. (4.10), with
f=(x)™(k-Vi+3)"G,, to (5.18) and observing that Condition (3.1) guarantees that
sup, (|| fIl + |lw='/2f||) is finite, we conclude that the operators ad’y(H){(z)™™ are H;-
bounded for n =1,2. Hence, due to Equ. (2.10),

ad’y(H)¢(H) are bounded for n =1,2. (5.23)

(Again, @ is a bounded operator, and Eqns. (5.2)—(5.4) show that so are the operators
H-Q and Q- H. Hence [Agv), H]é(H) is bounded as was also shown above.)

Now we write
[, A0, A = [[H. AL A] + [, A].Q]
+[[H. Q1. 4] + [[H.Q1,Q] - (5.24)

By Eqn (5.23) and since @ and [H, Q] are bounded, the first two terms and the last term
on the r.h.s. of (5.24), multiplied by ¢(H) on both sides, are bounded.
It remains to show that [[H, Ql, A} , the third term on the r.h.s. of (5.24), times ¢(H),

is bounded. To this end, we want to use the Jacobi identity and rewrite this term as

Q. H, Al = [[4.Q.H| + [Q.[4, H]]. (5.25)

To demonstrate this identity we prove it first for A replaced by the bounded operator
Ay = A A(ih + A)_l and then take the limit A — oo for the quadratic forms. Now we
demonstrate that [A, Q] and H - [A, Q] are bounded. We write

(4, Q] = 8(5 +57),

where
S = [A,/,,L(S)FSRQPS].

We present S in the form

d _
S = %//,L(S) P P, R*I P, e7 ds

6=0

d _
- = / 1(5) Poeco B2, Iy Pyuo ds

)
6=0



BFSS; Oct. 5, 1998 18

where R.y = e R.e7% | etc., and where we have used that eeAer_eA = 69Hf . Therefore
AP e = P .
Next, using Leibnitz’ rule, we rewrite this relation as
S = /,,L(s) P,[A,RYP,IP,ds + /M(s) P, R*[A,I] P, ds

d/—
+/,,L(s) @<PS€_9 RI Pse_9> ds

6=0
Since [A, Hy] and [A, I|{z)™ are H;-bounded, the first two terms on the r.h.s. are
bounded. The last term on the r.h.s. can be rewritten as

d /= B d(SM(S))— 2
—/s,,c(s) —(P.R2IP.) ds _/ L P RIIP ds

which shows that it is bounded, as well. Thus we proved that [A, Q] is bounded. Using
the above analysis and Eqns. (4.1) and (4.2), one shows that H - [A4,Q] is bounded as
well. Consequently, [[4,Q], H] is bounded. Next, since [4, H] is ({(z)™ @ H;)-bounded
and Q(H; +1) is bounded, remembering Eqn (2.10) and commuting (z)™™ through @Q, if
necessary, we conclude that [@, [A, H]] is bounded. Thus by identity (5.25), the boundedness
of [[@Q, H], A] follows, which completes the proof of the lemma. ]

In the next lemma, we slightly weaken the standard hypotheses of Mourre theory (see,

e.g., [1, 6, 13, 20, 23]), in order to accommodate our situation (see Lemma 5.5).

Lemma 5.6 Let H and 1A be two self-adjoint operators, defined on the same Hilbert space,
and let A @ A" CC R be intervals such that for any real ¢ € C§F(A'), the operators [H, A]
and [[H,A], A], defined originally as quadratic forms on the domains D(H) N D(A) and
o(H)D(A), extend to unbounded operators satisfying

[H, Alo(H) and ¢(H)[[H, A}, Alo(H) are bounded, (5.26)
O(H)[H, Al¢(H) > 06(H)?, for some 6 > 0. (5.27)

Then the spectrum of H in A is absolutely continuous and H has the local decay property
in A with respect to the operator A.

The proof of this lemma follows, by now standard, arguments of [20, 23, 6]. For the

reader’s convenience it is given in Appendix A. (For a different proof see [15].)
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Proof of Theorem 3.1: By Lemma 5.4, we have a positive commutator estimate as in

(5.9), but with A&;w) replacing Ay,

6(2 — a)

Ex(H)[H, A" Ex(H) > VB (H)?, (5.28)

e

operators [Agv), H|¢(H) and [Agv), [Agv), H]|¢(H) are bounded. Thus Lemma 5.6 implies
that the spectrum of H in A is absolutely continuous and that the local decay property

and by Lemma 5.5, we know that, for any ¢ € C5° with supp¢ C (—oo, Y—sup [ M) , the

holds w.r.t. A&;w). To pass to the local decay property w.r.t. the operator A, it suffices to
observe that, due to (4.10), @ is a bounded operator and therefore (A)~*- <A§;w)>°‘ < const,
for a > 0. |

Remark 5.7 The arguments presented above can be simplified if we use, from the beginning,
the operator (3.10) instead of (3.7). Indeed, under assumptions which generalize the case of
interest — Gy(k) = g%—j(—k%e_ik'x — (see Remark 3.2), the coupling functions arising in the
commutators [H, A'] and [[H, A'], A'] do not grow in = and therefore do not require ¢(H)

for bounding them.

6 Positivity of the Truncated Commutator

Before tackling the proof of Theorem 5.2 head on, we go part of the way by proving the

positivity of a simpler commutator. Namely, let

Boa = Pa By Pa, (6.1)
where
By, = [H, A] (6.2)
and
PA = ?EA(HO). (6.3)

Recall that A is an energy interval containing E’ but disjoint from the rest of the spectrum

of Hpart - The main result of this section is the following lemma.

Lemma 6.1 Assume ¢*> < p < 0;. Then

— | R 1 =
B(LA > —HfPA > §pPA7 (64)
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and, if in addition 3|z| < p, then

| Boa — 272 Pavy| < 2| H*Pav|, (6.5)

where |A|:=VA*A, for a closed operator A.

Proof: We begin with a computation. For By as in (6.2), we have by (5.15) with n =1
By = H; + 1, (6.6)
where I = a*(G,) + a(G.), and
Go(k) = k- ViG.(k) + ;Gx(k). (6.7)

Inequality (4.9) with o =1/4 and f = G, yields

- 1 |G|
+f < - H 4/— 6.8
< ;Hr + " (6.8)
which implies ~
3 G, |2
By > °H, — 4/ . 6.9
o = ; Hy " (6.9)

Since Hy >0, inequality (2.10) implies that
| o) Ea(Hy)| < Cu, (6.10)

for any M < oo, provided sup A < inf cont spec Hpapp—sup f @ . The last two inequalities
imply that

— 3 —

BO7A Z <Z Hf — ng>PA . (611)
Next, definition (5.1) yields that

P = Ppart @ 1 + Ppart & XHpr . (612)

Since, by energy conservation,

Ppat Ea(Ho) = > Pl Ex(Hi+E'), (6.13)

i Ei<Ed

we have that

Hf?part EA(HO) Z elﬁpart EA(HO)7 (614)
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where 6, is given in (5.8). This yields
Hf?A Z min(&l,p)?A == ,OPA, (615)

which, together with (6.11) and the condition ¢* < p, implies (6.4).
The proof of (6.5) is based on the following identity,

1

(Boa—2) = B (1+K) B, (6.16)

where
K = H'*Pa(I—2)PrH['?. (6.17)
It suffices to prove that for ¢* < p,

1
K[| < 5, (6.18)

[\]

which would imply (6.5). To prove the latter inequality, we write K’ = K, 4 K7, where
Ky = —=H' Py (6.19)
and
K, = H'PPyIPyH;'? . (6.20)

Since |z| < p/3, we have that [|Ko|| < 1/3, due to (6.4). Next, using (6.7), inequality (4.6)
with f = G, , and inequality (6.10) again, we arrive at

K, = H;'""PAr0(g) + O(g)Pa H;'?, (6.21)
which, together with (6.15), yields that [|K,|| = O(p~"/%g). Since ¢*> < p and since
|| Kol < 1/3, this implies (6.18) which in turn yields (6.5). |

Now we boost this proposition to a more complicated result. Let
BV = [H, Av] and EV,A = ?A BV ?A . (622)
Lemma 6.2 Assume ¢> < p <0, and g < 3/*p'/% . Then

BV,A Z —Hf PA Z IO?A, (623)

1
2
and, if in addition 3|z| < p, then

| Bva— = Pav| < 2| HV Pav|. (6.24)



BFSS; Oct. 5, 1998 22

Proof: By the definition of Ay , we have
EV,A = EQA — E, (625)
where, since PAP = PPp =0,

E = —P,|I,PVP—-PV'P| P,
= PAIPV*PA + h.c
= OPANIPIR*Pa + hee.. (6.26)
We claim that
|E|| < Cog?c3/2. (6.27)

Indeed, since I = a*(G,) + a(G,), estimates (4.6) and (4.7) imply that
IPAIP|| < Cg. (6.28)

It remains to estimate the operator PIE: . It is shown in Lemma 6.4 below that ||PIR.|| <
cge="/? . The last two estimates and the inequality ||R.|| < e~' imply (6.27). The latter
estimate together with (6.25) and (6.4) implies (6.23). Equn. (6.24) is proven similarly to
(6.5). ]

Remark 6.3 It suffices to prove an appropriate Hy-form bound on E, rather than the

norm bound, Eqn (6.27). The former bound would improve our final estimates.

Lemma 6.4 We have
|PIR.|| < Cge~'/2. (6.29)

Proof: We write

(R.IP)"(R.IP)= PIR’IP (6.30)

Next, we analyze the operator IRZI restricted to Ran XH<p - To this end we need the
Pull-through formulae (see (4.11) - (4.12))

a(k) R. = E&w(k) a(k),

R.a*(k) = a(k) E&w(k) ,

where
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Recalling (2.9) and pulling, in IEZI = <a*(Gx) + a(GQ)Ez <a*(Gx) + a(Gx)> , the a’s
to the right and the a*’s to the left with the help of the Pull-through formulae (6.31) and
(6.32), we obtain

IRT = M + L, (6.34)
where
- / (W) T gy Galk) Pk (6.35)
and, with w; = w(k;),
I = a*(G) R a(Gy) + /G (k) a (ko) Be, ., alkr) Golka) Py dPhey
4 / G, (k 67w(k)a(k)a(Gx)d3k + adjoint . (6.36)

Using that ||R..|| < &', we estimate the latter operator by
| Xyso Eximse]) <267 [ [1Ga() Gtk Na(ha)a(ho) ity
+2< —1/|G )| a( fong)z - (6.37)
Applying inequalities (4.17) and (4.18) to the r.h.s., we arrive at

| vipso Dxigs|| < 45709000 (6.38)

1/2

where, recall, ¢(p) := sup ( f @) . Since by our restrictions ¢(p) < Cg,/p, this in
¥ A\w<p

turn yields that, on Ran xp,<,,

IR'T = M + 0(c2%?) . (6.39)
Now 1t is not hard to convince oneself that
M| < Cg*e™". (6.40)

Indeed, remembering expression (6.12) for P, one can represent M as a sum of terms of

the form

/°° filw)dw
w—l—Hf—Eﬂ) —|—€27

0
where f;(w) are bounded by Cg¢? (in fact, decaying at oo ), continuous functions. Instituting
the change of variable as w — A = e~}(w + H; — E’'), one shows easily that each integral
is bounded by Cg?c™!.

Estimates (6.30), (6.39) and (6.40) and the condition p? < & imply (6.29). 1
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7 Proof of Theorem 5.2
First we estimate from below the following operator
Bya := Ex(Hy)[H, Av | Ea(Hp). (7.1)
Using the definition of Ay (see Equ. (5.2)), we write By a as
Bva = Bva + PaC*Pa + PACPy + PAF Py, (7.2)

where, in accordance with (5.2), (6.2), (6.3) and (6.22),

Py = P Ex(Hy), (7.3)
C = [H-E,V] + By, (7.4)
F = By + V*PI + IPV. (7.5)

Here we used that, in virtue of the definition of V', we may identify V = PV P.
The key to the proof is the following inequality which follows from an application of the
Feshbach projection method (a derivation is given in Appendix B):

Ao > inf spec{g I Ran PA}, (7.6)
where
Ao = inf spec{BVA I Ran EA(HO)} (7.7)
and
_ ~1
£ =F—C(Bva—X) C. (7.8)

We may assume here that 3Ag < p; otherwise Theorem 5.2 follows readily from conditions
(5.10)—(5.11) on the parameters. With this assumption, Lemma 6.2 is applicable and yields
that (EVA — )\0)_1 is bounded on Ran P, . Hence (7.8) is well-defined.

Our task is to estimate & on Ran Po from below. The first term on the r.h.s. of (7.8)
can be easily analyzed. Due to (5.3),

V*PI + IPV = 20IR’I. (7.9)

Next, Eqns. (6.6)—(6.10) imply that

3
PABOPA Z <Z f — ng>PA Z —CQZPA. (710)
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Hence, on Ran Pa

F > 20IR'IT—Cg. (7.11)

Next, we estimate from above the operator

1

G = C* (EV,A — )\0)_ C, (712)

on Ran Pa. A large part of the remainder of this section is devoted to this estimate.

As mentioned after Eqn. (7.8), Lemma 6.2 is applicable to (7.12). It yields
/g — 2
(G| < 2| H P PaCy| (7.13)

From now on, we assume that ¢» € Ran P, which implies that Pat> = 0. This relation, the
definition of C (Equ. (7.4)), and Eqn. (6.6) imply that

L XU P N R T NS RIT RC

where V = PVP = GRZIP. To estimate the first term on the r.h.s. of (7.14), we use that
I= a*(é’x) + a(é’x) (see Eqn. (6.7)) and Eqns. (6.3) and (6.4), to obtain

| B P PaTw| < @) Ba(Ho) | - ([(2) ™ HfY? ax(G)|| - 1] (7.15)

b G )

Since ()M Ea(Hy)| < Cu and | Hy*0| s bounded by p!/2[[i], we obtain from (4.6)-
(4.7) that
| 57 Pa T | < Cgllv]. (7.16)

It remains to estimate the second term on the r.h.s. of (7.14). Using the properties of
P, Py,and H — E/ = (Hy — E’) + I, we obtain that

4

H'PPA[H—FE,VIP =03 A (7.17)
1
where
Ay = H;'PPs(H,— E)R.IP, (7.18)
Ay = —H;'PPAR.IPH;, (7.19)
Ay = —H;'’PARIIPIP (7.20)

and



BFSS; Oct. 5, 1998 26

Ay = H'PPAIRIIP. (7.21)

To estimate the first of these terms we use the expression Pa (Eqns (6.3) and (6.12)) and
the estimate ||[(Ho — E;)R.|| <1 to obtain

|Adll < [1H; 2 Ea(Ho)Poarl - | RIP|
+ | Poase @ Xrry2pRe | | HF LD

Now we use that, due to (4.6)—(4.7), |PIP| <2¢g, ||PH¢|| < p,

|7 s 7| < [5G

+ p7 2 a(G) P | < 2g (7.22)
use inequality (6.29) and use the fact that H; > 6; on Ran(Ea(Hy)Ppar) to obtain

4] < €672 2g 4 2p71g (7.23)
Similarly we have

14a]| < CO72™2gp 1+ 2p7g (7.24)

Next using the estimates ||H;1/2?A|| < 2072 (see (6.15)), ||R-|| < 7', (6.29) and
|PIP| < g5 we find
1 4s] < =724

Now taking into account expressions (6.3) and (6.12) for Pa , we estimate ||?AH;1/2|| <

Cp~'/%. Next, using (4.6) and (4.7) we find

- -1/2 v —-1/2 D
IPal; IR, < ||H; 2 (G)|||R:|

+ | PaH || a(GOR|
<

Clg-e +p72ge™").
Finally using (6.29), we obtain
4] < Co 2302 (7.25)

Collecting the estimates above and remembering (7.17) and remembering that ¢ < p, we
find
|H; *PALH — B2, VIP|| < Clg(p™" + 87 /2pe™2 4 p=1 /272 (7.26)
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This together with (7.13), (7.14) and (7.16) gives
G>—Cq(1+0p2 + 070> +0%p 7172 . (7.27)
Finally, combining the last inequalities with (7.8), (7.11) and (7.24) yields on RanPa
€>2WIRT — Ca*(1+ 6% +6710%p% 7% 4 02¢%3p71) (7.28)
This estimate together with (6.39) implies that on Ran P
E>20M —CP(1+0p 2 +0°p* > +0°g%Pp~ ! + 672p7?%). (7.29)
Now we analyze the operator PM P . Introducing
Pl = Y P and P = L — BT (7.30)
i Bi< ki

and noting that (Hpae — E7) pD > P> for some § > 0, we estimate

part part »
H PMP — P</G_x(k) PEDR ) Galk) d3k>PH <0g. (7.31)

This relation can be rewritten as
PMP = Y /f,»j(w)[(Hf+w—Eﬂ')2+52}_1de L 0(¢?), (7.32)
it Bi<E
where F7' := B — E' and f;;(w) = [ (A;;)"A;;dS, with the matrices A;; defined in
|k|=w
the paragraph preceeding Eqn (3.5). Now using the change of the variables formula and the

mean value theorem we find

[ Fal)l(Hy +w = B + <
= [ fula = Hp)l(a = E7)? + )da
= [ fs(@la— B4 )Mot R
where
R= /01 / (o — sHp)l(a — B2 4 £~ dadsH; .

Since the functions f;; have, by the assumptions on G.(k), bounded derivatives, we obtain

that ,
RP =0 (M) . (7.33)

e
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Using this together with Eqn (7.32) and with the fact that f;j(w) vanish at w = 0 and
remembering the definition of , ; (see Eqn (3.5)) yields on RanP

M o= 21+ o.(1)+ 0(p)] +0(¢). (7.34)

where o.(1) stands for a function of ¢ vanishing as ¢ — 0.

Eqn (7.34) inserted into (7.29) yields

<€'>(9

;j [2 = 0.(1) = O(p)] = O(g*)[1 + 6p™* + 87 16%p*c™> + 67g"= p™! + 877p"] . (7.35)

Since , ; > d;g* with §; positive and independent of ¢ and since p > &, we may write

(7.35) on Ran Pa as

£ > = U 7.36
> Lo, (7.36)
where , , ,

e B bp bg° p >

oS4y LY P Lo1) < 2. .
o 0<9+p2+5291+p52+5 +o.(l) < (7.37)
This together with (7.6)—(7.8) (see also the paragraph after Eqn. (7.8)) implies
0, (2 —
Bya > M En(Hy)?, (7.38)

where, we recall, ~; is the smallest eigenvalue of | ;.
Now we derive (5.9) from (7.38). Let A CC A’ and pick a smooth function A supported
in A’ and equal to 1 on A. Moreover, we denote E(A) = 1—Ea()). We use the estimate

| (n() = n(Ho)) (Ho + i) 2| < CafiA], (7.39)

which can be easily derived using operator calculus (see, e.g., [14]) and (4.6)—(4.7). Recalling
that Bya = Ea(Ho) Bv Ea(Hy) and By = [H, Ay], we may write

Ex(H)By EA(H) = Ex(H)BynEs(H) + 5 + T, (7.40)

where

S == EA(H)EA/(H()) BV EA/(H())EA(H) + adjoint,

and

T = Ex(H)Ea(Hy) By Ea/(Ho)Ea(H).

Writing Ea(H)Ea/(Hy) as Ex(H)(h(H)—h(Hy)) - Ea/(Hp) and using Eqn (7.39) we obtain

Ex(H)En(Ho) = Ea(H)O(g) (%)
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and similarly for the adjoint operator. The latter estimate implies that
T = EA(H)O(g*)Ea(H). (7.41)

Next, we write
BV - [Ho,A]—l—U,
where U := [Hy, PV P—PV*P|+[I, Ay] and use that [Hy, A] = H; and therefore commutes
with FEa/(Hp) so that
S == EA(H)EA/(H())UEA/(HO)EA(H) + h.c. .

Again Eqns (6.29) and (x), together with elementary estimates similar to those performed
above imply that
S = EA(H)O(8e™%¢?p)EA(H) . (7.42)

Combining estimates (7.40)—(7.42), we obtain
EA(H)ByEA(H) > Ex(H)(Bva — CHz73%¢*p)Ea(H) .
Now using inequalities (7.38) and (7.39) we arrive at

2-0[1)

Ea(H)BrEa(H) > [PH2=0 0 _ 0(g)) - cpedingt] Ba ()

e

It is not hard now to identify this inequality with (5.19). |

A Proof of Lemma 5.6

Both statements of Lemma 5.6 follow in a standard way (see [25], Theorems XIII.23 and
XIII.25) from the following result (cf. Theorem 4.9 of [6] and Theorem 7.1 of [23]).

Theorem A.1 Under the assumptions of Lemma 5.6
(A)™"(H — )" {4)™| < C (A.1)
uniformly in z € Ct with Rez € A, provided o > 1.

Proof: Here we prove this theorem for o« = 1. Its extension to the case of a > % is done

by repeating the proof of Theorem 7.8 of [23].
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Our proof follows closely the proofs of Theorem 4.9 of [6] and Theorem 7.1 of [23]. Let
A CC Ay CC Ay CC A" and f e CP(Ay), with f =1 on Ay and f > 0. We use the
following notation,

M = f(H)[A, HIf(H). (A.2)

Note that due to (5.27), M > 0f(H)* and M* = M . Since ||[(H —ieM —z)u|| > Im((—H +
ieM+z)u,u)/||u|| > Im z||u|| and similarly for the adjoint operator, we have that (see Lemma

4.4(a) of [6] or Lemma 7.3(a) of [23])
For e >0 and Imz >0, H —w M — = is invertible. (A.3)
Denote G.(z) = (H —icM — z)~'. Moreover, we introduce also
F.(z) := DG.(2)D with D = (A)™".

In what follows the argument z is assumed to satisfy, Rez € A, Imz > 0; it is fixed and

often omitted from the notation. We begin with a series of simple lemmata.
Lemma A.2 For z € Ct with Rez € A, and ¢ >0,
1G=(2)]| < C/e. (A.4)

Proof: Let f = f(H). The relations ||fG.¢||* = (GFf*G.),, M > 0f* and Imz > 0
imply

1 *
|fGe* < 25—9<G62€M06>¢
1

where we used the notation (B), = (¢, By). Now, an application of the second resolvent

1

55(tG: —1G.), , which in turn implies

equation yields || fG.¢[]* <

1 1/2
IFGeell < =Gl (4.5)

and therefore

1G] < 12, (A.6)

1
|G-
e

Next, applying the second resolvent equation to G. and Gy and using that || fGol| < o<,
thanks to dist(z, R\A;) > 0, we find

I£Gell < €1+ llG-])). (A7)
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where f =1 — f. This inequality together with (A.6) implies (A.4). B

This lemma and its proof have two consequences important for us:
|F(H)G.(2)] < C. (A8)
wniformly in ¢ > 0, where f(H)=1— f(H), due to Equs (A.4) and (A.7): and
|f(H)G-(2)D|| < Ce™ || F.(2)]|"/?, (A.9)
due to Eqn (A.5) with ¢ = Du. The last two equations imply in turn that
IG-()D]| < C(1+ Y E(=)|2). (A.10)
In what follows we assume that & is a cut-off function satisfying
620, JoeCr(A) and $=1on A, (A.11)
Next, we introduce the symmetric operator
Ay i= S(H)AD(H), (A.12)

which is well defined in D(A), due to (5.19). Now define [H, A4] as a quadratic form on
D(A)N D(H). Then
[H, Ag] = o(H)[H, Alp(H) (A.13)

in a sense of quadratic forms. This relation implies that the operator
B, :=[H, Ay is bounded. (A.14)
Lemma A.3 Let B :=[H,A]. For any ¢ € C§*(Ay), the operator
V(H)[B, Ag]v(H) is bounded. (A.15)
Here the operator in (A.15) is initially defined in a sense of quadratic forms.

Proof: In the proof below we omit the argument H in ¢(H) and (H). Using that

Y- ¢ =1, we compute as quadratic forms

V[B, Aglt = ¢[B, AJY + ¥ B[¢, Al + ¢[¢, A|BY. (A.16)

Since, by (5.5), (5.14) and (5.27), v B, By, [¢, A] and ¢[B, A]y are bounded we conclude
that the r.h.s. of (A.16) is bounded, so (A.15) follows. B
Our last preparatory step is the following
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Lemma A.4 The operator [M,Ay] defined initially in o sense of quadratic forms is
bounded.

Proof: Using that f-¢ = f and omitting again the argument H , we compute in a sense

of quadratic forms
[M, Ag] = [BIf, Ag] + f[B, Aol f + [f, A¢| Bf.

Since fB, Bf, [f,As] = o|f, Al¢ and f[B, Ay]f are bounded by virtue of (5.26), (5.14)
and (A.15), the statement follows. B

Now we are ready for a core estimate of this proof.

Lemma A.5 We have the following estimate

H dF.(z)

2| < G+ IR 4 1), (A17)
Proof: Using the definitions of G.(z) and F.(z), we compute

dF.
de

= DG.MG.D.

Since f-¢ = f, we have that M = fByf. Now we decompose

dF.
Je =1+ Q2+ Qs, (A.18)

where

Q. = DG.fB,fG.D,
Q» = DG.fB,fG.D + DG. fB,fG.D,
Qs = —DG.B,G.D.

We bound now the @;’s. Equs (A.14) and Eqn (A.8) imply
|@u]l < | DG.fII*|| Bs|| < C. (A.19)
Next, (A.8), (A.9) and (A.14) yield

Q2] < 2| DG: fIl| Bl fG-D
< %HFeHl/z- (A.20)
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The term @5 is more complicated. We decompose it as

—Q3 = Q4+ Qs,

where

Q4 = DGs[H —1eM — Z,A¢]G5D

and

Qs = ie DG.[M, A4)G.D.

Expanding the commutator in (*), we find
Qs=DA,G.D — DG.A,D.
Hence, due to ||DAy|| < C and (A.10),

1@l < 2[|DAs[llG.D
< O+ PR).

Finally, we have due to (A.10) and Lemma A .4

Q5[ < el DG-|]*[[[M, Ag]|
< Cle +[[E]))

Now, Eqns (A.18)—(A.23) imply (A.17). 1

To complete the proof of Theorem 5.5 we iterate the rough estimate

C
E. < —,
IF.()] < =

33

(A.21)

(A.22)

(A.23)

(A.24)

which follows from (A.4), with the help of differential inequality (A.17). On the first step

plugging (A.24) into the r.h.s. of (A.17) we obtain H%ﬁ

< % Integrating the latter

inequality from & to 1 and using that, due to (A.24), ||Fi(2)|| < C, we find ||F.(z)]] <

Clog L. Plugging the latter estimate into the r.h.s. of (A.17) yields now H %ﬁl

which upon the integration from 0 to 1 gives

[Eo(2)] < €,

log %

€

uniformly in z, Imz > 0 and Rez € A, which, in virtue of the definition of F.(z), is

equivalent to the statement of Theorem A.1. 1
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B Feshbach Projection Method

Lemma B.1 Let B be a self-adjoint operator on a Hilbert space H = Hy ® Hao and let
(in the obvious notation) Bas > 0idy,, 8 > 0. Then Ao := inf spec B is either > 6 or it

satisfies the relation
)\0 = Inf spec {Bll — 312(322 — )\0)_1321} . (B].)

Proof: Let Ay < 6. The Feshbach projection method implies that A € o(B) iff

A € O'(Bll — 312(322 — )\)_1321) (BQ)
provided A < @, which implies (B.1). ]
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