PROPAGATION OF LOCALIZATION OPTIMAL ENTROPY PRODUCTION AND CONVERGENCE RATES FOR THE CENTRAL LIMIT THEOREM

E. Carlen and A. Soffer

Abstract. We prove for the rescaled convolution map f → f ~ f propagation of polynomial, exponential and gaussian localization. The gaussian localization is then used to prove an optimal bound on the rate of entropy production by this map. As an application we prove the convergence of the CLT to be at the optimal rate 1/ √ N in the entropy (and L^1) sense, for gaussian localized densities.

Section 1. - Introduction, Notation, Preliminaries.

The Central limit Theorem (CLT) naturally leads to the analysis of the (nonlinear) rescaled convolution map, of a function with itself. Related maps appear in the study of Boltzmann type equations. A major issue is the convergence and rate in various norms for CLT. In this work we will study the convergence in the strong norm L^1, and the stronger sense of convergence in relative entropy.

To find rate, we use monotonicity or entropy production estimates for the convolution map convergence in this sense was first established by Barron Bar]. The corresponding result for the Boltzman equation was established by Carlen, Carvalho and Wennbery [CCW]. Such estimates have also allowed, via the method of [CS] to prove the CLT for dependent variables, in a nonperturbative way.

Our main tool is to prove an optimal entropy production rate for the convolution map; such estimate depends critically on propagation of localization; the localization at infinity should not be spoiled under the convolution map. We prove in sections 2 and 3 that polynomial exponential and most importantly gaussian propagation of localization for the convolution map. These are then used to derive the optimal entropy production bounds in the gaussian case, and as application gives the optimal 1/ √ N convergence of the CLT in the entropy, and L^1 norms.

Propagations of localization are important for other applications. For example, gaussian propagation of localization for the Boltzmann kernel would have major

Typeset by AMS-TEX 1

implications to asymptotic stability and more. [CC1,2, CGT, CELMR, Des, De94, GTN]

We conclude with some mention of possible applications. Our proof of the propagation of localization in the polynomial and exponential cases is rather direct. In the polynomial case it follows from moment estimates and in the exponential case by direct estimates on the generating function.

The Gaussian case is however much more difficult. It is based on a kind of asymptotic logconcavity in the CLT, combined with Brascamp and Lieb, and other analytic arguments. The estimates of entropy production uses linear approximation theory of the map, combined with gaussian propagation of localization to arrive at the leading entropy growth term.

Our notation and preliminaries follow closely the paper [CS]. Here we briefly recall the main ingredients of entropy/information bounds. [CS, Dem, Lie78, Lie89, Bar]

Let X be an R^n valued random variable on some probability space. Let μ denote the law of X. If dμ(x) = ρ(x)dx, we say that X has density ρ(x). m(x) stands for the mean of x, and m_j (x) for the j th moment of X. The variance is then

[σ(x)]^2 = E(|X − m(x)|^2)

and X has variance 1 if [σ(x)] is the identity matrix. Let g_t denote the centered Gaussian density with variance t:

g_t(x) = (2πt)^{−n/2}e^{−x2 /2t}.

g ≡ g_1.

The entropy of ρ is

S(ρ) = − � ρ ln ρdx

and the relative entropy of ρ is

D(ρ) = � ρ(x) g(x) � ln ρ(x) g(x) � g(x)dx.

By Jensen’s inequality D(ρ) ≥ 0 with equality just when ρ = g. Clearly, if ρ has mean zero and unit variance

−∞ ≤ S(ρ) ≤ S(g)

and the upper bound is saturated only when ρ = g.

Moreover, for ρ with mean zero and unit variance, which we will refer to as ρ being normalized, D(ρ) = S(g) − S(ρ).

For centered density ρ with σ^2(ρ) = T_r[σ(X)^2] = n (n- the dimension) and √ ρ ∈ H^1(R^n), the Sobolev space, we define the Fisher information

I(ρ) = 4 � R^n |∇ � ρ(x)|^2dx

and the relative Fisher information, J(ρ) as

J(ρ) = 4 � |(∇ + x 2 ) � ρ(x)|^2dx

Clearly, J(ρ) ≥ 0 with J(ρ) = 0 ⇐⇒ ρ = g.

Also, note that, when j(ρ) < ∞,

J(ρ) = � R^n

|∇ ln ρ(x) − ∇ ln g(x)|^2ρ(x)dx.

The origin of the convolution map is the following: Suppose X_1, X_2 are two independent random variables with densities ρ_1, ρ_2. For 0 < λ < 1 denote the density of λX_1 + (1 − λ^2)^{1/2}X_2 by ρ_1 ∗_λ ρ_2. One computes

ρ_1 ∗_λ ρ_2(u) = � R^n

ρ_1(λu − (1 − λ^2)^{1/2}v)ρ_2((1 − λ^2)^{1/2}u + λv)dv.

Let f be a bounded measurable function on R^n. Define the operator P_t, t > 0

P_tf(x) = Ef(e^{−t}x + (1 − e^{−2t})^{1/2}G)

Then P_t is a contraction semigroup on each L^p(R^n, g(x)dx) 1 ≤ p ≤ ∞. P^∗_t denotes the adjoint in L^1(R^n, dx). In particular, if X is a random variable with density ρ

P^∗_t ρ(x) is the density of e^{−t}X + (1 − e^{−2t})^{1/2}G.

We have the following relation between entropy and information, which is contained in [CS].

Lemma. Suppose ρ is a centered density with σ^2(ρ) = n. Then t → S(P^∗_t ρ) is continuous and monotone increasing on [0, ∞) with lim_{t→∞} S(P^∗_t ρ) = S(g).

Furthermore, when S(ρ) > −∞, t → S(P^∗_t ρ) is continuously differentiable on (0, ∞) and S(P^∗_t ρ) = S(ρ) +

�_t 0 J(P^∗_s ρ)ds and D(ρ) =

�_∞ 0 J(P^∗_t ρ)dt.

We will also use the inequality D(x) ≤ 1 2 J(x) due to Stam [Sta] which is equivalent to Gross’s logarithmic Sobolev inequality [Gro], [Ca].

The proof follows from

D(x) =

�_∞ 0 J(e^{−t}X + (1 − e^{−2t})^{1/2}G)dt ≤

�_∞ 0 e^{−2t}J(X)dt.

using the Blackman-Stam inequality:

J(e^{−t}X + (1 − e^{−2t})^{1/2}Y ) ≤ e^{−t}J(X) + (1 − e^{−2t})J(Y ). We also have the Kullback-Liebler inequality ‖ρ − g‖^2_L1_{(R}n_{,dx)} ≤ 2D(ρ).

The main inequality we prove for entropy production is that under favorable assumption on both smoothness and gaussian localization of ρ, S(ρ ∗_{√2} ρ) − S(ρ) ≥ CD(ρ).

Our previous work only gave a lower bound of the form Φ_ρ(j(ρ)), [CS]. The application of this inequality requires that localization and smoothness is maintained under repeated iteration. So, for this we prove that gaussian (polynomial and exponential) localization is uniform in n for ρ_n = ρ ∗_{√2} ρ · · · ∗_{√2} ρ, n times.

Section 2. Propagation of Localization I - Polynomial and Exponential.

Let ρ be normalized distribution, localized exponentially:

(2.1) ρ_α(x) ≡ λ(α)^{−1}e^{αx}ρ(x)

with ρ_α(x) bounded and in L^1: here λ(α) is the normalization constant so that

(2.2) � ρ_α(x)dx = 1.

Therefore

(2.3) λ(α) = � e^{αx}ρ(x)

Theorem 2.1 (Exponential Localization). Let ρ be a distribution in L^1 and such that λ(α) < ∞ for α ≤ A, A > 0.

Then

(2.4) L_{ρn} (α) ≡ � e^{αx}ρ_n(x)dx = � e^{αx} √ nρ ∗ · · · ∗ ρ( √ nx)dx ≤ 2e^{α2 /2}

for all α < A.

Remark. The above identity, of equation 2.4, is due to Cramer [Cr]. Proof. First we compute the convolution

(2.5) ρ_α ∗ ρ_α = λ(α)^{−2} � e^{α(x−y)}ρ(x − y)e^{αy} ρ(y)dy

= λ(α)^{−2} � e^{αx}ρ(x − y)ρ(y)dy = (ρ ∗ ρ)_α.

Therefore since

ρ_n = √ nρ ∗ ρ · · · ∗ ρ( √ nx), n times

we have

(2.6)

L_{ρn} (α) = � e^{αx} √ nρ ∗ · · · ρ( √ nx)dx = � e^{α√n y}ρ ∗ · · · ρ(y)dy

= L^n_ρ ( α √ n ) by (2.5).

Next, we expand L_ρ(^{α√}_n ) around zero, to get

L_ρ( α √ n ) = 1 + α^2 2n + 1 6 α^3 n^{3/2}

L^{(3)}_ρ (b)

for some 0 ≤ b ≤^α√_n .

|L^{(3)}_ρ (b)| = | � x^3e^{bx}ρ(x)dx| ≤ C_εL_ρ(b + ε)

and we always choose b + ε ≤ A.

Finally,

L_{ρn} (α) = (1 + α^2 2n + c_εn^{−3/2})^n → e^{α2/2} as n → ∞

so L_{ρn} (a) ≤ 2e^{α2/2} for all n. □

Theorem 2.2 (Polynomial Localization). Assume for N_0 fixed, N_0 > 2

(2.7) � |x|^{N0} ρ(x)dx ≡ M_{N0} (ρ) < d_0 < ∞.

Let ρ_n be the normalized n-convolution as before.

Then, there exists d > 0 such that

(2.8) M_{N0} (ρ_n) < d(N_0, d_0), uniformly in n.

Remark. Similar results with weak localization were proved in [CS]; they are optimal in the conditions of localization, where Lindenberg type condition is used. The proof for such weak localization is more involved.

Proof. Consider first N_0 = 2k, k integer. It is enough to consider the even case of distribution (see Doubling Trick).

So let k = 2, ρ, η even:

(2.9)

I_{4,θ} = � x^4η(cos θx + sin θy)ρ(− sin θx + cos θy)dxdy = � (u cos θ + v sin θ)^4η(u)ρ(v)dudv = cos^4 θM_4(ρ) + 6 cos^2 θ sin^2 θ

+ sin^4 θM_4(ρ) where we used evenness, and the fact that M_2(ρ) = M_2(η) = � x^2ρ = � x^2η = 1.

(Recall that we always assume that M_2(ρ) = 1).

Completing to squares, we get from (2.9):

(2.10)

I_{4,θ} = (M^{1/2}_4 (η) cos^2 θ + M^{1/2}_4 (ρ) sin^2 θ)^2 + 2(3 − M^{1/2}_4 (ρ)M^{1/2}_4 (η)) cos^2 θ sin^2 θ.

For the gaussian distribution g

M_4(g) = 3

Therefore, if M_4(ρ), M_4(η) ≤ 3 the M_4 moment increases under convolution to approach 3.

On the other hand, if both M_4 are larger than 3, then

M_4(ρ_2) decreases, so

(2.11) M_4(ρ_2) < max{M_4(ρ), M_4(η)}.

By Jensen’s inequality M_4(ρ) ≥ � x^2ρdx

�_2 ≥ 1 so that M^{1/2}_4 (ρ)M^{1/2}_4 (η) ≥ min{M^{1/2}_4 (ρ), M^{1/2}_4 (η)} and hence 3 − M^{1/2}_4 (ρ)M^{1/2}_4 (η) ≥ 0 only if

max{M^{1/2}_4 (ρ), M^{1/2}_4 (η)} ≤ 3. We conclude that M_4(ρ_2) ≤ max{M_4(ρ), M_4(η), 9} ρ_2 ≡ ρ ∗_θ η.

After iteration, we therefore get

M_4(ρ_n) ≤ max{M_4(ρ), M_4(η), 9}.

In the case k > 2, arbitrary we have in a similar way � � x^{2k}η(θ)ρ(θ)dxdy = M_{2k}(ρ) cos^{2k} θ + M_{2k}(η) sin^{2k} θ + R_k where R_k are lower order moments (in powers of k). And as before, we estimate the above equality by ≤ (C_{2k} cos^2 θ + C_{2k} sin^2 θ) = C_{2k} with C_{2k} ≡ max{M_{2k}(ρ), M_{2k}(η), C_{2k−1}}, from which the result follows.

The general case now follows from the following Proposition (2.3) □ Definition. For a random variable X, we define the ψ-function of X as

ψ(R) = E1_{{X≥R}}X^2 = � |x|≥R

x^2ρ(x)dx

E-expectation, 1_{{A}} is indicator function of A.

Proposition 2.3. Let {X_j }^∞_{j=1} be an i.i.d. sequence of random variables with p finite moments, uniformly in j, in the integral sense: ψ_j (R) ≤ ψ(R) and �_∞ 1 ψ(R)R^{p−3}dR < C_ψ < ∞.

Here ψ_j (R) is the ψ-function of X_j .

Then, for any ε > 0, there exists a constant C, depending only on C_ψ and ε such that (2.12) ⟨|Z_2N |^{p−ε}⟩ ≤ C(C_ψ, ε) where Z_2N ≡ 1 σ_1

2^{N−1}�

j=1 X_j + 1 σ_2

2^{N−1}�

j=1 X_{j+2}N−1 .

Proof. We prove it only for the normalized case where all variances are 1.

Let 2n < p < 2n + 2 be given.

(2.13) Z_2N = 2^{−N/2}

2^N�

j=1 X_j = 2^{−N/2} � � 2^N�

j=1 U_j +

2^N�

j=1 V_j � � with U_j = X_j − V_j V_j = X_j 1_{{Xj≤K}}.

Then

(2.14) ψ_{Z2N} (R) = E1_{{Z2N ≥R}}Z^2_2N ≤ E1_{{Z2N ≥R}} � 2{2^{−N/2} � U_j }^2 + 2{2^{−N/2} � V_j }^2 � . The second term on the r.h.s. of (2.14) is bounded by 2ψ(K) and the first term is controlled by Hölder’s inequality: first term ≤ P (|Z| ≥ R)^{nn+1} (M_{2n+2}(Ũ))^{1n+1} Ũ ≡ 2^{−N/2} � U_j M_{2n+2}(Ũ) ≤ CM_{2n+2}(U_1) ≤ C̄K^{2n+2−p} by the even case, where C̄ is the p-th moment of U_1 P (|Z| ≥ R) ≤ R^{−2}ψ(R).

Combining all this we get (2.15) ψ_{Z2N} (R) ≤ CR^{−2n/(n+1)}ψ(R)^{nn+1} K^{2− pn+1} + 2ψ(K) Now, choose K = R in (2.15), to get

ψ_{Z2N} (R) ≤ CR^{2−pn+1} ψ(R)^{nn+1} + 2ψ(R).

Multiplying by R^{p−3−ε} and using Hölder’s inequality again, the result follows. □ Section 3. Propagation of Localization II - Gaussian.

Now we assume that ρ is gaussian localized, normalized distribution: � ρdx = 1 = � x^2ρdx |e^{cx2} ρ(x)| < C_0 for some c > 0, |x| → ∞.

We use * to denote convolution and ⊛ to denote the normalized (rescaled) convolution: ⊛ = ∗√ 2.

Theorem 3.1. Let ρ be as above and assume furthermore that (3.1) ρ = gF and F is logconcave (lnF is concave).

Then ρ_n = √ nρ ∗ · · · ρ( √ nx) is gaussian localized, uniformly in n.

Proof. By Brascamp-Lieb we have that:

(3.2) ρ ⊛ ρ = gF_2

ρ ⊛ ρ = � g( x + y √ 2 )g( x − y √ 2 )F ( x + y √ 2 )F ( x − y √ 2 )dy = g(x) � g(y)F ( x + y √ 2 )F ( x − y √ 2 )dy = gF_2

with F_2 logconcave.

Next, we need the following proposition Proposition 3.2 (Brascamp-Lieb).

For g Gaussian,

(3.3) � x^{2m}gF dx ≤ � x^{2m}gdx

when � gF dx = 1, and F logconcave.

From this proposition it follows that

(3.4) � e^{βx2} gF dx ≤ � e^{βx2} gdx

Since in our case ρ_n = gF_n, we get

ρ^2_n = g^2F^2_n = ( � g^2F^2_ndx)( � g^2F^2_ndx)^{−1}g^2F^2_n = ‖ρ_n‖^2_L2 g^2F

F logconcave (since F_n is logconcave).

Hence, � e^{βx2} ρ^2_ndx ≤ ‖ρ_n‖^2_L2 � e^{βx2} g^2dx < ∞. □ Remark. If ρ is regularized as ρ → ρ_t ≡ ρ ⊛ g_t we have

(3.6) � e^{βx2} ρ_{t,n} = � ρ_n ⊛ g_te^{βx2} = � ρ_ng_t ∗ e^{βx2} = � ρ_ne^{βtx2}

with β_t ∼ β.

It remains to show that, sufficiently smooth gaussian localized ρ, will have the form gF after sufficiently many iterations.

Next, we demonstrate such cases:

Theorem 3.3. Let (3.7) ρ = (2π)^{−1/2} exp(−x^2/2) + p(x) and assume that

(3.8) | � e^{αx}p(x)dx| ≤ C_1e^{|α|2−ε} , ε > 0,

and p smooth.

Then, for N sufficiently large, ρ_N = gF with F logconcave. Proof. Let, as before ρ_α = λ(α)^{−1}e^{αx}ρ(x) λ(α) = � e^{αx}ρ(x)dx we have a lower bound on λ(α):

λ(α) = e^{α2/2} + � e^{αx}p(x)dx

so, by (3.8) it follows that

(3.9) λ(α) ≥ 1 2 (e^{α2 /2} − c) for α > α_0(C_1, ε)

where α_0 is approximately (lnc_1)^β, some β > 0.

Now,

(3.10) λ(α)^{−1} � (x − m_α)^4e^{αx}ρ(x)dx = λ(α)^{−1} � (x − m_α)^4(2π)^{−1/2}e^{−x2/2} e^{αx}dx + λ(α)^{−1} � (x − m_α)^4e^{αx}p(x)dx ≡ I_1 + I_2

(3.11) I_1 = (2π)^{−1/2} � {|x − α|^4 + 6|x − α|^2(m_α − α)^2 + (m_α − α)^4 + odd terms }λ(α)^{−1}e^{α2/2} × e^{− 12 (x−α)2}dx ≤ {3 + 6(m_α − α)^2 + (m_α − α)^4 + 0}2e^{α2/2}/(e^{α2/2} − C_1).

Therefore I_1 remains bounded uniformly in α, if |m_α − α| ≤ C_0 uniformly in α. Furthermore, I_2 is small when α is large, by our assumptions on p(x).

Now,

m_α = λ(α)^{−1} � xe^{αx}ρ(x)dx = α + λ(α)^{−1} � xe^{αx}p(x)dx

= α + O(α^{−ε})

which implies that the r.h.s of (3.11) is uniformly bounded in α. To conclude, 3.10 - 3.11 implies that the fourth moment is uniformly bounded; and the second moment is close to 1.

Next, d dx ρ_α = ρ^′_α = nice + λ(α)^{−1}e^{αx}(αp + p^′(x))

where nice stands for terms which are uniformly bounded in α, so,

(3.12) ‖ρ^′_α‖^2_L2 ≤ ‖ nice ‖^2 + λ(α)^{−2}‖e^{αx}(αp + p^′(x))‖^2_L2 . � |e^{αx}(αp + p^′)|^2 = � e^{2αx}(p^′)^2dx − � e^{2αx}α^2p^2dx

so, to prove uniformly of a bound on (3.12), in α, we only need to bound

λ(α)^{−2} � e^{2αx}(p^′)^2dx ≤ C, uniformly in α,

which is implied by our conditions on p.

Now, taking the n-th normalized convolution of ρ_α, ρ^{(n)}α we know by the polynomial propagation of localization, Thm 2.1, and by the entropy production bounds of [CS] that S(ρ^{(n+1)}_α ) − S(ρ^{(n)}_α ) > Φ(S(g_α) − S(g^{(n)}_α )).

We use that convolution improves or preserves the smoothness of ρ, therefore we can take ρ to be independent of ρ_u. see [CS]: The function Φ_ρ was obtained thorough a compactness argument, and was not computable. On the other hand, we were able to show that Φ_ρ(t) was strictly increasing as a function at t, and hence Φ_ρ(t) > 0 data ρ. More over Φ_ρ(t) depended on ρ only in a way that was invariant under the convolution map, so that the same function Φ could be used at each stage in the treated convolution. This act was crucial in our application which requires us to absorb the effect of dependence.

In this paper we will estimate Φ_ρ. We will place more restrictive conditions on ρ, but shall obtain quantitative information on Φ_ρ in return.

Hence, ρ^{(n)}α converges to a gaussian in entropy, S, and so in L^1. By smoothness, all derivatives also converge, uniformly in α.

Now, it follows that for n > N. −(lnρ^{(n)}_α )^{′′} |_{x=0} ≥ 1 − ε and since, moreover α → m_α covers R, we have that

−(lnρ^{(N+1)})^{′′} ≥ 1 − ε for all x. Hence, ρ^{(N+1)} = ρ_{N+1} = e^{−(1−ε)x2/2}F with F logconcave. □ Remark. If ρ is not smooth, then we apply the theorems to ρ = M ⊛ ρ with M gaussian. For such ρ the condition on p^′ is satisfied whenever we have the bound 3.8, since p^′ = M^′ ⊛ p.

Furthermore, the gaussian localization of (M ⊛ ρ)_n implies that of ρ_n, since (M ⊛ ρ) ⊛ (M ⊛ ρ) = M ⊛ (ρ ⊛ ρ) so, since M is well localized, ρ ⊛ ρ ⊛ · · · ρ is well localized whenever (M ⊛ ρ) ⊗ (M ⊛ ρ) · · · (M ⊛ ρ) is well localized.

Section 4. Entropy Production.

In this section, we prove optimal entropy production bounds for the convolution map.

Recall the following formula for the Entropy production by convolution [CS]

(4.1) S(ρ ⊛ ρ) − S(ρ) =

�_∞ 0 J(ρ_t ⊛ ρ_t) − J(ρ_t)dt

where S is the entropy and J is the relative information.

ρ_t is the map, up to time t of ρ under the Orenstein-Uhlenbek process. Also from [CS, Bar] we have the following bounds (4.2) |∇ � ρ(x)|^2 ≤ B_tP^∗_t ρ(x) which, by the way of the localization of ρ implies that |∇ √ ρ|^2 is similarly localized.

Also, recall the definition of the ψ function

ψ(R)_= � |x|≥R

x^2ρ(x)dx.

Define J_R(ρ) = 4 � |x|≥R

|(∇ + x 2 ) √ ρ|^2dx.

Lemma 4.1.

(4.3) J_R(ρ) ≤ 2ψ(R) + 8(1 + R^2)^{−1}B_tP^∗_t ψ(R).

Proof. Follows from (4.2) and the definition of ψ(R). Lemma 4.2.

(4.4) P^∗_t ψ(R) ≤ ψ_ρ(R/2) + ψ_g(R/2)

Proof. See [CS]

We can now state the main theorem: (see CC1, CS for similar results with weaker nonlinear (lower bounds) in D(ρ), in the case of Boltzman equation and the CLT, respectively. However, those results do hold for general ρ; i.e. finite variance and finite entropy are the only conditions imposed.)

Theorem 4.3. For ρ satisfying J(ρ), S(ρ) finite, ρ smooth, and

(4.5) � e^{αx2} ρ(x)dx < ∞, α > 0.

We have, (4.6) S(ρ ⊛ ρ) ≥ C_εD(ρ).

Proof.

If ρ = g there is nothing to prove.

For ρ ≠ g, J(ρ) > 0. So assume J(ρ) = ε. We now choose R so large that

J_R(ρ) ≤ 1 2 J(ρ)

R(ε) is fixed by (4.7) 2ψ(R) + C_tψ̃(R)/(1 + R^2) ≤ ε/2 with ψ̃ ≡ P^∗_t ψ.

Next, we use the lower bound, proposition (4.4) below:

(4.8)

J(ρ_t) − J(ρ_t ⊛ ρ_t) ≥ F_{a,τ}

≡ inf_{c,d}{E � d dx ln ρ_t( τ a G) + cG + d

�_2 } = inf_{c,d} � |∇ ln ρ_t(x) + cx + d|^2g(x)dx ≥ � |x|≤R(ε)

|∇ ln ρ_t(x) − c^∗x − d^∗|^2g(x)dx for some c∗, d^∗.

This last expression is then equal to = � |x|≤R(ε)

|Q|^2 g(x) ρ_t(x) ρ_t(x)dx ≥ � |x|≤R(ε)

|Q|^2ρ_t(x)dx · ‖ ρ_t(x) g(x)

‖^{−1}_{L∞(|x|≤R(ε))} with Q = ∇ ln ρ_t(x) − C^∗x − d^∗, and we also have (4.9) � |x|>R(ε)

|∇ ln ρ_t(x) − c^∗x − d^∗|^2ρ(x)dx ≤ ε/2.

Finally, (4.8) and (4.9) implies

(4.10)

J(ρ_t) − J(ρ_t ⊛ ρ_t) ≥ ‖ ρ g ‖^{−1}_{L∞(|x|≤R(ε))} 1 2 � |∇lnρ_t − c^∗x − d^∗|^2ρ_tdx ≥ 1 2 ‖ ρ g ‖^{−1}_{L∞(R(ε))}J(ρ_t).

The theorem now follows from this last inequality and (4.1). □ Remark. It is clear from the R(ε) dependence of the constant C_ε in the above theorem, that its use for repeated convolution requires propagation of localization. Proposition 4.4.

(4.11) J(ρ_t) − J(ρ_t ∗ ρ_t) ≥ F_{a,τ} ≡ inf_{c,d} { � | d dx lnρ_t(x) + cx + d|^2g(x)dx}.

Proof. Introduce the convolution operator C_{ρ,θ}

C_{ρ,θ}f ≡ � f(⟨e_1, R_θ(x, y)⟩)ρ(y)dy where ⟨, ⟩ is the scalar product in R^2, e_1 = (1, 0) and R_θ is rotation in R^2 by θ.

C_{ρ,θ} : L^2(ρ) → L^2(ρ) for any ρ = g, g gaussian and θ = e^{−t} C_{ρ,t} becomes the Orenstein-Uhlenbek process.

In this case C_{ρ,θ} is self-adjoint and its eigenvalues are cos^n θ. In general C_{ρ,θ} is not bound on L^2 and is selfadjoint only for ρ = g. Let Π_j denote the projection on the subspace of the first j eigenvectors of C_{ρ,θ}. Π_j + Π̄_j = 1.

Now, consider

I_θ ≡ � � |h(x) + h(y) − h̄(R_θ(x, y))|^2 ρ(x)ρ(y)dxdy.

The following lemma is essentially due to Brown [Br]. See [CC2] for an adaptation to the Boltzmann equation setting.

Lemma 4.5 (Linear Approximation Lemma).

(4.12) I_θ ≥ C_θ inf_{a,b} � |h(x) − ax − b|^2ρ(x)dx.

Proof. Let ⟨f_1, f_2⟩ ≡ � f_1f_2gdx (4.13)

I_θ ≥ C^2 � |h(x) + h(y) − h̄(R_θ(x, y)|^2g(x)g(y)dxdy

I_θ = � � (h^2(x) + h^2(y))g(x)g(y)dxdy+ + � � (h̄^2 − 2h̄(h(x) + h(y))g(x)g(y)dxdy whenever ρ > cg, g gaussian.

= 2‖h‖^2_L2_{(g)} + ⟨1, (C_{g,θ}h̄)^2⟩ − 4⟨C_{g,θ}h̄, h⟩ = 2‖h‖^2_L2_{(g)} + ⟨1, h̄^2_θ⟩ − 4⟨h̄_θ, h⟩ ( where C_{g,θ}h̄ ≡ h̄_θ) = 2‖h‖^2_L2_{(g)} + ‖h̄_θ‖^2_L2 − 4⟨h̄_θ, h⟩ = 2‖h‖^2_L2_{(g)} + ‖Π_1h̄_θ‖^2_L2_{(g)} + ‖Π̄_1h̄_θ‖^2_L2_{(g)} − 4⟨Π_1h̄_θ, h⟩ − 4⟨Π̄_1h̄_θ, h⟩.

‖Π̄_1h̄_θ‖^2_L2_{(g)} − 4⟨Π̄_1h̄_θ, Π̄_1h⟩ ≥ ‖Π̄_1h̄_θ‖^2_L2_{(g)} − 2‖Π̄_1h̄_θ‖_L2_{(g)}‖Π̄_1h‖_L2_{(g)}

(4.14) = (‖Π̄_1h̄_θ‖_L2_{(g)} − ‖Π̄_1h‖_L2_{(g)})^2 − ‖Π̄_1h‖^2_L2_{(g)}. (4.13) and (4.14) implies the lower bound: ‖Π̄_1h‖^2_L2_{(g)}.

To complete the proof of the lemma, we note that ‖Π̄_1h‖^2_L2 = ‖h − Π_1h‖^2_L2 and for normalized g with variance 1, the first two eigenvalues and eigenvectors of C_{g,θ} are λ_0(g) = 1 E_0(g) = const. funtion λ_1(g) = cos θ E_1(g) = linear function.

which implies the statement of the Lemma.

(4.11) now follows by h ≡ ∇ ln ρ_t, and the assumption ρ ≤ cg. □ Section 5. Convergence rates for CLT.

Let ρ_n = ρ ⊛ ρ · · · ⊛ ρ n times, as before.

Then, the relative entropy satisfies, under favorable conditions (5.1) D(ρ_{n+1}) − D(ρ_n) ≥ δ_0D(ρ_n).

From this, we immediately conclude that the relative entropy converges to zero, exponentially fast in n.

This is the basis for the argument giving an optimal convergence rate in the Entropy sense, for localized initial distributions ρ.

The first inequality in (5.1) is the crucial inequality, proved in sections 3, using the propagation of localization for gaussian localized ρ.

Theorem 5.1 (Optimal Entropy convergence). Let ρ be a smooth, normalized, variance 1 and gaussian localized, distribution.

Then (5.2) |D(ρ_n)| ≤ ce^{−δn}.

In particular, the CLT holds in the Entropy (and L^1) sense with the optimal convergence rate 1/ √ N. Proof. Since ρ is gaussian localized and smooth, we see that ρ satisfies the conditions 3.7, 3.8 of Theorem 3.3.

Hence (5.3) � ρ_ne^{βx2} dx < c < ∞, independently of n.

Next, we apply Theorem 4.3 to ρ_n to conclude that (5.4) D(ρ_{n+1}) − D(ρ_n) ≥ C_εD(ρ_n) with (5.5) C_ε = C‖ ρ_n g ‖^{−1}_{L∞(R(ε))}.

Due to the propagation of localization (5.3), we see that ‖^{ρn}_g ‖_L∞_{(R(ε))} < ∞, uniformly in n and hence C_ε > δ > 0 uniformly in n, which implies that |D(ρ_n)| ≤ e^{−δ̃n}. □

References

[Bar] Barron, A. R., Entropy and the central limit theorem, Ann. Prob 14 (1986), 336– 342.

[Br] Brown, L. D., A proof of the Central Limit Theorem motivated by the Cramer-Rao inequality, in “Statistics and Probability...” Kallian pur et al., eds., North Holland, Amsterdam 1982, 314–328.

[Car] Carlen, E. A., Superadditivity of Fisher’s Information and Logarithmic Sobolev Inequalities, J. Funct. Anal. (to appear).

[CC1] Carlen, E. A., Carvalho, M. C., Strict entropy production bounds and stability of the rates of convergence to equilibrium for the Boltzmann equation, J. Stat. Phys. 67 (1993), 578–608.

[CC2] Carlen, E. A., Carvalho, M. C., Entropy production estimates for Boltzmann equations with physically realistic collision kernels, J. Stat. Phys. 74 (1994), 743–782.

[CCT] Carlen, E. A., Gabetta, E., Toscani, G., Propagation of Smoothness and the Rate of Exponential Convergence to Equilibrium for a Spatially Homogeneous Maxwellian Gas, Commun. Math. Phys. (1999), Springer-Verlag, 521–546.

[CELMR] Carlen, E. A., Esposito, R., Lebowitz, J., Marra, R., Rokhlenko, A., Kinetics of a Model Weakly Ionized Plasma in the Presense of Multiple Equilibria (1998), 193–218.

[Cr] Crawér, H., “On a new limit theorem in Probability”, in Colloquium on the theory of Probability (1937), Herman, Paris.

[CS] Carlen, E. A., Soffer, A., Entropy Production by Block Variable Summation and Central Limit Theorems, Commun. Math. Phys. 140 (1991), 339–371.

[Csi] Csiszar, I., Informationstheoretische Konvergenzbegriffe im Raum de Wahrscheinlichkeitsverteilungen, Publications of the Mathematical Institute, Hungarian Academy of Sciences, VII, Series A (1962), 137–157.

[Dem] Dembo, A., Information inequalities and uncertainty principles, Stanford University Texhnical Report No. 75 (1990).

[Des] Desvillettes, E., Entropy dissapation rate and convergence to equilibrium in Kinetic Equations, Commun. Math. Phys 123 (1989), 687–702.

[DeSt] Deuschel, J. D., Stroock, D. W., Large deviations, Academic Press, Boston (1989).

[De94] Desvillettes, L., On the regularizing properties of the non cut-off Kac equation, Commun. Math Phys. 168 (1990), 417–440.

[DoVa] Donsker, M. D., Varadhan, S. R. S., Asymptotic evaluation of certain Markov process expectations for large time, I. Commun. Pure Appl. Math. 28 (1975), 1– 47. [El83] Elmroth, Global boundedness of moments of solutions of the Boltzmann equation for forces of finite range, Arch. Rat. Mech. Anal. 82 (1983), 1–12.

[Fis] Fisher, R. A., Theory of statistical estimation, Proc. CAm. Phil. Soc. 22 (1925), 700–725.

[GaJL] Gallavotti, G., Jona-Lasinio, G., Limit theorems for multidimensional Markov processes, Commun. Math. Phys. 41 (1975), 301–307.

[Gaw] Gawedzki, K., Block Spin Renormalization. In, Mathematics and Physics, Recent Results, Vol 1, (1983), World Scientific, Singapore.

[Gro] Gross, L, Logarithmic Sobolev inequalities, Am. J. Math. 97 (1975), 1061–1083.

[GPV] Guo, M. Z., Papanicolau, G. C., Varadhan, S. R. S., Nonlinear diffusion limit for a system with nearest neighbor interactions, Commun. Math. Phys. 118 (1988), 31–67.

[GTW] Gabetta, E., Toscani, G., Wennberg, B, Metrics for probability distributions and the trend to equilibrium for solutions of the Boltzmann equation, J. Stat. Phys. 81 (1995), 901–934.

[Ku] Kullback, S., A lower bound for discrimination information in terms of variation, IEEE Trans. Info. Thy. 4 (1967), 126–127.

[Li95] Lions, P. L., Compactness in Boltzmann’s equation via Fourier integral operators and applications III, J. Math. Kyoto Univ. 34 (1994), 539–584.

[Lie78] Lieb, E. H., Proof of entropy conjecture of Wehrl. Commun. Math. Phys., Commun. Math. Phys. 62 (1978), 35–41.

[Lie89] , Gaussian kernels have Gaussian maximisers, Princeton preprint (1989).

[LT95] Lions, P. L, Tosconi, G., A strengthened central limit theorem for smooth densities, J. Funct. Anal. 128 (1995), 148–167.

[McK] McKean, H., Speed of approach t equilibrium for Kac’s caricature of a Maxwellian gas, Arch. Rat. Mech. Anal. 21 (1966), 391–367.

[Sta] Stam, A., Some inequalities satisfied by the quantities of information of Fisher and Shannon, Info. Contr. 2 (1959), 101–112.

Math Dept. Georgia Tech, Atlanta, Georgia

Mathematics Department, Rutgers University, New Brunswick, NJ 08903 E-mail address: soffer@math.rutgers.edu