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Abstract

We prove for a class of nonlinear Schrodinger systems (NLS) having two
nonlinear bound states that the (generic) large time behavior is character-
ized by decay of the excited state, asymptotic approach to the nonlinear
ground state and dispersive radiation. Our analysis elucidates the mecha-
nism through which initial conditions which are very near the excited state
branch evolve into a (nonlinear) ground state, a phenomenon known as
ground state selection. Key steps in the analysis are the introduction of a
particular linearization and the derivation of a normal form which reflects
the dynamics on all time scales and yields, in particular, nonlinear Master
equations. Then, a novel multiple time scale dynamic stability theory is
developed. Consequently, we give a detailed description of the asymptotic
behavior of the two bound state NLS for all small initial data. The methods
are general and can be extended to treat NLS with more than two bound
states and more general nonlinearities including those of Hartree-Fock type.
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1. Introduction and statement of main results

In this paper we study the detailed dynamics of the nonlinear Schrodinger equation
with a potential (NLS) !:
i, = Ho + No|*o. (1.1)

Here, H = —A + V(z) is a self-adjoint operator on L?(IR?) and ) is a coupling
parameter, assumed real and of order one. We assume that V(z) is a smooth
potential, which decays sufficiently rapidly as |z| tends to infinity (short range).
Finally, we assume that the operator H has no zero energy resonance [24, 31|, a
condition which holds for generic V.

NLS is a Hamiltonian system with conserved Hamiltonian energy functional:

Halg) = [IVo@)P + V@lo)? + Sl da (12)

and additional conserved integral
Nlo] = [|o() da (13)

These conserved integrals are continuous in the H'(IR?) topology. An extensive
discussion of the well-posedness theory can be found in the [6, 22, 52]. In partic-
ular, NLS is well-posed globally in time in the space H'(IR?), for initial data, ¢y,

which is sufficiently small in H*.

Throughout this paper we shall assume that ¢, has sufficiently small H! norm.

We shall use the notation:
& = l¢ollin (1.4)

For V (z) which decays sufficiently rapidly as |z| tends to infinity (short range
potentials) the spectrum of H [35] consists of discrete spectrum, o4(H), consist-
ing of a finite number of negative point eigenvalues, and continuous spectrum,

o.(H) =[0,00). The dynamics of solutions for A = 0 (linear Schrédinger) is very

In a similar way, one can treat nonlinearities AK [|¢|?] is a nonlinear term which can be local
or nonlocal. Typical examples are: K[|¢|?] = |¢|P and K|[|¢|?] = K % |$|?, for some convolution
kernel, K.



well understood. Let ;. and FE;, denote bound states and bound state energies

of the linear Schrodinger operator H:

Hij = Ejptje, (Vo Ve)rz = g (1.5)

Arbitrary initial conditions in an appropriate Hilbert space, evolve as t tends
to infinity into a time-quasiperiodic part consisting of a superposition of time
periodic and spatially localized states with frequencies given by the eigenvalues
and a dispersive or radiative part, which decays to zero as t tends to infinity in
appropriate spaces, e.g. LP, p > 2, L*((x)™° dx).

In order to be more precise, introduce P,,, the orthogonal projection onto the
continuous spectral subspace of H:

Pc*f - f - Z <w]*’f> 'lvbj*' (16)

J

The solution of the linear Schrodinger equation can be expressed as

6_th¢0 = Z <¢j*7¢0> 7vbj?ke_“[;j*t + e_thPC*¢0' (17)

J

The time decay of the continuous spectral part of the solution can be expressed,
under suitable smoothness, decay and genericity assumptions on V' (z), in terms

of local decay estimates [24, 31]:
| (@) =7 Pty [l2m0) < O3 || (2)7 00 Il 2qms), (1.8)
o> 09 >0,and L' — L* decay estimates [25, 61]
| e M Pead lueuny < ClI2 1| o llzscan. (1.9)

For A # 0 the bound states of the linear problem persist, and bifurcate from
the linear states at zero amplitude into branches of nonlinear bound states [38].
Of interest to us is the detailed dynamics of the nonlinear problem on short,
intermediate and long time scales and, in particular, the manner in which the
nonlinear bound states participate in the dynamics. In [38] variational methods
were used to establish the existence and orbital Lyapunov stability of bound states
which are local minimizers of H,,, subject to fixed N; see also [59, 15]. This result

says that initial data which is close, modulo a phase adjustment, in H' to the



ground state remains H'! close to a phase adjusted ground state for all time. The
H' norm is closely related to the conserved Hamiltonian energy of the system and
is insensitive to dispersive phenomena. Therefore, the detailed dynamics is not
addressed by this result. For example, could the large time dynamics consist of a
nonlinear ground state plus a small nonlinear excited state part? The main result
of this paper implies that this cannot occur.

For the nonlinear problem, the simplest question to consider is the case where
H has only one simple eigenvalue and the norm of the solution is small. The
detailed dynamics was studied in [43, 44, 33, 57]. Small norm initial data are shown
to evolve into an asymptotic nonlinear ground state and a radiative decaying part.

In this paper we study the multibound state variant of this question. We
consider the specific case where H has two simple eigenvalues, Fy, and E;,. The

linear Schrodinger equation then has two time-periodic solutions g.e”#0< and

Yre Bt with Hipj = Eju)j., ¥ € L2 Therefore [38], NLS has two branches
of nonlinear bound states bifurcating from the zero state at the eigenvalues of H,
Ty e ot and W, e~ with W, € L? satisfying
HU o + AN, |20, = E;¥, . (1.10)
Here, a; denotes a coordinate along the j™ nonlinear bound state branch and
E; = Ej. + O(|oy]?). (1.11)
In contrast to the linear behavior (1.7) our main result is the following:

Theorem 1.1. Consider NLS with V (x) a short range potential supporting two
bound states as described above. Furthermore, assume that the linear Schrédinger
operator, H, has no zero energy resonance.

(1) Assume the initial data, ¢(0), is small in the norm defined by:

[0(0)]x = [I{x)7¢(0) ]+, (1.12)

where k > 2 and o > 0 are sufficiently large. Let ¢(t) solve the initial value
problem for NLS.

Assume the (generically satisfied) nonlinear Fermi golden rule resonance condition®

Ly = N1 (Yo, 6(H — w)todi,) > 0 (1.13)

2The operator f + 0(H — w,)f projects f onto the generalized eigenfunction of H with
generalized eigenvalue w,. The expression in (7.4) is finite by local decay estimates (1.8); see
e.g. [47].




holds, where
Wy = 2E1* — E()* > 0. (]_]_4)

Then, ast — oo
¢(t> N e—iwj(t)\ljaj(oo) + eiAt¢+’ (115>

in L?, where either j =0 or j = 1. The phase w; satisfies
wj(t) = wi’t + O(logt) (1.16)

Here, V(o) is a nonlinear bound state (section 3), with frequency Ej;(oo) near
Ej.. When j = 0, the solution is asymptotic to a nonlinear ground state, while in
the case 7 = 1 the solution is asymptotic to a nonlinear excited state.

(2) More specifically, we have the following expansion of the solution ¢(t):

o(t) = €_i®0(t)\pao(t) + 6_i®1(t)\llal(t)
i ﬂle_iHO(oo)tchE-i-(t) + Rloc(t) + Rnloc(t)’
where as t — oo
@;(t) — w;(t) — 0,q;(t) — a;j(c0) — 0 (47

and such that for each initial state, ¢(0),

|ag(00)] - Jen(o0)| = 0,
(5+(t) — ¢4 in L?,
|Rioe(B)lla = Ot 3)
|Rutoe( )l = O(t72).

Here, Hy(00) is a small spatially localized perturbation of the operator
o3(—A + V(z))

and P. = P.(Hy(c0)), the projection onto its continuous spectral part. Finally,

w1 maps the vector (21, z3) to (z1,0).

Remark 1.1. (A) Theorem 1.1 implies the absence of small norm time - quasiperi-
odic solutions for this class of nonlinear Schrédinger equations [41]. Intuitively,

one can explain why one expects only a pure state in the limit t — oo and how the
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condition on w, = 2F, — Ey, arises. Our intuition is based on viewing the nonlin-
earity as linear time-dependent potential; see also [41, 42]. An approximate super-
position of a nonlinear ground state and excited state ¢ ~ U, e” ot + W, 1t

can be viewed as defining a self-consistent time-dependent potential:

Wiz, t) = MU e Fot 4, e 12
= A|Wq + g e 7 F2
~ )\|\Ifa0|2—|—2)\COS((E1 —Eo)t+7)\lf|ao|\lf‘al‘ (1.18)

for |an| << |ag|. As shown in [48], [28], [29] data with initial conditions given
by the unperturbed excited state decay exponentially on a time scale of order
7 ~ O(Jagay|™2) provided the forcing frequency, Ey — Ey ~ Ey, — FEy. > —FEjy, or
we = 2K, — Eo. > 0.

(B) Theorem 1.1 implies asymptotic stability and selection of the ground state
for generic small data. Part 1 of Theorem 1.1 implies a form of asymptotic com-
pleteness.

(C) Since we control the decay of solutions in Wk our results imply global
existence of small solutions in H?® for all s sufficiently large.

(D) The asymptotic state where |a1(00)| # 0 (and therefore |ag(oc0)| = 0) is non-
generic. This can be seen by linearization about the excited state. The linearized
operator, Hy, is a localized perturbation of an operator having embedded eigen-
values in its continuous spectrum, under our hypothesis w, = 2FE1, — Fy, > 0. The
connection between embedded eigenvalues in the continuous spectrum of an ap-
propriate linear operator and the non-persistence of localized time periodic states
and between embedded eigenvalues in the continuous spectrum of an appropriate
linear operator was explored first in [41, 42]. It is well known that embedded
eigenvalues in the continuous spectrum are unstable to generic perturbations; see,
for example, [7, 14, 47]. In this case, the embedded eigenvalues are perturbed to
complex eigenvalues, with corresponding eigenstates whose evolution is exponen-
tially growing with time, under the condition (7.4). The perturbation to the linear
operator with embedded eigenvalues is however both nongeneric (in that it comes
from linearization of a Hamiltonian nonlinear term about a critical point of the
energy) and breaks self-adjointness with respect to the standard L? inner product.
A second order perturbation theory calculation shows that if w, = 2F, — Eg, > 0

generically the embedded eigenvalue perturbs to an exponential instability [45].
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This suggests the existence of an unstable manifold of solutions for the nonlinear
equation. The existence of such non-generic solutions of NLS with E)(o0) # 0 for
the full nonlinear flow has recently been demonstrated [55].

(E) Theorem 1.1 is stated for the case of two nonlinear bound state branches.
The technique of proof, however, can be used to consider the more general case.
We expect results which are analogous to those of our main theorem, but more
complicated due to the presence of: direct bound state - bound state interactions,
bound state - continuum interactions and bound state - bound state interactions
mediated by the continuum. Multimode Hamiltonian systems have been consid-
ered in the context of linear time almost periodic perturbations have been studied
in [29].

Relation to other work

We now wish to further put our results in context. Research on nonlinear scat-
tering in the presence of bound states has followed two related lines.

A. Nonlinear dispersive waves in systems with defects, potentials,...
Our analysis centers around nonlinear bound states which bifurcate from linear
bound states of the operator, H, obtained by linearizing about the zero solution.
These bound states exist at all sufficiently small amplitudes (measured in any H*
norm, s > 0). The behavior of the “bifurcation diagram” for larger amplitudes
depends in a detailed way on the details of the nonlinearity, the spatial dimension
and the norm [38]. Such nonlinear bound states are also called nonlinear defect
modes, nonlinear localized modes or nonlinear pinned modes. They are localized
about or “pinned” to the support of the potential, V', and arise due to a local de-
viation from translation invariance or a “defect” in the homogeneous background
which acts as an attractive potential well. To get a more refined picture of the
dynamics than in the H! theory, one must consider the linearized evolution about
the family of nonlinear ground states. This linearized operator has continuous and
discrete spectral parts inherited from the linear bound state spectral structure.
In particular, the discrete spectrum contains an eigenvalue at zero corresponding
to the ground state and a pair of eigenvalues (located symmetrically about zero)
corresponding to the excited state. Thus, at linear order a solution infinitesimally
close to the ground state formally appears to be quasiperiodic in time - a ground
state plus a small excited state oscillation. However, at higher order in perturba-

tion theory one finds nonlinear resonant coupling of the neutral oscillatory modes



to the continuum and as a result these slowly damp to zero; generically, for very
large time energy splits between the ground state and dispersive parts of the so-
lution. This mechanism for relaxation to the ground state was earlier considered
for the nonlinear Klein-Gordon wave equation with a potential, where the decay
of “breather-like” solutions was studied [49]. In this work, small norm solutions
relax to the zero solution via resonant energy transfer out of the bound state to
radiation modes and dispersive radiation of energy to infinity; the zero solution
plays the role of the ground state. Results concerning special classes of initial
data are considered in work of S. Cuccagna [11] and T.-P. Tsai and H.-T. Yau
[53, 54].

B. Nonlinear dispersive translation invariant equations: A closely related
line of research focuses on the translation invariant nonlinear Schrodinger equa-
tion. Here the equation is (1.1) with V' taken to be identically zero nonlinear
coupling parameter A < 0. In this case, the equation has solitary wave solutions,
obtainable by minimization of He,[¢] subject to N[¢] = Ny. For NLS in dimen-
sion n with cubic nonlinearity replaced by the general power nonlinearity |¢[P~1¢,
we have that if p < 1+ %, the foregoing variational problem has a unique (up
to translation) radially symmetric ground state solution for any Ny > 0. In the
case when V(z) # 0 is a potential supporting bound states, the small Ny solu-
tions agree with the bifurcating bound states discussed above [38]. As pointed out
earlier, constrained energy minimizers are H' orbitally Lyapunov stable [12, 59].
An interesting feature of solitary waves in the translation invariant case is the
presence spurious neutral oscillations. These are sometimes called internal modes
[23]. To explain this, consider the linearization about a ground state solitary wave
(p<1+4 %) Due to the underlying symmetric group of the equation (transla-
tion invariance, phase invariance, Galilean invariance,..) this linearization has a
(generalized) zero eigenvalue of multiplicity related to the dimension of equation’s
symmetry group. In the non-integrable cases (n = 1, p # 3 and n > 2) the lin-
earization has additional neutral modes. These neutral modes approach zero as p
approaches 1+ %; the dimension of the zero subspace jumps by two at p =1+ %,
the critical case, corresponding to the larger group of symmetries and the existence
of a pseudo-conformal invariant [58]. V.S. Buslaev and G. Perel'man [3] consid-
ered the problem in one space dimension and showed that nonlinear resonance

of these “internal modes” with the continuum is responsible for their damping



on long time scales and the asymptotic stability of solitons. See also the recent
work of V.S. Buslaev and C. Sulem [4]. Their analysis was restricted to one space
dimension only in their use of explicit eigenfunction expansion methods to obtain
the required local energy decay estimates. S. Cuccagna [10, 11] extended their
results to more general nonlinearities and general space dimensions. In his anal-
ysis, the required dispersive estimates are obtained by adapting K. Yajima’s [61]
approach in which the wave operators, which conjugate the linearized operator on
its continuous spectral part to the constant coefficient “free” dispersive evolution,
are shown to be bounded on W*? spaces. This method was also used in [49].

Another feature, common to problems of type A. and B. is the use of the
method of normal forms. In the context of nonlinear scattering, normal form
ideas were used to obtain the local behavior in a neighborhood of a soliton in [3]
and for the decaying breather-like state in [49]. In contrast to the normal form
for finite dimensional Hamiltonian systems, resonant interaction with the contin-
uous spectrum gives rise to a more general normal form which captures internal
damping, due to energy transfer out of certain discrete modes to the continuum
modes; see the discussion in the introduction to [49]. In the present work, we
derive a nonlinear master equation, coupled equations for the renormalized (up to
near identity transformations on the complex discrete mode amplitdues) discrete
mode square amplitudes ("mode powers”), which governs generic dynamics on
large intermediate and very long time scales. Normal forms of this type, expected
to be valid for very long times, were derived and studied in the local analysis
about the steady and “ wobbling ” kink-like solutions of discrete nonlinear wave
equations in [26]. A key feature of the normal form of the current work is our
analysis of its behavior on different time scales and the analysis of its transitional
behavior across time scales, for general initial data.

Finally, we point out that there are many important areas of application which
motivate the for study of the class of models we treated in this paper. We mention
two. At the most fundmanental level the nonlinear Schrodinger equation arises
as a mean field limit model governing the interaction of a very large number of
weakly interacting bosons [21], [51], [30], [9]. At a macroscopic level, it has been
shown that equations of this type arise as the equation governing the evolution
of the envelope of the electric field of a light pulse propagating in a medium with
defects. See, for example, [17, 19, 20].
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2. Structure of the proof

We now sketch our analysis. Certain notation is defined in the appendix of section
16. In analogy with the approach introduced in [43],[44] in the one bound state
case, we represent the solution in terms of the dynamics of the bound state part,
described through the evolution of the collective coordinates cy(t) and o4 (t), and a
remainder ¢9, whose dynamics is controlled by a dispersive equation. In particular

we have
o(t, ) = o~ Jo Fols)ds—iO(1) ( Uooit) + Var () + ba(t, ) ) (2.1)

We substitute (2.1) into NLS and use the nonlinear equations (1.10) for ¥,
to simplify. Anticipating the decay of the excited state, we center the dynamics
about the ground state. We therefore obtain for ®; = (¢y, ¢2)? the equation:

10,0y = Ho(t) Dy + G(t, z, ®y; 0,a(t), DA, 9,0(1)) (2.2)
where, Hy(t) denotes the matrix operator which is the linearization about the
time-dependent nonlinear ground state W, 4. The idea is that in order for ¢,(t, x)
to decay dispersively to zero we must choose ag(t) and a;(t) to evolve in such a

way as to remove all secular resonance terms from G. Thus we require,
Pe(Ho(t))P2(t) = 0, (2.3)

where P.(H,) denotes the continuous spectral projection of Hy; see also condition
(5.13). Since the discrete subspace of Hy(t) is four dimensional (consisting of
a generalized null space of dimension two plus two oscillating neutral modes)
(2.3) is equivalent to four orthogonality conditions implying to four differential
equations for ag, a; and their complex conjugates. These equations are coupled
to the dispersive partial differential equation for ®,. At this stage we have that
NLS is equivalent to a dynamical system consisting of a finite dimensional part
(6.23-6.24), governing @; = (o, @;), j = 0,1, coupled to an infinite dimensional

dispersive part governing ®,:
itha = A(t)d+ F,
0,0y = Ho(t)Py + Fy (2.4)

11



We expect A(t) and Ho(t) to have limits as ¢ — £oo. Our strategy is to fix
T > 0 arbitrarily large, and to study the dynamics on the interval [0, 7. In this
we follow the strategy of [3, 11]. We shall rewrite (2.4) as:

i@ = AT)d+ (A(t) — A(T))@ + F,
i0,®y = H(T)®s+ (Ho(t) — Ho(T))0s + F (2.5)

and implement a perturbative analysis about the time-independent reference lin-
ear, respectively, matrix and differential, operators A(T) and Ho(T).

More specifically, we analyze the dynamics of (2.5) by using (1) the eigenvalues
of A(T) to calculate the key resonant terms and (2) together with the dispersive
estimates of e~ (TP (T) [10].

Note also that P.(T')®4(t) # Po(t) because Po(t) € Range P.(t) # Range P.(T).

We therefore decompose P, as:
P, =disc(t; T) + n, n=P.(T)n (2.6)

where disc(¢; T') lies in the discrete spectral subspace of Ho(7) and show that
disc(t; T) can be controlled in terms of 7.

The expected generic behavior of this system is that a; and ®5 decay with a
rate ¢~2. This slow rate actually leads to an equation for a; with the character
O ~ (%p — 8t(:))oz1+ integrable in ¢; see (6.12). Thus, © is chosen to satisfy
9,0 ~ % p ensuring that oy has a limit. In this way a logarithmic correction to
the standard phase arises; see (1.16).

Next we explicitly factor out the rapid oscillations from «; and show that,
after a near identity change of variables (o, 1) — (o, 31), that the modified

ground and excited state amplitudes satisfy the system:
i0do = (con+ilw) |Bil'd0 + Faldo, 61, n,1]
061 = (e — 2T0)|a0*|A?8 + Fsldo, B, t); (2.7)

see Proposition 7.1. It follows that a Nonlinear Master Equation governs P; =

|@;|?, the power in the j mode:

dP,

d—to = 20P2P) + Ro(t)

dP

d—tl = —ATP2P, + Ry (1). (2.8)

12



Coupling to the dispersive part, @5, is through the source terms Ry and R;. The
expression "master equation” is used since the role played by (2.8) is analogous
to the role of master equations in the quantum theory of open systems [13].

A novel multiscale Lyapunov argument is implemented in section 8 charac-
terizing the behavior of the system (2.8) coupled to that of the dispersive part
on short, intermediate and long time scales. We consider the system (2.8) on
three time intervals: Iy = [0, %] (initial phase) I = [to, t1] (embryonic phase) and
Iy = [t1,00) (selection of the ground state).

For t > tg, the terms Ry(t) and R;(t) are shown (Proposition 12.1) to have

the form

bO (t07 80)

Ro(?) Ok + po(&o, t) PP} (2.9)

(t)?
where

bo=O({to)™) , b1 = O({te)"?) (2.11)

Ry(t) and R;(t) have parts which are local in time and nonlocal in time. The
handling of nonlocal terms is explained in section 8.

We set (Proposition 9.2)
1

b
P+ w (2.12)

L
||
=
|
|
©
||

where by and by are positive and satisfy (2.11) as well.

Discussion of time scales
Estimates (2.9-2.10) and the definitions (2.12) imply an effective finite-dimensional

reduction to a system of equations for the “effective mode powers”: Qy(t) and
@1(t), whose character on different time scales dictates the full infinite dimen-
sional dynamics, in a manner analogous to role of a center manifold reduction of

a dissipative system [5].

Initial phase —t € Iy = [0, to]: Here, Iy is the maximal interval on which Qo (t) < 0.

If to = oo, then Py(t) = O((t)™%) and the ground state decays to zero. In this

case, we show in section 15 that the excited state amplitude has a limit as well

(with may or may not be zero). This case is nongeneric.

13



Embryonic phase —t € I = [to, t1]: If tg < oo, then for ¢ > ty:

% > 2I'QuQ]
dd%l < QU + O(/QuQT). m > 4 (2.13)

Therefore, )y is montonically increasing; the ground state grows. Furthermore, if

(o is small relative to )1, then

=0 is montonically increasing, (2.14)
1

in fact exponentially increasing; the ground state grows rapidly relative to the
excited state.

Selection of the ground state t € Iy = [t;,00): There exists a time t = #;, tg <
t; < oo at which the O(v/QoQ7') term in (2.13) is dominated by the leading

("dissipative”) term. For ¢ > ¢; we have

d@

—dto > 2I"QuQ3

d /

—gl < —AT'QQ7. (2.15)

It follows that Qo (t) — Qo(c0) > 0 and Q4(t) — 0 as t — oo; the ground state is

selected.

3. Linear and nonlinear bound states

In this section we introduce bound states of the linear (A = 0) and nonlinear
(A # 0) Schrodinger equation (1.1).

Bound states of the unperturbed problem

Let H=—A+V(x). We assume that V' (x) is smooth and sufficiently rapidly
decaying, so that H defines a self-adjoint operator in L?. Additionally, we assume
that the spectrum of H consists of continuous spectrum extending from 0 to

positive infinity and two discrete negative eigenvalues, each of multiplicity one.
o(H) = {FEo, E.} U [0,00) (3.1)
Therefore, there exist eigenstates, ;. € D(H), j =0, 1 such that
Hju = Ejut)j. (3.2)

14



We also introduce spectral projections onto the discrete eigenstates and con-

tinuous spectral part of H, respectively:

Pc* = [_PO*_Pl*

Nonlinear bound states
We seek solutions of (1.1) of the form
¢=c"Fp, (3.3)
Substitution into (1.1) yields
HYp + ANV *Vp = Ejp, (3.4)

We introduce a bifurcation parameter, «;, for the 5 nonlinear bound state branch
and define
a; = (aj,a;) (3.5)

Proposition 3.1. [38] For each j = 0,1 we have a one parameter family, ¥, =
U;, of bound states depending on the complex parameter a;; = |a;|e” and defined

for |a;| sufficiently small:

Ui(z) = ogy(a; ogl?) = e oyl (a; |ay)?)
= (@) + Moy P (25 oy ) )
=y (@) + Moy Pl (2;0) + Oy ). (3.6)
Here,
I (@;0) = —(H — Ep.) ™' (I - Pg, )05, (3.7)
Ej = Eid;) = B+ oPE (Joy)
= Ejot A [ e og + O(lagl). (3.8)

The mapping a; — (E;(d;), ¥;(-;d@;)) is smooth.

15



The proof uses standard bifurcation theory [32], which is based on the implicit
function theorem. The analysis extends to the case of nonlocal nonlinearities.
A variational approach can also be used to construct nonlinear bound states.
Variational approaches, though more global, do not directly yield the information

we require concerning smooth variation with respect to parameters.

Remark 3.1. ¥; depends on «; and @;. We shall compute derivatives of the

nonlinear bound states ¥, with respect to «; and @; and use the notation:

-

Vi = (0n,05) = (8, 3) (3.9)

In what follows we shall “modulate” these bound states. That is, we shall

allow @ to vary with time. For convenience, we shall use the notation:

U,(t,x) = \Iiaj(t) (2),
Ei(t) = Ei(je;())

4. Linearization about the ground state

Let ¥ denote a nonlinear bound state (ground state or excited state) of (1.1); see

section 3. Then,
HY + MUV = E U, (4.1)

We first derive the linear stability problem. Let
¢ = (U + p)e ™, (4.2)

where p denotes the perturbation about W. Substituting (4.2) into (1.1) and
neglecting all terms which are nonlinear in p and P, we obtain the linearized

perturbation equation
iop = (H—E+2)\¥]>) p+ U F (4.3)

Since p appears explicitly in (4.3) it is natural to consider the system for



where

H = (4.6)

2

AT H—E+ 2|V

1 0
0’3:<O _1> (47)

Later in this paper we shall refer specifically to the linearization about a
“curve” of bound states (U, (¢), E;(t)) and will denote by H;(t) the operator (4.6)
with E replaced by E;(t) and ¥ replaced by ¥,(¢). Our main focus will be on the

operator family

(H—E+2)\|\If|2 e )
g3 = )

where

Ho(t) = Heyw),wo)- (4.8)

The nonlinear bound state W is linearly spectrally stable if the spectrum of
H, o(H), is a subset of the real line 3. W is linearly dynamically stable if, in an
appropriate space, all solutions of the initial value problem for (4.5) are bounded
in time. That is, in some norm e~7%! is a bounded operator. Linear dynamical
stability of the ground state Wy follows from [58]. For this result and the necessary
stronger dispersive estimates on e~"0? [10], we require information on the discrete
spectrum of Hy and the corresponding spectral subspaces.

—iHot

Before stating these results we observe that the operator e can be ex-

pressed in terms of the operator treated explicitly in [58], [10]. To see this, express
the ground state as W = |Wg|e” (|Wy| > 0), where v = arga is a constant. Set
p = €7q. Then, by (4.3) we have:

i0hg = (H—Eo+2\Wol* ) g+ ;7 (4.9)

Now let ¢ = u + tv, where u and v are real. Then,

at(g)zmo(jj), (4.10)
where

(0 -1 -~ Hy— Ey— \T[? 0
J—<1 0 )andHo—< 0 Hoy — Ey — 3\ 02 (4.11)

3The spectrum of H has the symmetries one expects for Hamiltonian systems. The mappings
A — —Xand X — X send points in the spectrum to points in the spectrum. Note that if ¢ is
an eigenvector of H with eigenvalue p then o1€ is an eigenvector of H with eigenvalue —p.
Therefore, {_,, = m.
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Note that

— —iHot =

p(t) = 7T1]9(t) = me Do
= v ( ﬁle‘m‘)t Rqgy + imge’ ot %qo) , (4.12)

where (21, 22) = (21,0) and 7 (21, 22) = (0, 25). Therefore, we have:

—iHot JJEIOt

Proposition 4.1. Estimates on e are equivalent to those for e and are

independent of .
We now turn to a detailed discussion of the spectral properties of H.

Proposition 4.2. Consider Hy, the linearization about the ground state. Let ay
be sufficiently small.

(1) 0(Ho) is a subset of the real line.

(2) Gaiscrete(Ho) = {—4,0, pu}, where 0 < p < |Ej|.

(3) Zero is a generalized eigenvalue of Hy. The generalized null space, N,(Hy), is

N,(Ho) = span {ag ( %) : (giziz )} (4.13)

(4) £ are simple eigenvalues. We denote their corresponding eigenfunctions by

given by

§, and &_,,. For |ap| small we have the expansion:

1% = El — E() + O(|Oé0|2) (414)
§ = ( (1] )@bl* + ( [20[*ex(]ol") ) (4.15)

agca(laol?)
§p = 01y, (4.16)

where ci(a) and cy(a) are real analytic functions in a.
(5) U(HO) - Udiscrete(HO) - (—OO, E()] U [—EO, OO)

The proof of Proposition 4.2 is in the appendix of section 17.
Note that if w is an eigenvalue of H:
o3Lg =Hg = wg (4.17)
then w is an eigenvalue of H* with corresponding eigenfunction o3g:
Los(o3g) = H*(039) = wosg. (4.18)

Therefore, we have
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Proposition 4.3. (1) o(H;) = o(Hy)
(2)
Ny(Hp) = span{< i—z ) , 03 ( gﬁziz )} (4.19)

N(Ho F p) = span {038, 038} = {Gu (-} (4.20)

(3)

Here,
Cu = U3€u and C—u = _035—;“ (4'21)

where this choice of (_, is taken so that ((_,,¢_,) =1 in the |ag| | 0 limit.

Nondegenerate basis for the discrete subspaces of H, and H;

For fixed E # Ej, the basis of N,(H}) displayed in (4.19) is a natural basis
due to its direct connection to the symmetries of NLS. However, this basis is
degenerate and singular in the limit £ — Fjy,, as we shall now see.

Consider the basis of N,(H) displayed in (4.13). Beginning with the first

element of this basis, explicitly we have:
Yo\ aoto(-; aol?) | _ 1
” ( T ) - ( wavol-ifaoft) ) =00y JFo (42

. Y0
ap = |a|e™, Go = ( ¢ 0 ) , (4.23)

where

O 6_7;70

and

Fy = do(]ao?) = o + oo’ (- [oo]?)
= ou + lao>x(-,0) + X (4.24)

Here and subsequently we use the notation x(-,p) to denote a generic real-valued
localized function of x with smooth dependence on a parameter, p, and ngj ) is
localized in z and O(|a;|%).

A nonsingular element of the N,(Hy) is obtained by dividing out p,. We

therefore define

o1 = 03Go ( } ) Fy(p) (4.25)
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We now turn to the second element of the basis displayed in (4.13). First note
that
0 0
- — Y0 . 2
a|a0| 0 € a|a0| (|0‘0W0( ) |Oé0| ))

= 0 {’(/Jo + |040|2X('§ |O‘0|2)]

Differentiation of (3.4) with respect to |ay| yields:
(H = E)0jao|Yo + 2|P0[*0j0g| Yo + Y500 Yo = (0jao| E) Vo (4.26)

Taken together with the complex conjugate of (4.26), this yields, after multipli-

cation by oj:

1 y 1
UgHG()( 1 )FO = (a|a0|E) O'3G()< 1 ) |Oé0|’¢10

= |ao/éor (4.27)
We define
£ = Go ( ' ) R, (4.28)
where 5
Fo = Gianl (loolto(- laol®)) = to. + ao*x(, |ao[?). (4.29)

By the above calculation &y, lies in the null space of (03H)?. Therefore, the pair of
vectors: £y and py spans Ny(Hp) and is nonsingular as Ey — Ey,. By a previous

remark:
Co1 = 03802 and (o2 = 03801 (4.30)

form a nonsingular basis for Hj. This choice of basis will facilitate a uniform
description of the dynamics in a neighborhood of the origin.
The above construction and Proposition 4.2 imply the following basis for the

discrete subspaces of H, and Hj.

Proposition 4.4.

) = span{&o, o2} ( )
Ny(Hg) = span{Cor, Coo} ( )
) = span{{,, & u} (4.33)
) = span{(u, Cp} = {03y, —038p} (4.34)
(Car &) = Capdap + O(Jexg|?), (4.35)
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where a and b vary over the set {(01),(02), u, —p}. For o small we have the

expansions

1 1
b = 03G0<1>F0:03Go<1)(w0*+|a0|2xg®)
= G PV =co( ! (o + LX)
02 = Gof 4 0o="0to| 4 0« T || Xo

& = (o) (etloard) +a (] )x

and §_, = 01&,.

Finally, we shall find it useful to note that

o1 = 03602 = &0 + || x(z; |owo]?).

Estimates for the linearized evolution operator
Theorem 4.1. (Linear dynamical stability [58]) Let
M = Ny(Hy)" n(H' x H').
There exists C > 0 such that for any f € M
1™ fllm < ClIf |l
Theorem 4.2. (Dispersive estimates) Let

My = [Ny(Hg) & N(H" F p)]+

(0)
0

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

and P, the associated continuous spectral projection. For any q > 2 there exists

C14 > 0 such that

le™™ @ Pofllzs < Crg t7574]| |20,

where p~t + ¢~ = 1.

(4.41)

The L' — L™ and, more generally, [P — L9 estimates, are known in the

self-adjoint case [25, 61, 37]. The extension to matrix Hamiltonians with non-

selfadjoint off-diagonal part is more complicated. The comprehensive results of

[18, 39, 40] cover Theorem 4.2; ; see also [10]
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Remark 4.1. We shall in later sections use the notation M(t) and M;(t) to
denote corresponding time-dependent subspaces relative to the time dependent

operator H(t).

Theorem 4.3. (Local decay estimate) Let o be sufficiently large. Let w € { v €
IR : |v| > |Ey| }, the interior of the continuous spectrum of Hy. Then, for t > 0

IA

() ~7e~ ™0 P, (Hy — w — i0) ™" (2) |52 O3, 1=0,1 (4.42)
[2) = —e ™ Pul) oy < C8) 37, (4.43

where 7'~l0 = Ho + Eyos. Fort < 0, the same estimates hold with —i0 replaced by
+i0 in (4.42).

We now sketch a proof, using that Hy = HP¥9 4 ¢ W, where €* is small and

W is bounded and localized . For the propagator associated with the diagonal

part, e~ *H”" we have the dispersive L' — L estimate with bound ¢~3. This

implies the bound <t)_% on the propagator from L' N L? — L? + L™, where
[fllz4 2 = min{ [|fill2 + [[felloes f = fi + fo}. The corresponding bound for
the perturbed propagator is obtained by a bootstrap argument, as follows.

Writing the DuHamel formula for e=%! f we obtain

» _3 -3 —t
le™™ " fllizere < COTF Iz + € Cw (77 sup ™™ fllp2s s
5%

b BP9 P fl (4.44)
Let f = P.(Ho)f. The last term of (4.44) can be rewritten as follows:

Pb(HDiag> e—i'Hot f — Pb(HDiag) (PC(HO) . PC(HDiag>) e—i?'{ot f
= —P(HP") (B(Ho) — Po(HP9)) e~™" f (4.45)

Elementary perturbation theory gives that P,(Hy) — P,(HP?9) is of order €* times

a projection onto a localized function. Therefore,
| P (HP9) e flpaype < € Cw [le” ™ Pu(Ho) fllrziz=  (4.46)
It follows that

—3 _3
le™™ fllresre < Cw(t)™2 [ fllpinre.

(4.47)
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Furthermore, we have the local decay estimate (4.42) with [ = 0.

We now sketch the proof of the case (4.42) for [ = 1 and (4.43). For ease
of presentation we sketch the proof in the context of the Schrédinger operator
Hy = —A + V. One has the local decay estimate

[|{z) =7t B (Ho) )~ ||szy < C)72, (4.48)

where o is positive and sufficiently large. The key to the proof is an analysis of

the resolvent, (Hy — A)~! near A = 0. One uses the spectral theorem
e~ p () = / eINET (\)dA (4.49)
0

and an explicit expansion of E’()), which can be expressed in terms of the
imaginary part of the resolvent. The expansion of the resolvent is valid in the
space B(L*((x)°dz), L*({x)~7dz)) for o sufficiently large. Time decay is arbitrar-
ily fast for functions with spectral support away from A = 0, while the 2 decay
results from the behavior near A = 0. The analogue of (4.43) is an estimate for
e~"Ho [} P.(H,), which follows from the expansion of [24] applied to the formula:

e~ FTE P (Fo) = / TR () d (4.50)
0

Remark 4.2. The [P — L9 estimates of Theorem 4.2 are later used to estimate
nonlinear terms which do not include spatially localized factors. In the case of
small data, which we consider here, it is also possible to use the above weaker
L' N L? — L>® + L? estimates. Indeed, the only difference is that we need to
bound the L? norm (not just the L' norm) of the nonlinearity. The L? norm has
even faster decay, since we can bound the L*> norm in terms of Sobolev norms,

which are controlled by the current argument.

Remark 4.3. We also point out that one can prove the L' — L> dispersive
estimate by using the L' N L? — L*> + L? estimate and a cancellation argument
which is rather involved [36].

5. Decomposition and Modulation Equations
Consider the nonlinear Schrodinger equation
06 = Ho + Moo, (5.1)
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In the regime of low energy solutions we decompose the solution of NLS in the

following form:
o(t) = e OO [Wy(t) + Uy(t) + pa(t)] - (5.2)

Here, Wy(t) and Wy () represent motion along the ground state and excited state
manifolds of equilibria and ¢ is a decaying correction term, lying in an appropriate

dispersive subspace. The phase, © is divided into two parts:

O(t) = Oy(t) + O(t), (5.3)

where

0u(t) = | " Eo(s) ds. (5.4)

Thus, 9,00(t) = Ey(t) is the modulated ground state energy, and ©(t) is a “long
range” logarithmic correction, which is to be derived below

We begin by setting
¢ = e OO [Wy(t) + ¢y (5.5)

Substitution of (5.5) into (5.1) yields the following equation for ¢;:

i1 = (H—Et) o1 + 2M|Wo(t)P¢1 + A¥G(t)dr
+ (F0O+2001P) Wo(t) + AT()6F + Men['d1 — 0,0(1)o,
— i0,W(t) (5.6)

Next, we decompose ¢, into a part along the excited state manifold and a

correction term:
¢ = Wi(t) + o (5.7)
We have, using (5.6),

0o = (H — Eo(t)) ¢+ 2X|Wo(t)*d2 + AWG (1) — 0:0(t)2
— (EOI(t)+8té(t)+iat) W (t) + 22X\ Wo(H)2W (1) + AWo(1)2 W (t)
(—00(t) + 2X6[?) Wo(t) + Ao ()63
NEREE AGIRAG)
— 0, V(1) (5.8)
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Since equation (5.8) involves ¢, it is natural to consider the system governing ¢

and ¢o. Let
_ (2
o, = <¢2> (5.9)

and introduce the matrix linear operator:

_ H — Eo(t) + 2| Wo (1) ATE(t)
o = oo 1R 1 Eft)+ 20w ) 10
Then we have (recall that ¢; = ¥y + ¢9)
0,9 = Ho(t)®; +F —id, ( \Ilcoit) ) — ((En(t) + 00(t)os + i, ) < \Ilclit) )
(5.11)
where
_ A g A
F = —8t@(t)03 ( c.c ) — 0t@(t)03 (I)g
oy ( 210020, + V3T )
c.c.
2 L T2 2, 2
+ Aos < 2\1’0|¢1C| C+ Uo7 ) + )\0'3< o1 ¢1CC|\D1| ¥ ) (5.12)

5.1. Modulation Equations

Motivated by the results of Theorem 4.2 on dispersive decay, we shall require that
Dy (1) € My (1), (5.13)

where M, is defined in (?7). Equivalently,
P.(Ho(1))@2(t) = Pa(2), (5.14)

where P.(Hy(t)) denotes the continuous spectral projection of Hy(t). By Propo-

sition 4.3 this imposes four orthogonality conditions on ®o(t):

<U3§a(t)> (I>2(t)> = 07 (515)
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where a € {(01), (02), u, —p1}. We impose (5.15) at ¢ = 0 and now derive modu-
lation equations for the coordinates ag(t) and a4 (t) ensuring that (5.15) persists
for all ¢ # 0.

To derive the modulations we first take the inner product of (5.11) with the

adjoint vectors o3&, to obtain the identity:

. v = : Y
<Usfa , 10y < C'CO_ >> + <U3£a7 ( (Eor + 0:©)o3 + Zat) ( c.cl. >>
= (H5(t)oséa, Pa) + (0380, F) +i(0i(03&a), P2) — 0,03, P2) (5.16)
The initial data for NLS is decomposed so that (o3&,(t), ®2(t)) = 0 for t = 0.

In order for this condition to persist for all time it is necessary and sufficient that

the last term in (5.16) vanish, or equivalently:

Proposition 5.1. The condition that P.(Ho(t))®s(t) = Po(t) is equivalent to the
following modulation equations for the coordinates o and «y which specify the

dynamics along the ground state and excited state manifolds of equilibria:

<03§a ) iat‘f’o> + <U3§a ) (03(E01 +5té) +iat) ‘f’1>,
_ <g < 2[Wo|* Wy + Wi, >>
@ c.c.

N <5m (-06(t) +22enl*) ( e >>

N D)

—8t®(t> <£a7 (I)2> + 7;<at(0'3£a), (I)2> (517)
where a € {(01), (02), u, —pu} and ¥; = (U;,%;), j =0, 1.
Remark 5.1. (A) Note that the term (Hj(t)os€,, P2) in (5.16) vanishes by the
orthogonality constraint and because H((t) maps the discrete subspace into itself.
It therefore does not appear in (5.17).
(B) The last term in (5.17) is present due to the time-dependence of the eigen-

vectors &,(t). An important simplification of this “commutator term”, which we

require for a = (01), is carried out in the appendix of section 18.

Initial data for the system (5.17), (5.11), governing oy, oy and P, are obtained

as follows. Given data ¢, for NLS, we find g so as to minimize
[do — Waqll2; (5.18)
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see [44]. This ayq is used to define the initial Hamiltonian Hy(0). Now decompose
¢o using the biorthogonal decomposition associated with Hy(0). This specifies
ap(0), a1(0) and P4(0).

5.2. Conservation laws and ’a priori bounds

In this subsection we obtain bounds on «y, a; and ¢, using the conservation laws
of NLS, noted in the introduction.
By the L? conservation law: N[¢] = NJ¢,] we have

M) = (WP + [ OF + [ 1ot o) do
—  Nigg] — 23%/\11(]\11_1 - 25}%/@0@ - 3%/ U, 5, (5.19)
The latter three terms in (5.19) can be estimated using the following:
o [ U1 = O(lao| [aa*) + O(lag|? |an]) = O(h(t)?).

e Orthogonality relation (5.15) with a = (01), (0381, P2) = 0 or equivalently
R[Wopy = 0

e Orthogonality relation (5.15) with a = p or (03, ®o) = 0 implies R [ W10y =
O (laaf + foal |aol*)) [[g2]l2 = O(R(t)?)

Therefore,

(1 4+ O(h(t)?)) h(t) < Nigo). (5.20)
By continuity of h(t), if N[¢y| is sufficiently small
h(t) < CNlg]. (5.21)

Furthermore, the conservation law H,,[¢(t)] = He,[¢o] can be used to prove
an H! bound on ¢y(t), provided ||¢ol|z1 is sufficiently small. In particular, substi-
tution of the decomposition (5.2) into the conserved functional H.,[¢(¢)], we find

after integration by parts and interpolation of the L* term in H,,:
Vol < & + [161(A0] + 1A%]) + [I90] V8] + [V 603

v S ollae IV
< 08 + O(h(t) + O(h(1)2)]Ver(t)]f7:.
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Therefore, using the bound (5.21) and continuity in time, we have that if ||¢g|| g
is sufficiently small,

/ IVoy(t,z)|? de < C&,. (5.22)

6. Toward a normal form - algebraic reductions and fre-
quency analysis

We now embark on a detailed calculation leading to a form of this system, which
though equivalent, is of a form to which normal form methods can be easily

applied.

6.1. Modulation equations

Equations (5.17) are a coupled system for «y, oy and their complex conjugates. It
is natural to write the system as one which is nearly diagonal. This can be done
by taking appropriate linear combinations of the equations in (5.17).

The equation which essentially determines o can be found by adding the two

equations obtained from (5.17) by setting a = (01) and a = (02). This gives:
(o3(&or + &o2) , 10:T0) + (o3(&or + Eo2) (03(E01 +0,0) + 7;81&) 0,)
2|0 |20y + V2T,
:—)\<§01+§02,< [T 0 1>>

C.C.

+ <§01 + o2, ( _até(t) + 2X |1 | ) < Yo >>

C.C.

— o
+A <§01 + o2, < \I;(ﬁl >> n )\<€01 _|_€02’< |1 ¢1C.J\I/1| U, >>

—0:O(t) (o1 + o2, Pa) + 1(0i(03(§01 + £02)), P2)- (6.1)

The difference of the a = (01) and a = (02) equations is the complex conjugate of
the equation (6.1).

The equation which essentially determines «; is equation (5.17) with a =

(036 » 10,00) + (038, (03(Eor + 0,0) +i0;) U)

B 21020 + V2T,
- ()
e 2 \IIO
e (0022007 ) (2 ))
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+A <§m < %f% >> + A <§m < ‘¢1|2¢1C—.J\If1\2\111 >>

_8t@(t> <£,u7 (I)2> + 7;<at(0-3£,u>7 (I)2> (62)
The equation corresponding to a = —p is the complex conjugate of this equation.
Since . o
U\ b W, OV _
8t < \I/_k ) — < 8—k\llk ) 81‘,0% + ( m atOék, (63)

we see that the equations for @; = (ap,@p)?, j = 0,1 can be expressed in the
form:
iMoo, ( ao ) + iMo16,; < o ) + (Eo1 + 0,0)Noy < o ) = F, (6.4)
g Qg Qi
g

iMw@t % + 'iMllat __ + (E01 + 8t(:))N11 g - Fl (65)
Qo Qg o)

1

Here, for kK =0, 1:

(oaten+6. (5 ) (onteor+ . St )
Mok = Go — 6.6)
(R ) e ()
a3(€o1 + €o2), %1 o3(&o1 + &02), 51 o
Now = Go 6.7
o3(&o1 + 02), 121 o3(Eo1 + E02), 1%1
My = G| )\ B 75w\ 9 (6.8)
ik = Go o 50, e @ , .
o ak\I]k 35 ak\lfk
N = Go (6.9)
0'35 0 0'35_ 'l/)l
7\ m\0

6.2. Algebraic reductions and determination of O(t)

To express the modulation equations (5.17) in a tractable form we shall make use
of a number of notations and relations which now list for convenience; see also the

section 16.
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Xk- denotes a spatially localized function of order |a;|*, as |a;| — 0.
O denotes a quantity which is of order |o;|* as [o;| — 0. Both Y and OY are

invariant under the map a; — «a;e'.

O =000, k =kt + k.

o1 = Vi+ ¢
ap = |aple™, age* = aq
(8k‘1’k,8_k\l’k) = (%* + |04k|2X8k 7akX0 ) k=01

_ Fo+ 1y \ _ 26%(1?0*4‘)(2))
S +&2 = Go ( Fy— F ) = ( e‘”‘)xgo)

_ ¢1* + XéO)
& = | . 0

a0~ Xo
Fy+Fy = 2o, + loo*x (s [aol?) = 2(v0. + x5”)
Fy—F = laol*x(s]aol?) = 3.
(Wow, 057 (50)) = 0, (6.10)

Using (6.10) in (6.1) we get:

2i(1 + O + 103 OF 45 + (o3(&o1 + &2) 5 ( 03(Eor + 0,0) +i0, ) Uy)
=—2 (&eé(Fé, Wo) — 2M(Fy, |¢1\2‘I’0>)

+H(Fy + F3, 20| W2 Wy + ANU2U | + M| ]?p1 — A|U,[20,) — e* 0 (Fy — F)e.c.)
+ie* (D03 (€01 + €o2)], o) (6.11)

Determination of O(t)
We anticipate that generically |¢1| ~ |ay| ~ =2 for t very large. g will have
a limit as t — 400 if d,ay is integrable. We ensure this by choosing 8,0 to cancel

the terms which are of order ¢~ and nonoscillatory. Thus, we choose © to satisfy
OO (F}, Wo) — 2X(F}, |p1*Wo) = 0. (6.12)
To leading order this gives:
00 ~ 2A(5,. [ %). (6.13)
In this way, a logarithmic correction to the standard phase, fot Ey(s)ds arises.
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Equations (6.11), (6.12) together with Proposition 18.1 imply

2i(1+ 01(10))01&@0 + z’aSO O + (Eo1 + 0,0 )<501 + &0z U Uy) + (03(01 + €o2)s iat\fll>
= —0,0(xy", d2) + 0% (x\”, B2)
208" (JaoPas + afar) + A, [@nPdr — [0 01) — Mad (X, 6161 — |01 [2T7)
—dhlaol” [ (x0”, 8} + € (", Ba) | +ilaol Do | (X, d2) + €0 (xE”, B2) |(6.14)

We now turn equation (6.2). Using (6.10) equation (6.2) can be written as:

(1400 id,a1 + (O(a?) + O(a?)) idar

+( (1 + 0PN ay + aZar O ) (Eoy + 0,0) + (03,0, Ty

= —0,0( (X, 02) + af(x, $2) ) — 260" a

—20 (Jag s + adan) + A0 ag (X |é[*)

+Aa0 (% 1) + Aad(x, é1°)

FAOG [01 P01 — [W1P00) + Xag(x, |11 — [W1[*Ty)

+i(0(03¢,), P2) (6.15)

We next write the systems for @y and @;.

iMoo0rtlp + iMo10,01 + (Eo1 + até)USNOIO_Zl
i P

C.C.

C.C.

Ho—g( 7, 61201 — [91201) + 030, 161201 — [0 [2T) )

9,6 ( (. 62) + a3, 72) )

C.C.

_8t|040‘20'3< (X" @) + 2 (x(”, Ba) )

C.C.
(0) 2i (0) ==
+z~|ao\2am( X0, fa) + € P xh ’¢2>) (6.16)

iM110:0h + iMy00,00 + (Eo1 + até)USNllo_Zl

2 2—
_ wéo,n(,g( vl 01+ o )
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C.C.

oy (Ol 90+ o - T )

o ( ao(x: |611?) + a0 (x, 63) + ad(x, b1 ) )

C.C.

65 0 ( (x. é2) + ad(x. 52) ) N ( (Oh(3,), @) ) 617

C.C. C.C.

The matrices Mjx, Nj1, j, & = 0,1 are displayed in equations (6.6-6.9). For
the (generic) case where we expect |ag| to approach a nonzero limit and «; and

¢o to decay to zero, we shall use the expansion:

(0) 2,1(0)
MOO _ ( 2(1 + 04 ) aOOO )

@0y 2(1+0))

( 1+ 00y O(a?) + O(a?) )
Mu = 9 —2 (0)
O(ap®) + O(ar?) 1+ O,

(6.18)
The matrices My9 and Myq are higher order in o and satisfy:
O(O) a20(0)
Mo, My = 2 0~9 6.19
o Mo = (G2 0 (6.19)

The matrices Ng; and Ny; satisfy:

N ( 0y’ + 05" a3<0§°’+0§”>>
L =

’ a0y + 05y 0y + oF

< 1+ 0 20 )

N., =
o a0y 1+ 0

Simplifications to equations (6.1-6.2)

(1) Since M9 and Mjy; are higher order in agy we can eliminate 0,a; from (6.16)
and Oyap from (6.17).

(2) Note also, that ”commutator terms” with factors like d;|ag|?* or 9,02 can be
eliminated via redefinition of the near identity matrix Mgg through incorporation
of a higher order correction.

(3) We can eliminate the term proportional to |ag|?9yyo as follows. Consider the

last two terms of (6.16). Since d|ag|? = dialy + iy Wwe can incorporate the
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second to last term of (6.16) as a higher order correction to the near identity
matrix Moo, Mgo. Our goal is now to eliminate the eliminate 0,7y from the

equation. The system now be written as form:

a - - -1 .

ZatOé(] = MOO ( .. + ZO(‘O&()P)&{}/()) (620)
The first component has the form:

i0pcg = 1% component of the vector :
1

. ) ~ 1
Moo (--.) +1O(|aol*)3i70Maoo (6.21)
Since ag = |agle® we have

0| | — ]P0 = €7 x 1% component of the vector :

Moo_l(m) + Z'O(|CY0|) |a0|0t701\/f00_1 (6-22)

By taking the real part of (6.22), for |ap| small, we can solve for |ag|0yyo. This

enables us to eliminate it from equation (6.16) as a higher order term.

Implementation of these simplifications leads to the following

Proposition 6.1.

iat&O = MO#O {—(E()l + 815(':))0'31\]-010_21

|cvo|?ar + adaq
c.c.

+)\O(()0)0'3 (

-M@<uﬂw#@—mmwn+%uﬂwﬁa—w#E>)

C.C.

_@é<u9¢ﬁ+%u9@9>]

C.C.

(6.23)
i8t071 == A(t)O_Zl
M [ Aoy < OG|D1P 01 — (0112 T) + & (x, [o1*d1 — |12 Ty) )

C.C.

C.C.

_até 0.3( <X>¢2> +O‘%<X>%> ) ] (6.24)

Ao < (X, [61]?) + @ (x, ¢7) + ag’(x,a2> )

C.C.
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Here,

E10 + O((]O’l)|040|2 O(O b
A = (0,1) s 2
-0y @ —F — Oo |a |
(6.25)
Ay = —Ay, Ay = —A—lz, and
o1 = Y+

M#O and Mfﬁl are near-identity matrices, whose deviations from the identity give
rise to higher order terms which are subordinate to the leading order behavior
obtained in the analysis which follows.

Finally, equations (6.23) and (6.24) are coupled to the equation for ®, given by
(5.11).

6.3. Peeling off the rapid oscillations of o,
Fix T' > 0 and large. We rewrite (6.24) centered about the ground state at time

t="1T:

—

10,61 = A(T)a + (A(t) — A(T)) &, + F, (6.26)
where
_( Ea(T) + O (1)|ao(T)? O (T)ad(T)
AlT) = ( “OCNTYEET)  —En(T) — OO (D)lao(T)? ) (6:27)

Since A(T) is a constant coefficient matrix it is a simple matter to obtain the

fundamental matrix.
Proposition 6.2. The system
oy, = A(T)a, (6.28)
has a fundamental solution matrix:
+ - —iAyt
xo = (@) (%0 )
( 1 0(01( T)ao(T)EH(T) ) < p—irst 0 )

O (T)ao(T) Exg' (T) 1 0 e
(6.29)
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The eigenfrequencies, A (T) are given by A\ (T) and \_(T') = —A(T), where:
A(T) = Bu(T) + 05 fao(T) P, (6.30)

where Eyg = Ey — Ey, and provided |ao(T)|?/E1o(T) is sufficiently small.

We use the fundamental matrix, X (¢), to define a change of variables:

& = X7 = X(1) ( gi ) (6.31)
Therefore,
a1 = e M8 + OV (T)Ep (T)e 13, (6.32)
Then, 5 satisfies
i = X't F(X(t)B(t),1) (6.33)

Note that since the linear in 1 terms have been removed by the change of variables

(6.31), 861 ~ O(|61]?).
Note that by (6.29)

iApt (0,1) o 4 1—02 _ ((]0,1) ag 1—01
X4®::<e 0 )(1+% (Do MIERT) =08 (T)ad(1)ERH(T) )

0 et 0D (T )QO(T)QEI—Ol(T) 1+ O((]O’l)(T)|ao(T)|2E1_02(T)
(6.34)

Written out in detail, from (6.33) and the various definitions, we have

Proposition 6.3. The equation for 3; has the form

00 = A xo, le”M Bribn + dal P
+ A X0, (67 B + ¢2)%)aG
FOA o, (M B + 570
+  Axo, [|€_M+tﬂ1¢1* + P (€7 Bripr + ¢) — e_iA+t\51\251¢f*} )
+ Rp, where (6.35)
Ry = X7H(1) [(A() — AT)X(D)5 + R (6.36)
Remark 6.1.

XH(t)[A(t) — A(T))X(t) = Real Symmetric Diagonal S(t) +e >*+'B(t) (6.37)

Therefore, the nonoscillatory part involving S(t) does not effect the evolution of

|61
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6.4. Expansion of ¢,

The next step is to get an appropriate expansion of ¢,, which upon substitution
into (6.35) can be used to isolate the key resonant terms in the (; equation. The
analogous steps are then repeated for the agy equation. Finally, a near-identity
change of variables is constructed which maps the system for oy and (; to a new
system (a normal form plus corrections) for which the dynamical behavior is more
transparent.

®, solves equation (5.11). We shall require dispersive decay estimates for @,
and these are most naturally obtained relative to a time independent Hamiltonian.
Since ay(t) is expected to tend to a limit as t — oo and since we are fixing a time
interval [0, T, it is natural to use as reference Hamiltonian, the operator Ho(T').
We now make use of the linear spectral theory of section 3 and decompose @, into

a part lying in the “discrete subspace of Ho(T')”:
Ny(Ho(T')) & N(Ho(T) — p(T)) & N(Ho(T') + (1)) (6.38)

and a part lying in M (7T'), the “dispersive subspace of Hy(T")”; see (4.40).
Let [3, 11]

o =k +n + 7, (6.39)
where
k= S {03&(T), ®2)&a (6.40)
£a€Ng(Ho(T))
n = > (036 (T), ®2)&p (6.41)
EEN (Ho(T)Fu(T))
Since

(038a(t), Po(t)) = 0, &a € Ng(Hol(t))
(038(1), ©2(t)) = 0, & € Ny(Ho(t) T pu(t)),

£(t) may be replaced by &(t) — £(T) in the definitions of k and n. Inserting the
expansion (6.39) into (6.40) and (6.41) and defining

pnull(ta T) = Z <U3(§Q(T) - ga(t))a '>€a (643)
€a€Ny(Ho(T))

Preut (ta T) = Z <U3(§b(T) - gb(t))7 '>§a (644)
& EN(Ho(T)Fu(T))
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we have that & and n may be expressed in terms of 7 as follows: Then,

Pratt (6, T) P (£, 7T7) k Poutt(t, 7)1
[ < pnout (t, T) pneut (t, T) n pnout (tu T)U ( )
Therefore, we have

Proposition 6.4. There exists €y > 0 such that if |ay(t) — ao(T)| < ¢ then the

relation (6.45) can be inverted and we have

®y = Po[n] = kln]+nln] +n, (6.46)
where ®, is linear in n and continuous in the weighted (local decay) norm of
f= @)~ 2

The statement about continuity in the weighted norm follows from the spatial

localization of the generalized eigenfunctions.

1
Remark 6.2. Note that since |£,(T) — &,(t)| < CEF |ao(T) — ap(t)|, we have the

simple estimate:

k[, In] < Clao(T) = ao(®)] [[(2) " n(@)]]2- (6.47)

Anticipating that for t very large, |ao(T) — ag(t)] ~ t72 and [|(z) " ®s(t)||o ~ t 2,
it follows that |k|, |n| ~ t='. Thus, |k| and |n|, are expected to decay faster than
n.

Finally, n satisfies the following evolution equation obtained from (5.11) by explic-
itly introducing the reference Hamiltonian, Hy(7"), and applying the projection
P.(T) to the equation.

idm = Ho(T)n
+ (Ho(t) — Ho(T)) Pa[n] — OO P.(T) o3Py [1] B
b (B0~ B BT (M) aprye A V)
©OAP(T)os ( 2ol mblal T+ madof] )
4 <|\If1+m<1>2 |<\Iflc.+0'm<b2[n]>—|w1|2wl>
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7. Normal Form and Master Equations

In section 4 we decomposed the solution, ¢, in terms of coordinates «(t) and a4 (t)
along manifolds of nonlinear bound states and ¢5, a correction which lies in a time-
dependent subspace, M;(t), of continuum modes. ¢,(t) was then decomposed
into its discrete (k and n) and continuous (1) components with respect to a time
independent Hamiltonian, Ho(7"). We also observed that k and n are determined
by and are expected to be more rapidly decaying than n (Proposition 6.4 and
Remark 6.2). Therefore, the evolution of ¢ is determined by «g, c; and . Finally,
the fast oscillations of a; are removed by the introduction of 5, = [X(¢)d1]; ~

o—itt

aq.

We now seek a form of the system for oy and (; from which the large time
dynamics can be deduced. We obtain this “normal form” by first solving for n
(see (7.21),(6.48) ) as a functional of ap, B; and the initial data n(0) and then
substituting an appropriate expansion (see sections 7 and 8) into the equations

for aig and f.

Proposition 7.1. The Normal Form There exists a near identity change of
&0 (o%)) Ja[a(]vﬁlvt]
> + 7.1
( B ) ( B ) < Jslawo, B, 1] (1)

Jilow, Br,t] = O(lao|* + 161f), k=a. (7.2)

and bounded uniformly in t, and such that

variables

where

0y = (cro22 +1I) |Bl‘4540 + Fa[&(]vglvnvt]
0,6 = (01121—2irw)|540\2\5~1\251 + F,B[&nglunut]' (7.3)

The properties of I, and Fps are briefly discussed in the remark 7.2 following

Corollary 7.1 below and described in detail in section 8.

Furthermore,
I = T, +0(a(T)]) >0, where,
Fw* = >\27T<¢0*¢%*75(H - w*)¢0*¢%*> > 0
Wy = 2E1* — E(]* (74)
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The coefficients cipmn = (9((]0’1) are real constants multiplying monomials of the

form ofal 3By .

Remark 7.1. Due to our choice of the phase correction, O(t) (see (6.12), a term
of the form 01011(9(()0’1)| ﬁ1|2d0, is absent from the differential equation for &y in
(7.3).

Now let
Py = |ap|? and P, = |5, ]? (7.5)

denote the (renormalized) ground state and excited state powers. Then, by (7.3)

we have the Nonlinear Master Equation:

Corollary 7.1.
AP,

— = TPy P? + Ry (7.6)
% = —4I'PyP? + R;. (7.7)
where
Ry = Ry[do, Br,n, 1] = 23(a0Fn),
Ry = Riag, fi.n.t] = 23(5,Fp) (7.8)

A more precise and revealing variant of Corollary 7.1 is Proposition 11.1, which

is stated and proved in section 8.

Remark 7.2. The terms F, and Fj are such that Ry and R; are not small per-
turbations of the leading order terms in (7.6, 7.7) for all t > 0. In fact there are
three time intervals defined in terms of transition times ty and t; (see section 8), in
which we consider the system (7.6-7.7): Iy = [0,t0], Iy = [to,t1] and Iy = [t1, 00).
It is only for sufficiently large time, (t € I5), where Ry and R; are negligible. The
behavior on short (0 <t < ty) and intermediate (ty < t < t;) time scales can be
very different. We go into the details of Ry and R, in section 8 but wish to make

some remarks at this stage which indicate our approach.
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If we drop the terms R; then we have a flow, which evolves in the first quadrant

of the Py — P; plane according to:

de 2

— = 2 7.9
dt DPoP1 ( )
dpl 2

— = AT 7.10
T Pops, (7.10)

where solutions for typical data converge to the py axis with a rate (t)~!. In order
for the corrections coming from Ry and Ry to be small, intuitively it is sufficient
that

Ry ~&(RPE+ (1)), (7.11)

where & is small and p > 0. This is what we show fort > t;. For the intermediate

time range, to < t < t;, we show that the behavior is controlled by the system:

b _ 2L Py Py + O((t) %)
dt
% —ATPyP? + (9( POP{”> + O({t)7?), (7.12)

where m > 3. Therefore, for intermediate times we need to show:
Ry ~ &(RPI+ 1))
R ~ & ( PoP? 4 \[BoP + (1)~ ) . (7.13)

What makes the analysis subtle is the dependence of R; on Fy and P, in a manner

which is nonlocal in time. That is,
t —m
0~ /O e~ M=) P (1o ) xa™ Breag™ B ds (7.14)

Local in time terms are simple to dominate by the leading terms. However,
nonlocal terms require careful analysis. Note in particular, that due to the “history
dependence” of such terms, being expressed as time integrals from 0 up to t, an
analysis of the effect of such terms for t > t| requires use of estimates on other
time regimes t < ty and tg < t < t; as well. Furthermore, there are no decay
estimates on either Py or P; in the intermediate interval to <t < t; or on the size

of this interval.

The normal form of Proposition 7.1 is essentially the Poincaré - Dulac normal

form which can be constructed along the lines explictly implemented in [49]; see
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also [1]. We now give a detailed outline of the procedure with explicit illustrative

detail of key points concerning the treatment of resonant and nonresonant terms.

Resonant terms and removal nonresonant terms: Here we illustrate, by
way of a simple example, how non-resonant terms can be removed by near identity

changes of variables. Consider the scalar ordinary differential equation
At) = |A(t)]2e® (7.15)

where A(t) is a complex valued function. We shall introduce a change of variables
A A= A+ @A At), where g2(A, A1) = O(|AP?) and go(A, At + &) =
q2(A, A, t), which is therefore approximately the identity for |A| small, and such
that

i) = SIAWPAD +

l

SEUAMPAR) + E(A@), A1) ), (7.16)

Here, F, is 27 /) periodic in ¢ and
Ei(A(1), A(t),t) = O(JA(®)]") (7.17)

The change of variables can be derived by elementary means. Integration of
(7.15) gives:

t .
A(t) — A(0) = / |A(s) e ds
0
_ ! 2ii 1§2s
_ /0|A(s)\ s

1 .
o 2 Qs |t
=A™ |

t]

s d
- iQds A 2
0 9" d8| (s) ds

1is 1 tz’s— ids 1 ¢
= Al = o [ P ARIAG) P s - [ 1AG)PA)ds

Q¢

Define A(t) = A(t)—(iQ) "' A(t)|2e*. Then, A satisfies the renormalized ODE, in
which resonant quadratic terms have been removed. The process can be repeated;
by introducing further changes of variables A — A; = A+ higher order in A and

period in ¢, non-resonant (oscillatory) cubic terms can be removed to obtain:
U5 ~ A %
A1) = GIAOPA) + ik A ()] Ajt) + ... (7.19)
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where k is real. That the coefficients in the first to terms of this normal form are
purely imaginary implies that, to this order, the amplitude |A;(¢)] is independent
in time. This is the typical situation of the norm form finite dimensional Hamil-
tonian systems, in which resonances occur between isolated discrete frequencies.

We next examine resonances between discrete and frequencies and the con-
tinuum of frequencies, associated with the continuous spectral (dispersive) part
of Hy. These can introduce nonconservative terms into the normal from (via co-
efficients with real as well as imaginary parts), which are responsible for energy

transfer between discrete modes (bound states) and radiation.

Nonconservative resonant terms and energy transfer: We explain how to
find the key resonant energy transfer terms, the leading terms in (7.3). These
are terms responsible for the exchange of energy among the nonlinear ground and
excited states mediated by interaction with continuums modes. We focus on the
(1 equation. Analogous considerations apply to the aq equation.
Equation (6.35) can be written the following compact form:
0B = CogrBYB €™ (pgr 1) + O(0?) + .., (7.20)
p,q,T

where C),, are of order 1, ag or higher order in ap, w, € {£A Ay, £2A, 0}, and xpqr
denote functions which are exponentially localized in space. The equation for ay
has a similar structure. The equation for n = n9 + n1 + 12, can be formally solved

giving:
n = O(n)+On) + O
+ Y Do G (BB R, ) (7.21)

p1,91,71

Here, G denotes the operator
t .
f e Gf =—i / e~ Mot=9) P f(s) ds. (7.22)
0

We insert the expansion for 1, (7.21) into the terms involving inner products
(Xpgr>m) 1n (7.20) and in the corresponding equation for a. This yields a coupled
system for ay and (3; which is closed up to higher order. The terms in the resulting
equations are of the form
S CorDpan BB (X GAU B € i) (1:23)
P,4q," P1,91,71

We now use the integration by parts lemma:
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Lemma 7.1.

t t )
/e’ASf(s)ds = lim [ e f(5)ds

0 310 Jo
= —i(A%i0)7 T f (1) + i(A £i0) 71 f(0)
4 (A +i0) /0 ¢i45 f1(5)ds (7.24)

Applying this lemma, we obtain

et <qu7’ G/@flaqle_wrls >~<p1q1r1>
= —e BB (g s (Ho(T) = v, F10) ™ Pl T) Spugrrs )
+ B 05" (0) (Xpar » (Ho(T) = vy Fi0) e ™0 PUT) K10, )

t ) . d —
+ /0 <qur : (Ho(T) —u, T iO)_l 6—1H0(T)(t—s)e—wrlsPC(T)£ (/6{)1/81(]15(])1(117“1) d$>
(7.25)

We first focus on the first term in the expansion (7.25). This first contributes a
resonant term, which cannot be transformed by a near identity transformation to
higher order if

wy + vy, = 0. (7.26)

Now consider such a resonant term. We find that in the 3; equation they are of

the form:
—|ao[* B By <>? ,(Ho — v F io)—lpc>2> (7.27)
where v,, = —w, € {£A4, £2)4,0}.

There are two cases to consider: (I) v, not in the continuous spectrum of H,
and (II) v,, in the continuous spectrum of Hy 4. If v,, is not in the continuous
spectrum of H, then the inner produce in (7.27) does not involve a singular limit

and we get the limit
(X, (Ho— 1) ' PX). (7.28)

In this case, the coefficient of |ag|?*|3,|?* 3 is real. Such a term results only in
a nonlinear distortion of the phase of 3; and does not effect the amplitude. If v,
is in the interior of the continuous spectrum of H, then the limit is singular. We

choose the plus sign (+i0) if we study the evolution for ¢ > 0 and the negative

4In case (II) we consider the generic case where if v, lies in the interior of the continuous
spectrum of Hy.
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sign (—i0) for t < 0. This choice related to the condition of outgoing radiation

explained below; see also [49], for example. Evaluation of this singular limit gives:

<X ,(Ho — vy, F iO)_chx> =A+ if, where
f =T <X 75(H0 - VTl)X) ) [\ = <X ) P.V. (HO - VTl)_1X>

Contributions to the imaginary part are therefore responsible for a change in
amplitude (here damping of ;).

Now, when does a frequency v lie in the continuous spectrum of Hy? By
Proposition 4.2, we must have v > —E; = |Ey| or v < Ej. By (6.30), AL ~
+(FE, — Ey). Since v varies over the frequencies 0, Ay, 22\ we find that v, =
+2)\4+ = —w, resonances are in the continuous spectrum and therefore are those
giving rise to energy transfer, provided 2E; — Ey > 0; see (7.4). We now embark
on the details.

7.1. Expansion of 7

We expand 7 as follows:

n(t) = mo(t) +m(t) + na(t), (7.29)

where 19(t) corresponds to the linear homogeneous evolution with initial data
n(0) = P.(T)®2(0) and 7, solves the inhomogeneous linear equation driven by ay,
aq and no(t).

Equation for ny(t):

i0mo = Ho(T)no
m0(0) = P(T)22(0) (7.30)
Thus,
no(t) = e TP (T)Dy(0) (7.31)
Equation for n():
i = Ho(T)m + Pe(T) [Ho(t) = Ho(T)] @alo] + Ero(t) Pe(T)ers < o )

2|Wo |20, + W2,
C.C.

+  AP,(T)os < ) — 0,0 P.(T)o3®3n0]

44



£ AR(T)os ( 2ol miafl T+ sl )

+ AB(T)os < Y1+ 7Tl%[%]|2(\I’1C4;7T1(I)2[770D — |20, )

— P, ( Vil (t) - 8 (t) + VoWo(t) - Dudio(t) ) (7.32)

C.C.

The initial data for n; is 7;(0) = 0.

Remark 7.3. A direct computation using the biorthogonal decomposition of the
discrete subspaces of Hy and H{ of section 4 yields that the second term in (6.48)

is of a higher order than is explicit:

N
Bu@PAT)on 12 ) =0 (lallonl + lal’) (438 +267) (739

for |ap| << 1 and |ay] | 0.

Equation for ny(t):

i0ma = Ho(T) Po(T) [Ho(t) — Ho(T)] @a[n1 + ns] — 0O P(T)o3®s[m1 + 1)

2‘110 ‘1’1+7T1(I>2[770])7T1(I’2[771+772]+CC})
C.C.

N2 +
2Uo|mi Pamy + o] > + 2Wo (W1 + i Pa[no])mi Palmy + 12)]
C.C.
n ( 07T1(I)2 771+772]) )

2| Wy + m o [no] [Pma @[y + 12] )
C.C.

C.C.

C.C.

We expect that 7, = O({t)7!). Let

M2 = T2a + N2 (7.35)

45

(1 @o[m + 102])? (U1 + mPomo]) + m Do + n2) (¥1 + 71 Pao[1g])?

2(Wy + m®Pa[no]) [T Po[m + m]|? + [T Da[mr + no] P Pa[n1 + 02 )



N

By construction we will show that ny, = O((t)™!) and 19, = O((t)~

).

i0mpa = Ho(T)maa + P(T)[Ho(t) — Ho(T)]|Pa[m] — 0,003P2[n]

+ 2)\P.(T)os ( \IIO(\I’17T1(I)2[ 1]+ \1’17TC2.(?2[ m)) + \1’0‘71'1@2[7]1”2 )

+  AP.(T)os < 2Womy Pa[m] (Y1 + m1 Ps[no]) + Wo(m1 P [m])? )

C.C.

+ AP.(T)os < 2|y + 7T1<1>2[no]|27r1<1>2[n1]c+c (U + 7P [no]) 271 Ba ] )

+ AP(T)oy < 2(Wy + Do (o)) |7T1(I>2[771]|2;; (U) + 1 ®@s[no]) (m1Pa[m])> )
+ APC(T)U;),( |7T1(I)2[7710].|Z.7T1(I)2[771] ) (7.36)

7.2. Normal form and master equations

Using (7.33) and explicitly inserting in (7.32) the representation
o = (XO)B(H), = e D8 + OV ad(T) B (T)e D13, (7.37)
gives the following equation for 7;:

iOm = Ho(T)m + PoT) (Ho(t) — Ho(T)) Pa[no] — 0,0 P(T)o3P21]
-+mwwawxmﬁm+mnm>
‘ ( e MGy + OV (T) By (T)e -5y )

C.C.

C.C.

2 OZ 2 e—i)\+(T)t +OZ2_6Z>\+(T)t
+Aa@m%mh<'“& i

C.C.

+ )‘PC(T)O-3¢§*¢1* ( ) + 7—‘_;’771’ (7'38)

with initial condition 7, (0) = 0.

Substitution of 7, into the equations (6.23) and (6.35) for o and 3, gives rise

to terms which make explicit the resonant exchange of energy between the ground
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state and excited state. We next isolate the key terms in the expansion of 7,
relating to this energy exchange.

Let’s begin with the 1 equation, (6.35). Written out in greater detail we have:

2A(Wow, V1) |81 0e™ T+ 20 (Yo7, m®a) frg
Atbow, ¥3,) Biane D 4 2 (Yo, 03, , m1 82) (Brae® M + i)
2M (Yot [T o) g™ T 4+ Mgty (m1P)? e 1
AW, m @) |81 T+ A3, (m10,)%) Bre®+ (D!
A3, ma®y) Bre D 4 2)\<¢1*> |y Do) Bre” M "
ANW1a, |11 @2 @)™+ T 4 Ry, (7.39)

10451

+ o+ o+ o+ A

where R is defined in (6.36).
We claim that the key term in (7.39) responsible for energy transfer is the

term
2X\ (10,17, 1 P2) Broge® (T (7.40)

on the second line of (7.39). To see this we decompose 7; into “resonant” and

“nonresonant” parts

M = Mmr+MNR (7.41)

The part nygr gives rise to the key resonant energy transfer term in the equation

for (51 and is the solution to the initial value problem
. iy 1
iOmr = Ho(T)mr + APT)os;, ot fre >+ < 0 )
mgr(0) = 0. (7.42)

Solving (7.42) using DuHamel’s principle we have
_9 s 1
mr(t) = —z)\/ ~HoME=S) P (T) o1t abosao(5) 7 (s)e A+ (1) <O>d5
N —g i s 1
— e HO(T)t/O Ho(T) =20+ (D)ls P (T gg1p? 4hg. g (5) 32 (s )(0 )ds
(7.43)

Recall that the continuous spectrum of Hy(7") is given by points w such that

|w| > | Ey|. By Proposition 6.2, for |ag|?/FE1g sufficiently small
A (T) = Er(T) + O oo (T) 2. (7.44)
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By the hypothesis (7.4), 2E1. — Ep. > 0, if ] is sufficiently small then 2A(7T')
lies in the continuous spectrum of Hy(7"). Therefore, (7.42) is a resonantly forced

system. We expand the solution as follows. Let 6 > 0 and set

halt) =~ [ DD (o I (g )
(7.45)
Then, g = lims_o 7} 5.
We now apply Lemma 7.1 to ng with A = Ho(T') — 2A(7T"). The result is

Proposition 7.2. The limit lims o7, = np exists in S’ and
i — 1
mnlt) = AN (1)~ 2.(0) - 07 ) () b

+ Aap(0)F1(0)e™ T (Ho(T) = 20 (T) = i0) ™" P(T) ( : ) Vi
+ e MMt (H(T) — 20, (T) — io)_l
/Ot e/ MM =224 (T)ls p () ( (1) ) @bf*%*% (Wﬁ%(s)) ds

= MRa + TRy T MRe (7.46)

We substitute (7.46) into the key term (7.40) in (7.39).

2>\<1/10*1P%*77T1(I>2[7I]>EQO€2M+ _2>\<¢0*¢1*77T1771Ra>51040€2l/\+(T +R. (7-47)

Here, R denotes rapidly dispersively decaying terms plus higher order terms in
|agB1]. By Proposition 7.2 and the Plemelj formula (16.3)

IN(Wouth?,, TN o) Proge? M+ (D1
- <¢°*¢%*’ m(Ho(T) = 224 (T) = i0) ™ (T ( : ) wo*w%*> laol?16: %6,
— —2(A+ir)‘a0|2wl‘2ﬂh (7.48>

where (using that Fy — 2F g = Fy — 2(F; — Ey) = w, + O(|ap(T)|?)) we have

A = A, O

= N (Yot PV.(H — w,) " o.ts,) OF (7.49)
r = r, o

= N7l 0(H — w)ol,) OF (7.50)
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Recall that (9((]0) denotes a term of the form 14+O(|ag|?). Returning to the equation

for (5 we have:

i = (Mo, —iTuw)|ool’|B1 51 + ... (7.51)
We now seek the key terms in the ag equation, (6.23). Using that ¢; = ¥y + ¢

and the representation (7.37), we have

doe = Muh vk g

A1, do)e” M T aG By + Mg, 03)as

F2A (Yo, d2)| 51|

Mtbosthre, 03)Bre™ D + Muho.t],, 62) fe” (1"

2M (Y01, |D2|?) Bre™ ™+ D 4 X, | do|*da)
+ Ray (7.52)

+ o+ + o+

We first focus on the key resonant term in (7.52) which is responsible for the

system settling onto the nonlinear ground state. We claim this term is:

Mio. 1., oa)Fre 2T (7.53)
In analogy with the previous calculation, we have
Atou 3, do)Bre > M D8 = N(ho, 7, momiga) Bre >+ + R, (7.54)

where R is as above. Therefore, applying Proposition 7.2 we get
Mot ma®o) e 24+ 8 = (—A, +iTy,)|Bil'a0 + R (7.55)

The expression R denotes terms which are higher order, oscillatory type and
dispersively decaying. See also Remark 7.2.

In summary, we have the following system for agy and f:
Proposition 7.3.
iy = (=A,, +i0,)|51'a0 + R
i/ = 2(Ao, —ily,)|ao?16:°61 + R (7.56)

The proof of Proposition 7.1 follows by constructing an appropriate near-
identity change of variables, transforming (7.56) to (7.3). This is implemented
as in [49].
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8. Stability analysis on different time scales - overview

In Corollary 7.1 we obtained coupled power equations or nonlinear master equa-
tions governing the (renormalized) ground state and excited state square ampli-

tudes:
P(] = ‘5&0|2 and P1 = |Bl|2 (81)

If we neglect the correction terms Ry and Ry, in (7.6-7.7) we obtain the simpler

autonomous system of differential equations:

de 2
20— 9r 8.2
7 Pop; (8.2)
dpl 2
2 yr 8.3
7 Pop] (8.3)

Note that this system is exactly solvable. Addition of twice (8.2) to (8.3) yields

that along any solution trajectory:

2po(t) +pi(t) = 2po(0) + p1(0). (8.4)

This relation can be used to eliminate p; from (8.2) or py from (8.3). po(t) and
p1(t) are thus obtained by quadrature. The dynamics of this finite dimensional
reduced system anticipates that an initial state, arbitrarily close to but not exactly
on the excited state branch, with energy distributed among the ground state and
excited state, will evolve to a state with an increased ground state energy and no
energy in the excited state. While not strictly correct, since there are nongeneric
data giving rise to solutions which converge to the excited state [55], this captures
the generic very large time dynamics. The correction terms Ry and Ry in (7.6-
7.7) lead to different transient behavior which may be quite different from that
suggested by the system (8.2-8.3). However, we show that eventually (¢ > ¢;), this
system dominates. Moreover, a large class of data, for which the system (8.2-8.3)
controls the behavior is that for which Fy(0) > P;(0) and sufficiently small initial
dispersive part.

Before embarking on the details we give a brief overview of the strategy. Using
the change of variables (a, 3) — (&, 5) of Proposition 7.1 we have transformed
away all local in time nonresonant terms. This introduces contributions to F,, and
Fj3, and therefore contributions to Ry and R; in equations (7.6-7.7), which are of
two types:
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(i) local in time terms depending on & and 51, which can be absorbed by the lead-
ing terms in (7.6-7.7), with a small correction to the coefficient to the coefficient
I" and are of order by(t)~2; see Proposition 9.1 below.

(ii) nonlocal in time functions of & and 3; defined in terms of n = n[no, N1, 12]
in F,, and Fj. These contribute terms to (7.3) with the same (anticipated) time-
decay rate as the leading order terms in (7.3). Correspondingly, there are nonlocal
in time functions of G and 3; which contribute to R; in equations (7.6-7.7) which
are of the same (anticipated) decay rate as the leading order terms in (7.6-7.7).
The goal is to control these nonlocal terms, to the extent possible, by the leading
order terms. However, due to the different behavior of &y and 3, on different time
scales the argument is somewhat tricky and we now explain our strategy.

Let

— 5 [nolx + &
to+1 =supi7: 0< 7 <7, P < ————=
’ 87213{ ST En B )_2<’7—1><T’>2

Propositions 11.2-12.1 and 13.1 will justify this choice, by implying the inequalities
(8.7). If tg < oo, then we have the bound:

(8.5)

nolx + &o
(to)(t)*

Consider the system for Fy(t) and P;(t), (7.6-7.7). Decomposing R; into local

and nonlocal in time parts we have:

5
Rt) < 3 0<t<t (8.6)

t

Ry = B(Ry P+ [ K(ts)y'(s)ds
to

= R_lj(POaplanOan)_l_/O K(t,S)T?l(S)dS

+ /t K(t, s)ri(s)ds

to

nl
J
explicit expressions of this type are analyzed in section 11. For the local in time

The terms r? arise from nonlocal in time functions of &y and §; (see (ii) above);

contributions we have the estimates:

b
Ri(Py, Piomo,m) < O(ER) < PP} + (t—;]?>

b
RY(Py, Py,mo,m) < 0(551)<P0P12+<t—>12+0< P0P1m>>> (8.7)
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where & is the initial total energy and p; > 0. Therefore, for & small

dP, b ‘ i
ﬁlzﬂ%ﬁ—é+-Kw@m@@

dPl / 2 m
SL < —AURP+ +/K1tsr1 Vds + O (/PP

with IV ~ T". The reverse inequalities hold with I'" replaced by I' = T" 4 o(I").

Next (Proposition 9.2) we introduce the auxiliary quantities
Qo= Po— ko(t)™" and Q1 = Py + k()" (8.8)

where ko(bo, b1, &) and ky (b, by, &) are chosen appropriately and derive equations

of the form
dQ 1! t n
dto > 20"QyQ? + /t Kolt, s)ri(s)ds
d 1! t . m
% < —AI"QuQi +/t Ki(t,s)r'(s)ds + O (\/ QoY ) ; (8.9)

where I ~ TV ~ T
We then proceed with the following continuity argument. At ¢t = ¢,

dQo(to) dQ1(to)
dt dt

> 21" Qu(to) Q3 (fo). < —AI"Qolt0) QA1)+ O (/Qo(to) Q1 (10))
(8.10)
Therefore, by continuity, the following inequalities hold for some time interval

to <t <tp1, with I'” replaced by %

dQo

o> o, “< oo (Vaer). s

dt
Let t* = sup{t >, : inequalities (8.11) hold }. We show that

Kot )t (s)ds < O(EL) ( Qi+ 2 ) (312)

to

and therefore, up to renormalization of ); (adding higher order terms of order
ELk; ()~ to the definition of Q;)). Use of this estimate in (8.9) implies (8.11), for

& sufficiently small. The argument can be repeated and therefore, t* = T.
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9. Finite dimensional reduction and its analysis on different
time scales

We now begin our study of the generic case, where 3 < oo and the solution
converges to the nonlinear ground state family as ¢ — oo. The following three
propositions concern the various time-scales which enter the analysis. The first is
a basic result, a normal form, which is the point of departure for our analysis on

all time scales.
Proposition 9.1. Let m > 4. Let

bo = (o) ([olx + .&3), (9.1)
b= () (lk + A ), 9.2)

=

for some order one constants c, and d,.

If for some ty, positive and finite,

3bo (to, [nolx)

Py(ty) > 9.3
0( 0) = <t0> ) ( )
then fort > tg
AP, 9 bo
o > 2(1—-6)IPP; — W + J (9.4)
dPy 9 . by
—& < —AQ-8)IRP! + O(/RP") + @t (9.5)
where Jy and J; are nonlocal in time terms, which have the form:
t
J = / K(t,s) r(s) ds. (9.6)
to

The terms encompassed in J; are derived and estimated in the coming sections.

Remark 9.1. The reverse inequalities of (9.4- 9.5) hold as well with a different

constant 0y ~ 0.

The proof of Proposition 9.1 will be given following the estimates on the re-

mainder terms, R; (Proposition 11.1).
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Proposition 9.2. Assume that ty is positive and finite as in Proposition 9.1.
Then, there exist ko = ko(bo, b1, ) and ki = ki(by, b1, &), such that for t > t,

the auxiliary functions

Qolt) = %(t)—%, Qu(t) = mm% ©.7)
satisfy
2
T > W+t i
d E2d,
% < —41“’@062%4—(9(\/@@’1”) + S - m> (9.8)

for some positive free constants ¢, and d,. In particular, Qo(t) is monotonically

increasing for t > t.
The next result shows that c, and d, can be chosen to control the terms J;.

Proposition 9.3. (Monotonicity of QQy for T > ty) There exist ¢, and d, of order
one, such that for t > t.

d(%o > 2I'QoQ3
W< e+ onfaen) 99)

The above three propositions are established in the next two sections. We com-
plete the current section by working out the consequences of the finite dimensional
reduction (9.9).

The next proposition, shows that even if )y very small at some stage, it will
eventually become large relative to Q1 and the O(v/Qo@Y") term in (9.8) will

become negligible.

Proposition 9.4. Assume t > ty and suppose for some r > 0 that

Qo
= < &. 9.10
Ql — *~0 ( )
Then,
g?gg is increasing for t > ¢, (9.11)
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and there exists t; such that

Qo(t1)
=&). 9.12
Ql(tl) 0 ( )
Furthermore, for t > t;:
dQO ! 2
—— >2r
0 > 20 QuQ;
d
491 410,02 (9.13)
dt
Finally, for t > t;:
Q1(t1)
t) < - 9.14
) S TG ) nfn Qo) - (= 1) o1
Proof of Proposition 9.2: Define
Qo=Py—ko(t)™", Qi=Pr+ki(t)™", (9.15)
where kg, k1 > 0 are to be appropriately chosen. Note that
Qo(t) < Ry(t) and Q1(t) = Pri(1). (9.16)

Using (9.4-9.5) and some estimation we deduce a simplified system for @y and Q.
We calculate, omitting the terms Jy and J;, which are carried along passively.
We begin with Q).

dQQo  dBy | ko

i @ e
> 2FP0P12—%+%
> 2PQ0Q%—4P%QOQ1+QF<’;_§2
T (9.17)

>
We estimate the second term on the right hand side as follows. For any s > 0,

K
s(t)*

k
—ADQ0Q1 > —25T'QuQ? — 2I'Qy

o (9.18)
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Therefore,

dQ 1 1
0 > a1 (1 - 5)Qu% + <2Fk§Q0 <1 - g) ko — b0> > (9.19)
Now set s = %o and assume
ki > by. (9.20)
Then, using that k; = 10by, we have
dQo 9 2 2 1
If
_ 2 o
ko = by + 1867 sup Qo + —, (9.22)
to<t<T (to)
we have by (9.21) and (9.28)
dQO 9 2 Egc*
—>2-—I .2
ar =2 10N @9 T Ty (9-23)
In particular, () is increasing for ¢ > .
We now turn to )y, we have
Qi dP ki
dt dt  (t)2
< arpPr+ o Rer
ol7 + [CERRGE + O(y R P")
k‘() k’l ? bl - kl
= —4r — - — O/ Py P"
(@ G) (@) + g ou/nm)
b\ b -k
- -7 Oy P P"
~ QO <Ql <t>> + <t>2 + ( 041 )
k k2 b —k
_ 2 1 1 1 1 m
= —4I'QoQ7 + 8F®Q0Q1 — 4FQOW + 0E + O By P™)
(9.24)

The second term on the right hand side is estimated as follows. For any r > 0 we

have, since 2ab < ra? +r~1b?, that

Fy

ATkirQo  ATk1QoQ%
(t) '

8’ 0E "

Qo1 < (9.25)
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Therefore,

dQy —k1 b —k m
i < —4I(1 - —)Qle +4F1€1Q0 e + 02 + O/ RP")  (9.26)
Let £24
r =20k, and by = k(1 — 76Tk1Qy) — <t°>j, (9.27)
0 2
which is consistent with the constraint (9.20). Then,
dG) Edd,
— < —— + O P P{"). 9.28
dt QOQ1 <t0> <t>2 ( 041 ) ( )
By (9.8), Qo is increasing for t > ty. Therefore,
1 ko
> -
k
Ralt) < Qolt) + 75 = Qolt) + 100557
< Qo(t) +100Q0(to) < 101Q0(?)
Also, by definition P; < ) and so
d 19
T 4 Draws + onfauer (9.29)

This completes the proof of Proposition 9.2.
Proof of Proposition 9.4:

i <QO> _ QOQl QlQO

Q1 Q3

o >3 Qo0 + rQiQ: - cQiar)

> o {2raufer - ooy e er ) + argies)
% < &; then implies that
d T’ m
£(3) = ytrola-garvam
Q_ 2 QO
ZF<Q >Q1+4FQ <Q1>

A%

Qo 2
F <Q1> Q17

o7

(9.30)



for m+ 5 >3 and |@1| < & << 1. Hence

Qo Qo b e
= > = r ds).
Qrlt — Q1 P to Qils) ds)
Since ()7 > 0, either ()1 | 0 or % grows exponentially with ¢ > ¢y. In either case,
there exists t; > tg, such that for ¢t = ¢, %’ = &J. Now whenever,
go > & (9.31)
1
we have
d
T < arQu@ + o(/au)
< —ATQuQ} + Qo728
< —ATQo [QF - C& e Q]
< —ATQuQ? (9.32)

for m > 3+ Z. Therefore, by (9.31) we have dQl < 0. Since @y is increasing for
t1

t >t > to, the inequality & QO > &} persists and (9.32) holds for all ¢ > ¢;. Hence

d
21 < —AT"Qy@Q? and ﬁ > 2I' Q0 Q3. (9.33)
Finally, for t > ¢,
dQ, 19
L G/ )
g = AT (inf Q)@ (9.34)

Solving this scalar inequality

Q1(t1)
) < TG ()00 (= 1)

Since P, < Qq, Py(t) decays to zero like (t —¢;)~!. This completes the proof of
Proposition 9.4.

(9.35)

10. Decomposition and estimation of the dispersion

In this section, we revisit the decomposition of the dispersive part, n, which satis-
fies equation (6.48). Here, we decompose 7 in a manner suitable for consideration

of the solution on the various time scales.
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Proposition 10.1.

nt) = no(t) + eolt) + m(t)
eia3[ftT(Eo(t’)—Eo(T))dt’-i-é(t)] (M0(t) +€o(t) + m(t))- (10.1)

The three terms can be described as follows:

(1) no(t) is a dispersive wave generated by the data n(0) = niy,:
(10: — Ho)lo = 0, n(0) = Nin, (10.2)
(ii) eo(t) is driven principally by no(t):
(i0, — Ho)éo = P.Seq, mp;m0], €0(0) =0, (10.3)

and

iii) my(t), which is driven by bound state dynamics:
(ii1) my(t), v y
(i0: — Ho) 7 + PSP eq, my;mo], m(0) = 0. (10.4)

We display expressions for S and S® with the detail required in our analysis.

We let x denote a generic exponentially localized function of position, x.

o rT / ! LA
Gilfy (Bo()=Eo(T))d+6()] g(0) — S(()O)+S£O)60+S§O)e(2)+eg

~ (ag(t) = a3(T)) xm0 + 15 + coon X + Xy

+ (aoal + Oé%) xeo + (o + a1) x(no + m)eo + Nonbeo
+ (ad(t) = ad(T)) xeo + (a0 + ar)xe + (mo + m)e}
_|_

e (10.5)
T ’ /1O
il (Bo(t)=Eo(T)d' +6(1)] g(b) — S(()b) + Sﬁb)nb 4 Séb)ng 4
~ (a3 (t) — a}(1)) xs
+ iP.(T) < Vala(t) - 815071(75);0 6O‘I’O(t) - 0o (1) >

Wq(t
" <E1<t>—Eo<t>>Pc<T>ag( ;Q)
+ (laol” Jaa| + laol lon]* ) x
+ g + (o0 + 1) X7 + (no + €0) i

+  aolxmomy + (773 + 63) m+np (10.6)
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Remark 10.1. Due to the decay of Ey(t) — Eo(T) and 0,0(t), integration by
parts implies that contributions from the phase factors multiplying S© and S®
contribute at higher and negligible order. Also note that 1y, ey and n, satisfy the
same energy (H*®) and dispersive(L?, local decay) estimates as 1y, €y and 1, since
these functions differ only by a time-dependent phase. These properties will be
used repeatedly below and in sections 11, 12 and 13.

By (5.22) we have the following H' bounds on ey and 7, in terms of one another:

leo ez < Eo+ lmolla + [17(t) || (10.7)
@) [[r < &+ [Imollar + lleo(®) || - (10.8)

Using DuHamel’s formula, both the eq and 7, equations can be written as

equivalent integral equations:
i )
olt) = —i / e~ Molt=5) p_50)(5) ds (10.9)
0
3 )
m(t) = —i / e~Mot=s) pG®)(5) ds (10.10)
0
Therefore, in both cases we must estimate an expression of the form:
i )
zmw::/ e~ Mot=5) B G(s) ds. (10.11)
0
For estimation, we shall require the following class of dispersive estimates:

Proposition 10.2. (1) Let 2 < p < o0, p',q > 2,¢" and s be related by:

1 1
’ (5 7) =s, p @)=L+ () =1 (10.12)
Then,
; _g(l_ 1y, _gl_1 .
le ™ Pfll, < 005D (Al + 10°Flle ) (10.13)

(2) Assume q > 2 and s > 3/q. Then,
: 3l 1y, 3 s
le™ ™ Poflloe < 17227075 (N f 1l + 10°fllg ) (10.14)

Proof of Proposition 10.2: We use the classical Sobolev inequality for functions
defined on R?:
Il <C N fllgs 3(a =p7!) =5 (10.15)
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and the L? — L*" estimate (Theorem 4.2)

—i 3.3 _ _
[ Bfll, < Cup Rl a7 G =L (106)

For |t| > 1, we use (10.16). For |t| < 1, we have by (10.15) that

le= ™ Pfll, < [|0%e P,
< C|[Hie ™Pf,
< CED DSy, (10.17)

g+ () =1
From estimates (10.16) and (10.17) we obtain (10.13). Estimate (10.14) is ob-
tained similarly. This completes the proof of Proposition 10.2).

We now apply Proposition 10.2 with ¢ = 4 and s = 1 > 3/4 to the integral
equation (10.11) and obtain the bound:

@l < [ oy (ISOh+19s@ly) ds (1019

We shall use this bound as the first step in estimating ||eg ()| and ||7s(f)]]co-

More specifically, our estimation strategy seeks a closed system of inequalities for
the following

norms of eg: 1. [eo] oo 3, 2. [Deo]r2 3, 3. [eo]rro

norms of 1y 4. [1blecos 5 [0,

in terms of norms of the initial data [¢(0)]x.

1. Estimation of |eg]|«
By (10.18), we have

61 1
lleo(t) oo S/O PRI (1SO(s) s+ [0SO (s)]ls ) ds,  (10.19)

so it sufficies to bound [|S®|; and ||85(0)||%.

1.S©]|,: For any t > 0,

NI

ISV < )7 (Sl + VEImO ) < CE)DMO) (5)°

50l < Cls) leoluss ( &0+ &5 bl + Ei ol + [l )

Nl
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0
15572

legllx

_|_

VAN

<

C(s)72 [eo)oesslmlocsslmloco < Cls)72
O™ feolZy (( CVE+ Imlog + [l )
C ()2 [eolucsgleolirro (10.20)

||8S(0)||%: For any t > 0,

1855”12

1051 ol

0
l055” 5 s

oes]ls

IA

IA

[N

C(s)2 (80[8770]00;; + & [n0]oss [0l o + 502[770]007%)
C(s)™2 (Eolmlws + Eoleolsz )

loc’ 2

/()2 [eo)oxs (o]0 + [m]mio) [eo]ano
eo)?. [eol o ([l + [mlirro)

C(s)77 leolssg [eolino (10.21)

2

Use of the bounds (10.20) and (10.21) in (10.19) implies

Proposition 10.3.

leo®le < (07 (0 IOLx) + EF(Boo + [ROLx (Bl ol )
+ 07 (& O + oo + IOy ) ([eokesg + o2z )
+ <t>_% ( [60]00;% [60]?{1;0 + 50[60]L1206;% + 50%[60]30;%) (10.22)
2. Estimation of [Oey(t)] 12 3
loeo®lzz. ~ Ixdeo(t)llz (x localized )

loc

~  Ix(Ho)2ea()l2 (0 (Ho) ™% € B(L?))

t L
< [ IRy I RSO (s)]p ds by (10.9))
(10.23)

For the purpose of continuing the estimation, we regard S as consisting of terms

of two types: (i) terms having spatially localized (exponentially) functions of x
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as a factor, coming from ¥;, j = 0,1, and (ii) terms like €3 or mynoeg and others
which are not of this type. It is convenient to refer to such terms as Sﬁ%c and

51(\10L)oc below. From (10.23) we have:

oeo®lliz, < [ (o)t "I RSB (s)]a ds
t—1
* (fo +/t—1) I (Hoy2e™ ™= .S oe(5) 2 ds

[}y st ds

t—1 t
—1 -5 1 (0 1 i -5 0
£ [ eI P M) S oc(@)lle ds + [ 1o e 0P SGoc(s)] ds

/% (oSGl ds

c [ 95 d o3 d
v oo |t_ 7 110 5%oc(s)l ds + [ 10880c(s)1 ds
= A+B+C (10.24)

VAN

We estimate the integrands of B and C; that of A is similar.

nlw

| integrand of B ‘ < C <t>_ ( [60]00;% + [7]0]00,% ) ( [60]%1;0 + [Wb].%il;o + [770]%11;0 )

(10.25)

| integrand of C | (t>_% ( [60]2 : ( leolmr.o + [Mo) o)
[e0] o, [ 0)oo ;g[nb]Hl;o

[ ]Wl 0.3 ([ﬁb]oo ol€o] rr.0 + 0] so: [ﬂb]Hl;o + [eo]oo;g [eo]Hl;o)

+ o+ o+ A

[770]?4/1,00;% [eo]Hl;o )

Substitution of these bounds into (10.24), we have:

Proposition 10.4.

1es(t)ll 2,3 < CO7F (Lol + m(O)]x ) (leoloesg + leoliro ) (10.26)

loc’ 2
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3. Estimation of [ey(t)]p1.0

leo®llm ~ IGeo(®)l < [ 1059(s)] ds (10.27)

050 < Clo)H ( Ealmlwreg + & Il
+ (oo [les + o rolwress )

Hﬁsél)eon < C’(s)‘% .

osefl < O (el + & leoluzmlano )
+ O(s)7 [eolZes (ol + i)
+ C()72 [eo)onsz [Molwresz ([Mo]20 + [mela0)

loetllz <

Proposition 10.5. Fort > 0,

leo(®)[r < C(&, [m0(0)]x) + [e0]os;z ([M0(0)]x + [eo]mro ) (10.28)

We now turn to the estimation of ||1,(t)||co and ||my(¢)|| 1. By (10.18) we have

Il < [

© ®(s)] 2 10.2
AR A TRE (ISP ()l + [0SO (s)« ) s, (10.20)

where S©® is given by (10.6).
Proposition 10.6. In terms of );, 7 = 0,1 we have

SO = SO + 8, + S + (10.30)
where

1 1
SP o~ QEix + QuQix
b 11 1
SO0~ QEQIxm + (6 + eg)m + QF xnoms
b 1 1
SPnE ~ (Qé + Qf) X+ (o + eo)
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We now proceed with estimates of S® in L! and in W3.

Beginning with [|S®||; we have:

BRI
< C( Qi+ + QiQiIml= + Inle (Imol + leol) )
+ C(Qblmollelimll + (@5 +@F) Il + Il Climll Nanlls + leolz Il ) )
+ Cllmllolmli (1031)
We now turn to ||8S(b)||%.

EERIP

¢ ( Q3@+ @@} +QiQ} lmlin )

IA

1
+ (168 + R)omlly + Imdumly + @dlnl (lnolle + 0m]-c) )

1
+ C ( Q3 1m0l o l[Omsll2 + 1l (10 + eo)mmdms |1 + (00 + Deo)illa + [Ims0ms 4 )
(10.32)

To further estimate ||0S® ||% we use the following estimates of individual terms:

Iomlls < lnolloe ol el
Iomslls < lmoll% lleoll3 Nl
Inodnomslls < N0molloe Imoll% Imoll3 sl
Inomdmlls < lmlloe Inolld lmoll3 el e
leommlls < lmlo llcoll lleoll3 Il
lonomlls < lnslloe Omoli% 9molls Iz
l0conlls < leolla InellZ llmll3
Iomls < liml l1Omsll2 sl (10.33)

Recall that ||n,(t)|| g1 can be estimated in terms of ||eg(t)||z1; see (10.8).

Since 7, is driven by the bound state amplitudes (Qy and (1), which have dif-
ferent behavior on the intervals /;, we now estimate 7,(t) separately on Iy, = [0, %], I; = [to, t1]
and I = [t;,00).
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We now introduce appropriate norms on different time scales. Define

3
M) = sup ()7 [[eo(t)]lc + sup (&) [m(t)]lc + sup |[leo(t)n
0<tAto 0<tAtg 0<tAto
3
+  sup ()2 [[Oeo(t)]lz. + sup ()7 [Qo(H)] + sup [Qi(t)| (10.34)
0<tAto 0<tAto 0<tAto
3
Mp(t) = sup (8?2 [leo(®)|loc + sup [m(@)lloc + sup [leo(t)||an
to<tAty1 to<tAty to<tAty
3
+  sup (6)? [[Oeo(t)|[rz + sup [Qo(t)] + sup [Qi(¢)]  (10.35)
to<tAt1 to<tAt1 to<tAt1
3 1
Mp(t) = sup ()2 fleo(t)le + sup (E—t1)% [[m(t)]lec + sup [leo(t)| s
t1 <tA\T t1 <tA\T t1 <tA\T
3
+  sup ()2 [[Oeo(?)l|rz. + sup [Qo(?)]
t1 <tAT t1 <tA\T
+  sup (t—t1) TY|Qo(t1)] [Q1(t)] 1Q1(t)] (10.36)
t1 <tAT

Remark 10.2. By Propositions 10.3, 10.4 and 10.5, the eqg contributions to the
norms M, are controlled in terms of the initial conditions. Therefore, to control
My, , it suffices to bound ); and n.

The above estimates can be used together with the bounds on @); of section 9 to
obtain the following three propositions, which give bounds for 7, on the intervals
Io, ]1 and ]2.

Proposition 10.7. (n,(t) for t € Iy) Assume t € Iy = [0,ty], i.e. Qo(t) <
C ([no]x + &) (t) =2 for t € [0,to]. Then, for ||¢(0)||x sufficiently small

Il < € (le(0)lx, Miy(to) ) (8~ (10.37)

Proposition 10.8. (n,(t) for t € I) Assume t € I; = [to,t1]. Then, for ||¢(0)||x

sufficiently small

Im()lloe < C(Nl¢(0)]lx, Miy(to), Mr, (1) ) (10.38)

Proposition 10.9. (n,(t) for t € I,) Assume t € I, = [t1,T]. Then, for ||¢(0)||x

sufficiently small

@l < € CllDO)l]x, My (to), M, (02), Miy(T) ) (¢ = 272 (10.39)
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In our estimates of section 11, we shall use the following result to estimate
the size of correction terms in the system for )y and @); for ¢ > ¢y, where @)y is

monotonically increasing.

Proposition 10.10. Let ¢ = ((z,t), x € R?, t > to, with ((z,to) = 0 satisfy

the following dispersive equation
10,0 = HoC + P ( S1(t) + Sa()C + XxC2+ ¢ ) (10.40)
where for all k > 0 and j = 1,2:

15,0l = 0 (Co(0))x Q3 1))
0:Qo > 0fort>tyg, and Qy < &. (10.41)

Suppose ||[C(t)||m < C([p(0)]x, My, (t1), M, (T) ) for all ty < t < T, where
[¢(0)].x is sufficiently small. Then, ||¢(t)]lo < C ( [8(0)]x, My ), Mi,(T) ) Qo(t)"/2.

Corollary 10.1. Let p > 6. £J" = sup, <, €1(t’), then

mmz&%@[gfﬁ%%“-
Corollary 10.2. Let p > 6.
ummS@%@fgfﬁ%%*i
which follows by using
Ixe ™ Pxglls < ct)"* gl
Corollary 10.3.

W%mgc@mwfgﬂﬂ_@.

— 5)3/2

Proof: This result follows from applying 0% to the equation for ¢ and estimating,
as above, in L? for any a and p > 6. By the Sobolev inequality this implies control

derivatives in L°.
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Remark 10.3. In our applications of Proposition 10.10 and its corollaries, €;(s)
will be given by the source terms depending on )y and Q%. Fort > t;, Q1 =
O({t — t1)71). Therefore, since the lowest order term in (), contributing to €(s)
is O(Q1) ( see equation (7.32) ), it follows that for t > t;

0|l = Ot — £1)72) + Ot — t1)7 ) + O({t — ;)7 2). (10.42)

Since n = O(ny) +O(ny), the conclusion of the main theorem for large t, t > t1,
follows. Namely, for

7llweee = Ot — t)72) 4 e P, 5(0) + £2), (10.43)

where the non-free wave part is coming from spatially localized source terms.

11. Beginning of proof of Proposition 9.1
The key to Proposition 9.1 is the following more detailed version of Corollary 7.1:

Proposition 11.1. Let t > 0. The equations for Py, P, can be written in the

following form

dP,
=% = 2PRP!+ R + B m] + B [Py, P}

dP

— = —ATRP + R [no) + R[] + RS [Py, P, (11.1)

where

(i) RY [n0] are no-dependent terms only both local and nonlocal in time, and may
also depend on ay, @1.

(ii) my is the bound state driven part of the dispersion; see section 5.

(iii) Réo) depends only on Py, Py, t, but not on n; It is formally linear in Py, of high
order in P;, and contains both local and nonlocal in time terms.

(iv) Rgl) depends only on Py, P;,t, but not on n. It is of high order in Py, local

and nonlocal terms included, but has terms which are linear in &g ~ /Fp.

The proof uses repeated application of near-identity transformations of the
variables ay, @1, derivable by integration by parts ( see the discussion of resonant

and nonresonant terms in section 7 ) and the decomposition of 7 given in (10.1).
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Remark 11.1. As noted in section 10 additional terms which arise, when replac-
ing ng,eq and n, by 1o, €y and 1,, are treated perturbatively. This is the case
because integration by parts of these terms gives rise to an extra factor from the
derivative of the phase which is O(Fy(t) — Eo(T)) + O(8,0) = O(t™"). Through-
out sections 11, 12 and 13 we shall use this fact as well as the fact that dispersive
and energy estimates of these sets of functions are the same because they differ

by a purely time-varying phase.

The proof is long so we break it up into three parts, which are presented in
three different sections. The following is an overview.
Part 1: The terms R’ [70] and R((]l)[no] are forcing terms in the ODE dynamics,
which are driven by the dispersive part of the initial conditions. They are studied
and estimated in this section; Proposition 11.2
Part 2: The terms R\” (] and Rgl)[nb] are studied and estimated in section 13;
Proposition 13.1.
Part 3: The terms R) [Py, P1] and Rél)(Po,Pl) are studied and estimated in
section 12; Proposition 12.1

In Parts 1, 2 and 3, we require estimates for all t > 0. On [y ={t: 0 <t <t}
we use the d priori bound on Py(t), implied by the definition of #y; see eqn. (8.5).
For t > ty, we use the

Monotonicity Property Q

Qo and o are montonically increasing, (11.2)
1

where @y and @), are the modified bound state energies related to Py and Py ( see
(9.7), (9.1), (9.2) ). This monotonicity property shown to hold at ¢t = ¢y and is then
shown to continue for all time, ¢, by a continuity argument; see section 14. Since
there are many terms, we focus on those which are most problematic, namely,
those which are nonlocal in time and of slowest time-decay rate. This calculations
are very lengthy and before embarking on them we present a calculation, related
to the normal form discussion in section 7, and which is repeatedly in order to

exploit rapid oscillations in time.

Expansion of oscillatory integrals, resonances and improved time decay
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In deriving and estimating the terms Rg-i) in (11.1), we must frequently expand

and/or estimate terms of the form:

t . .
<X1 ,/ e~ To=)p vy (s) efh® ds> (11.3)
0

Here, x1 and yo(s) are localized functions of z, y; is independent of s and y2(s)
depends on s through its dependence on «y(s), B1(s) or no(s).
Recall that Hy, define in (4.6) is of the form

Ho = 7:{0 + E00'3 (11.4)

and H, = o3(—A) plus a matrix potential which decays to zero rapidly as |z|
tends to infinity. In (11.3) we would like to integrate by parts, exploiting the
oscillation of frequency FEy. However, “peeling off” these oscillations is a little
tricky because o3 does not commute with Hy. We handle this as follows, using
Theorem 4.3 .

Recall that

ZHW = o3(—A— Ey),
Ze—iHotPcW — e—i03(—A—EO)t (115)

where W denotes the wave operator

W — lim e—iHote—i0'3(—A—Eo)t
t—o0 ’
Z = w (11.6)

By (11.5), we can rewrite (11.3) as
<X1 , e~ THot /Ot Welos(-A=Eo)s 7 p oifhis xX2(8) ds>
_ <X1 et /Ot Weios(-A=Eos 7 p s () ds>
X1 ,e ot /Ot Weiosdsz . Weioskos z P oihs 4, (s) ds>

. t . .
— <X1 76_ZHOt/O W6203ASZ X Wez(agEg—i—IQl)sZPC X2(S) d8>

ds

. t ) .
X1 ,e‘mot/o Weloshs 7 . (—’i)iW(UgEo + IQy) teilosEot s 7 p oy (s) ds>

. t . .
~ - <X1 ,e"HOt/O WosAe'P3257 . W(agEo+IQl)_1e’(”3E‘)+IQl)8ZPC X2($) d8>

t ~ ,
~ — <X1 7/0 62H0(t_s)H0(0'3E0 + [Ql)_lelﬂlspc XQ(S) d8>
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In the previous string of equations we have used the notation f ~ ¢ to mean
equality up to terms which are local in time. Note that o3Fy + [€2; is invertible
since its determinant is Q2 + E2. We can therefore carry out this procedure any
finite number of times to arrange, up to local in time terms, an expression involves
an operator of the form y exp(z'Ho(t—s))ﬂ’g X, k > 1, where y is spatially localized.
Therefore, the enhanced local decay estimate (4.43) of Theorem 4.3 applies. We
shall use these observations, together with the detailed dependence of y2(s) on on

o, (41 etc. to control certain terms in Rg-i).
Part 1: Estimation of ’R((]O) [770]’ and ’R(()l)[no]’

Proposition 11.2. Assume either t < ty or Montonicity Property Q on
[to,to + 5*] Then,

RS o]

R ]| < b (o Iolx) (072 + O(&)2TRPE (118)
bo (to, [mo]x) = O(<t0>_1[770]x)
by (to, [olx) = O({to) 2 [m)3’)

Proof of Proposition 11.2:
Proof of esimate (11.8) for R(()O) [10]: The key terms are those in the Py equation,

which are decaying most slowly with ¢. These are linear in 7, since [|1o]/cc =
O(t=3/%). We focus on the most difficult terms. These are nonlocal in 1o(t). Recall
equation (7.52) for ap and that the equation for Py, (7.6), is derived from the dq

equation (related to (7.52) by a near-identity change of variables) by multiplication
by & and taking the imaginary part of the d,a¢ equation.
We consider the following representative “most problematic” terms in R(()O) [Mo],

whose estimation introduces the necessary methods for treating them all:
(11) (o) (x. [ 70 P (s) W3 (s (s)ds ) O (Fafhe ™ + i)
(11.9)
(‘also with WoW 7, replaced by WoW ng, Yol no )
(12) 0(a@)O(aioi) {x, [ €™ Pt ) ds. (11.10)
Estimation of T1: Since the time-integral is bounded by O(&){t)~*/% [no]x, by

the Cauchy-Schwarz inequality the second term in (11.9) is bounded as follows:

005 (x. [

t

)| <OE)RPE+ OE) O Il (1L1)
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We now control the first term in (11.9). O(Gof1)O(dy). We argue that the

key contribution from this term which must be bounded is of the form:

- . t .
O(ao)@—ogle—w% <X, /0 e—mo<t—s>PC\1/0(s)\yl(s)ﬁo(s)ds> (11.12)

To see this, consider the term in the &g equation which corresponds to the first
term in (11.9):

(x [ 800 g ()0 ()7 (5)ds ) © (Fofhe ™) (11.13)

Next we integrate with respect to ¢, and integrate by parts, making using the
oscillatory exponential factor. The result is a boundary term, which can be sub-
sumed in the definition of &gy, by a near identity transformation, followed by a
time-integral 0 to ¢. The latter contributes terms to the Py equation (which has

been modified due to the slight redefinition of &g) of the following type:
O(0)O(Frrdi + dodi ) <X7 /0 (s pcqfowods> (11.14)
O(&0)O(Gof )gt <X/ ~oli=s) \Ifollfmods> (11.15)
Since 9,c0 = O(|ap|?|31|) and 8,3, = O(|ap| |51]?) (11.14) is bounded by

O(&) O (@B ™2 [mlx ). (11.16)

where we have used
In0llee < Clnolx (8)~/2. (11.17)
By the Cauchy-Schwarz inequality this is bounded by O(&y) (2T Py P2+ [no)% () ~2).

Therefore, the contribution from this first term satisfies the estimate (11.8).
Obtaining a bound on (11.15) is more involved. We use the local decay estimate
of Theorem 4.3:
Ixe™ M PHo fll2 < (8) /%0 (@) 2. (11.18)

The expression (11.15) bounded by:
-~ t ~
= O(ap)O(ap) (<><, WoWqno) — iy, /0 e—zHo(t—s)PcHo\Ifo\Iflﬁods>)
< 0(&) (TQQT + (1 )

t
+ O(a /
0/61 X 0 5/2

|Oéo||/51| (11-19)

3
2

72



The latter integral requires detailed estimation on different time scales.
To estimate the last integral, we split the range of integration into three re-

gions:

Ih={s:0<s<ty}

[15{82t0<$§t1}

L={s:t1<s<T} (11.20)
Estimate on [: Assume t < t;. Recall that by (8.5), |ao(s)| < O(&)(s)™ .
Using this we have

A REARE

O(d?ﬁl) [10] x /t (t — )5/2 <31>2

= O(|ao|?) (4F04051> ( /Ot SEEN %|Oéo‘61| ds)

3
1

< O(&)) [2PRPY + ol (6)733]

where we have used that ab < a*/4 + 3b3 /4.

Estimate on [;: Let t be such that ty <t < t;. We break the integral into an
integral over [0, tp] plus an integral over [to,t]. Recall the definitions of Q;(t), j =
0,1 in terms of |&;(¢) displayed in (9.7). Using that

o for s € I, |ag(s)] < O(&)(s)~! and for

o s eIy, Qo is increasing and Qo(s) < EQ1(s),

we have

oUaOPIRODm ( [+ ) gl lau(s)] ds

to

- > t|B1(s)] |ao(s

< Iy type bound + O(|&|* |51]) [n0]x /to (|tﬁl—( S)>‘5/‘2<t;(>3)/|2 ds
3503 ¢ 1

< otype bound + O(faol* [l [:lc) bulx || st ds

=LWWMM+d®mmawmomwﬁw
EF Q1) lmlx (1)

%@w%

(Q@t + (7). (11.21)

[N

= Iy type bound + O

= I type bound + O (50

\_/\_/

= I type bound + O 50
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which is a bound of the type in (11.8).

Estimate on Is:

O(&3 31 () [mo) x /Ot 0 _‘&;)l‘/fz|>3/2 ds

= O(agf(t)[mo]x) (/0 /t1> t_\jo5||/§1|>3/2 ds

ol | B
~ 5)5/2(s)3/

~ t
= Iy & I, type bounds + O(a33:1(t))[no)x /t i ds

(11.22)

The latter integral must be treated differently from the previous terms. For

t € I;, we used that ()g monotonically increasing and bounded by a small constant
times (7 to treat terms perturbatively. On I, Qg dominates (); (which decays)

and we must use a different argument. We return to expression from which the
last term in (11.22) is derived:

~ t . ~
O(&o)O(aonsh) ((x, oW ymo) — i(x, /0 e"HO(t_S)PCHO\IIO\IImOds>). (11.23)

We need to expand and estimate time integral:

[ e B R (s)5 (s)e ™y (s)ds = e [ 00ty () (5)7 () s
" " (11.24)
which we do using integration by parts. We carry this out, then take the inner
product of the result with a localized function, y, and then finally multiply by
O(|éo|? |1]). The result is of order

ol 1B (@)oo + laol® 1Bl [{x. e ™ Fox )|

+ O(laol* |51]) /tf e~ P (Hy — >\+)_17'~50X6_M+5% (070(5)51(3)%(5)) ds
(11.25)

The first two terms in (11.25) are bounded as follows:

ol 15112 Im0(t)lse = O(E0) (Idol 1B1]?) lm0(#)lloo
< 0(&) ( Q@7 + [Im®)1% )
< 0@E) Q2 + (1))
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léol® |B1] [(x, e ™ Hox )| < Claol*? (a2 51]) (£)/2
<OE) (Q@F + ()7 F1) < 0E”) (@2 + 1)) (11.26)

We now turn to the nonlocal term, in (11.25), which we denote Z;:

~ t . ~ '
Iy ~ O(|O~‘0|2 51]) /t e~ Holt=9) P.(Hy — )\+)_1'H0X6_M+S

1

((0ucio(5)51 (5)770() + o ()55 ()7 (5) + dol5)Bi (5)DuTio(s) )
(11.27)

Using that
Qg ~ O(Bdg), by ~ O(dof}), and dymy = (—iHo + O(<t>_l)) mo, (11.28)
(see also Remark 11.1) we have

- t . '
Ly ~ O(|O~‘0|2 |41]) /t e~ Ho(t=s) P.(Ho — )\+)_1H0Xe_’>\+8

1

( &0 BTy + @3By (s) + do(s) 1 (s)HoTly () )
= Tio + I + Iy (11.29)

Each of the three terms Z;;, j = a, b, c satisfies a bound of the form:

Tl < €& Ol 7571 (11.30)

We illustrate this by estimating Z;,; the other two terms are estimated simi-
larly.
- 1
Using that |agl|, |61] = O(&F) we have

sy [0 1 >3~
Tl < 6ol 1] [ ———5 11" [aol ol ds
t1 <T,— S>2

< & [mo(0)]x <Sup(t—t1>%‘5~1(t)‘>3/: 1 1 1

(t— )% (s —t1)3 (s)3

Separate estimation of the contributions from the intervals [t;, 5 (t+%;)] and [ (¢+
t1),t] yields the bound:

Tal < C & [n0(0)]x <§3£<t—t1>%|51(t)|> %(t _1t1>2 (11.31)
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Estimation of T2: Consider the term

T2 = O(G(H)OGo(t)A (1) (x. /Ot O P (s)o(s) ) s, (11:32)

t e ]1 = [to,tl]Z For t € ]1,

lGol2 |B1] < &2 |éo| 5] Proposition 9.4. (11.33)
Therefore,
12 < e laol 1P| x. [ e Patds |
< g Jaol 1307 ( sup (1R b6 oo

< &3 |aol 1B1? ()bl Zrz o) x
< cEmolx ldol 1Bi]? (1)~
cEnolx (PPY + (1))

A

IA

t e Ig = [tl,OO)I

To see the relevant terms for ¢ > t;, we integrate by parts and obtain, besides

easily estimable local terms and terms with faster time decay,
~ t ~
0(a2f) < xo [ eIy Py ds > t> . (11.34)
0
Consider the contribution to the integral in (11.34) coming from s € [0, #o]:

O (a3(1)Bi(1)) <X, /0 ’ e~ M=) 10 P ds > t>t >t (11.35)
Consider, the inner produce
R(t) = <X7 /Oto e~ Mot=)110 P.ntng ds > (11.36)
We have

(1135)] < C lao(t)P1B(0)] [R(M)] ~ CQHQF (HIR() (11.37)
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and therefore it suffices to prove that
3
IR(t)] < CQF(t) (11.38)

To prove (11.38), recall that for t > t; y

dQO 2
— =< T
dt QOQl
d
Qs = —2I'QuQ?, (11.39)
dt
and
EQi(t) = Qo(th). (11.40)
Therefore,
20Q:(t)
t) =< 11.41
@i(0) 1+ T f Qo(s)ds ( )
Therefore, to establish (11.38) we need:
3
201 (t) ) >
Rt)| < C 11.42
0l < ¢ (s (1142
We consider two cases
Case 1: I sup,e, |Qo(s)| [t —t1] < 1, and
Case 2: I sup,e, 4 |Qo(s)| [t —t1] > 1, where it suffices to prove
3
t 2
< SOGY ) (11.43)
T J, Qo(s
), (11. 38) while in case 1 we prove that the

In case 2 we prove the bound on R(t
expression (11.34) of order (t —t1)~2(t — to) 2. We first handle case 2, the bound
(11.43). From (11.39) we have

%(Q0+2Q1) = 0, t>t
Qo(t) + 2Q:(t) = Qolt1) + 2Q(t1)
= (24 &) Qi(th) (11.44)
Therefore, since
Qi(t) = 201(4) (11.45)

1 + Fffl Qo(s)ds
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we have, as t — oo

Qo(t) = (2+&)Qi(t1) — 2Q:(t)
— (24 &)Q(t)

Therefore, for t > t; (t — ¢, large enough)

(1+&)Qi(t) < Qo(t) < (2+&)Q1(h)

and therefore

Q1(t) S Q1(t1)
1 1 1 1
I S S
= 3T -t 30—t

On the other hand,

rol < 0 (xR em ol @ )

(t —s)2

to 1
< (C su ik / ——ds
< TE[OEO]H?%( e [olx | TERETRE:
1

(t —to)?

The bounds (11.49) and (11.48) imply (11.43).

< C& mlx

We now turn to case 1. In this case, I'supyey, 4 Qo(s) [t —ti] <1,

and therefore by (11.34) and (11.50)

1 1 1 1
11.34)| < &2 su s —11)20Q1(s T 3
(11.34)] < &olmolx seltn (s = 2@i) [t —tal (£ —t1)2 (t —to)?

(11.46)

(11.47)

(11.48)

(11.49)

(11.50)

(11.51)

We begin by noting that by Proposition 10.10 and its corollaries, for p > 6

1726 | vyr.v O(&) ()™, t <t
Imollwre < OENQu)Y? to <t <t
O(<t—t1>_ ),tZtl

IN

D=

1726l o0
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For ¢t < t1, the previous arguments with the known estimates on 7,, and the
facts that |ao(t)] < O(&)/(t) on Iy and Qo(t) < EQy on I; imply the necessary

bounds. Collecting all these, we have

~ t ~
O(@#m)|(x. [ €™ P Hontneds)

< O(&0) [2Qu@Qi + (to) (1) 7] -

Proof of estimate (11.8) for Rél): The key terms to consider in the P, equation

are the slowest decaying nonlocal terms; see (7.39) and (7.32). Since b; enters as
b2 in (9.22), we need to bound RS by O(&) [<t0>_1/2(t>_2 + 2FP0P12} for t > t.

The slowest decaying nonlocal term in the 3; equation arises from the balance:
z.at/@l ~ A<¢f*aﬁlq)2>|/61|2ei>\+(,r)t (1153)

Since the P, equation is obtain by multiplying by 3, and taking the imaginary

part, we must estimate:
)‘<wi’*>7ﬁq)2> |/81|2E 6i)\+(T)ta (1154)

the leading order nonlocal part of which is
R t .
~ |GP3 <X7/0 €_ZHO(t_8)Pc‘I’0‘I’1770dS> et
~ = t . ~ ) )
~ BB <X,/ 6_2H°(t_8)Pcdoﬁle_M*SXUo(S)d8> et
0

Integrating by parts (using the oscillatory factor e*+!) and removing nonresonant

local in terms by near identity transformations the key term is
o t . . ,
151126, <X,/ e_’HO(t_S)HOPcdoﬁlxeM*sno(s)d8> et (11.55)
0

Suppose ¢t > t;. Since we have no factor of &g outside the integral (local in
time ag(t) factor), the estimate for Iy = {0 < s < ty} is the critical part and
requires the O((t)~!) bound on Iy and Theorem 4.3:

t . - .
‘<X,/ 6_”{0@_5)Hopcdoﬁanoﬁ’_M*st>
0

< Ol | emamgla @]+ ([T )-- as

t1
ds ds

< O(&)molx /Oto [t — Y52 () ()32 + [mo]x /: <t_8>5/2<8>3/2‘070(t1)\ |B1(s)] +/t1t
< O(E) [(172Imo]x + O(E)molx|Go (1)1 (8) ™2 + o] xlao ()] (£ — )% (1)73] .
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Note that we can extract the factor |&(t)| from the integral for s > ¢ since in
this range Qo(t) is monotonically increasing and Qo(t) ~ FPo(t) ~ |ao(t)| with
correction terms which are which are rapidly decaying in time and which are
therefore dominated by the first term. Multiplication by O(]3]?) prefactor gives
the bound

C(&o, [0 x) { (sup(s—t1>%‘ﬂ~1(8)\> B2t — 1)+ Qu@Q? (11.56)

s>ty

This completes the proof of Proposition 11.2.

12. Local and nonlocal ODE terms: jo)(Po, P;) of Proposi-
tion 11.1

In this section we prove estimates on the terms Rgo)(Po, P)) and Rgl)(Po, Py) of
Proposition 11.1.

Proposition 12.1. Assume either t < t, or Monotonicity Property Q on [to, to+
d:]. Then, For m > 4,

(1) [RY (P, P1)| < O(EOT PP + O({t) %) (Po, Py << 1)

(2) |RE (Po, P)| < O(EHTRPE + Oao) P + O(() ™), ao| ~ /.

12.1. Proof of part (1) of Proposition 12.1:

The most problematic terms are nonlocal, slowest decaying. The terms which are
linear in 7 in the oy equation contribute the slowest terms; these are nonlocal in
time, .

We have to consider terms arising in equation (7.52) of the type:

<X>77>6_M+ta_0617 <X>77>|51|2> <X 77>ﬁ2 _2M+t (121)

where ¢y ~ 1 and n(t) = no(t) + eo(t) + np(t); see (10.1).

As calculated earlier, the last term is resonant and its contribution is +2I" Py P}
to the P, equation; see (7.55).

The leading ODE terms in 7 are the source terms of the type in (7.32):

[Wo[* Wy, WEWy, Wo Wy |2, WoW?; (12.2)
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Recall that the P, equation is obtained from the &y equation by multiplication by
Ao and taking the imaginary part.
Solving for 7, and plugging the source term contributions into the (x,n) terms

in the F, equation gives, apart from the resonant term, terms of the type

@O (@1 + |51 (X, /Ot e MU= P (WP Wy + WEW) + Wo| Wy | + oW ) ds

(12.3)
For t > t; the slowest terms are O(|Wo|?¥; + W3aW,) source terms. For ty <t < t;
the problematic terms are O(Wo|¥,|? + UuW?) source terms, since on this interval
B3 does not necessarily decay. Since ¥; ~ e~*+!3; 4+ higher order terms, we can
integrate by parts the O(|¥o|?¥; + W2W,) terms in (12.3) to get arbitrary order
B terms, which are nonlocal. The remaining terms are local and its lowest order

term is of the order
EOO(aoei)‘+t61 + ‘61|2) <X, O(‘Oé0|2616i>\+t + Oégﬁle_i)\+t)> . (124)

The nonresonant local terms can be transformed to higher order by a near identity

change of variables giving
O(Jao282me™™), Q> 0 and m arbitrary large,

while resonant terms are of the type already derived but of higher order (bounded
by O(&))QoQ?)). We are therefore left to consider the following nonlocal terms

) t ) .
@0(’) (@0516_2)\+t + ‘61‘2) <X,/O 6_2H0(t_S)PCOéoﬂ%m€ZQms )Zd8> (125)

Consider the first term in (12.5). Due to the oscillatory factor e=*+! in the
O(@pB1e~+t) term we can, by a near-identity transformation, in the o equation,

remove this term in exchange for one higher order

t . t

Ollac3) (x. [ ) + 0@ s ™), (x, [ ™ 0=9p, ... )
0 0

+ higher order + local terms,

and by further near identity transformations, we are left with the following slowest

term .
O(|ao|?B1) 0™ <X>/ e~ Molt=s) p ... (s > (12.6)

0
All other terms are of order o(£y))O(PyP?), o(Ey)(t) ™ or higher order, for & small.
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t
O, [ e MR, a5 ids)
0
4 . ~ .
= <X,a0(t) lzm(t)>~(> - <x,i/ e‘mo(t_s)HoPcf(ozoﬂlzmemsds>.
0
The first term is local and will contribute o(1)O(PyP?). Tt remains to estimate
the nonlocal term. Note that

t ) ot _ L
/0 €_ZHO(t_s)6ms)ZOéoﬂ%mdS — ot /0 e—z(?’(o—w)(t—s)ez(w+w)s>zaoﬂ%md8

Consider now the second term in (12.5). Using the oscillatory factor e~ one
can transform the O(ay|31]?){x, [ ---) to higher order.
We now turn to the second term in (12.5). First, let’s consider the case where

t>1.
t
Ol x. [ e Iagsm ds ) (12.7)
0
We consider (12.7) for t > t;. For this we require the following

Lemma 12.1. Fort > ty,

Qi) = Qu(tr) [1 + 4" + 6)Qu(t)Qo(t1) (¢ — t1)] ™ (12.8)
Proof of Lemma 12.1: For t >t
% > —4(I" + 6)Qo@Q; (12.9)
Therefore,
_dggl > —4(I"+8)Qo(t) > —4(I"+8)Qo(t1) or d%_l < 4(I"+0)Qo(t) (12.10)
since Qo(t1) < Qo(t) (Qo 1 for t > t,). Integrating from ¢ to t,, we get
Qi)™ = Qu(t) ™ AT+ 8)Qo(t)(t — 1), (12.11)

which is equivalent (12.8). This completes the proof of Lemma 12.1.
Estimation of (12.7) for ¢t > t; Carrying out the differentiation in (12.7) we
find that it suffices to bound terms of the type:

O (aalBif?) (s ) ao2” = O(E)Qu@EO (o) (. [ 7509 Pty Rao 2 ds
(12.12)
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We now consider (12.12), which we break into the sum of three integrals:

to t1 t . -
O(ao|ﬁl|2)< X, ( /0 + [ + >e—”10<t—8> P. HEgao B2 ds > (12.13)

to t1

jfl : By the local decay estimate for e~ 7%0*HEP, of Theorem 4.3, the integral in
(12.13) is bounded above by:

t ds 9
— n 12.14
J, gyl (12.14)
This in turn is bounded above by

t  ds

Qo(t)'/? /t1 = 8>kQT(s), (12.15)

since ()q is increasing for ¢ > .
We now aim to further bound (12.15) by “extracting” powers of Q1(¢) from
under the integral. Recall that for s > t;

Q1(t1)

Q) S om0 0 s = 1]
_ 1 [ Q1(t1)Qo(t1)2T ]
20Qo(t1) |14 2I'Qo(t1)Q1(t1)]s — t]
< min{Qi(t), 2071 Qy (1) (s — t1) '} (12.16)
and
Q'(t) = Q1(t1) 71", and Q1 < &. (12.17)
We write

mig) = Q" F(s)QF(s mk (s ! T 1 k
Qrs) = QORI <O T aro.aR

= m—ES 1 — SO_TE =
) T r o R
< QUTH(9)ET s — 1), (12.18)

where we have used that Q(t1) > Q1(s).
We consider separately the cases t > 2t and t; <t < 2t;.
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t > 2t;: Take k = 2 and m > 2(r + 2). Then, the integral in (12.15) is bounded
by
EL Qo(t)2 (1)~ ™ R p >0, (12.19)

This implies, for k sufficiently large,

O@ala)in [ coEn (@@t + ) o0 (1220)

t1 <t <2t: Let t =t; +2M, M = (t — t;)/2 and rewrite the integral as

t ds 9 t1+M t1+2M ds 9
— = — . 12.21
/tl (t —s)k i </t1 * /t1+M )> (t — s)k 208" ( )

In a manner similar to the previous estimate, using that () is decreasing we have,
by (12.18):

t1+M d —
/t T—sF _SS>kQ1(S)m/2<S — )" < et — (b 4 M))TRQ, (t)™?
< et — 1) TFQu(t) Qi (t) 7
< e{t =) [ 1A+ 6)Qu(t)Qo(t)[E — 1] ] Q1)@ ()™
< O(&)Qu(t)
for kK > 1. Hence
+
Olaoi )Rl [ < o Qut (12.22)
Furthermore, by (12.18) the integral over [t; + M, t; + 2M] is bounded by
t1+2M ds — _
/tl-l—M (t — s)k(s — t1>kQ1(S) < )" M) < cut)™ 1
(12.23)
and, as above, using the upper bound (12.8) for @1 (¢1) in terms of Q1 (t) we have
t14+2M
/ — < O(E)Qu(t) (12.24)
t1+M

for k > 1. Therefore, for all ¢ > ¢, the nonlocal (and local) ODE terms in the Qg

equation are bounded by

O(&) [Qu@F + ()7 (12.25)
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provided we control the integral [j* - ds.

o1 Consider

I(t) = 1/2Q1/ % Y2Qm1Qds. (12.26)

By the mean value theorem, Q1 (s) = Q1(s) — Q1 (t) + Q1 (t) = Q1 (3)|t — s| + Q1 (1),
where s <5 < t. Then,

10 < GO [ Qi@ (s) ds

i
+ Ii(t), where (12.27)
h) = QO [ =m0l () Q6. (1229

where we have used

Q1=0 (Qé@l) + h.o.t.. (12.29)
If 5 < tg, then using that QO( ) < EL(E) T < EF(s), we have the bound
L(t) < OENQ AWM < OE) (QOQEH + 1) (12:30)

If 3> tg, then since Qy(s) is monotonically increasing for s > to, and we have

Q(()lftiQtigt) /Otl (t _d;k—lQé(S)QT_l(S) Q1(3) (12.31)

We now expand the latter factor of )1 in the integrand using the mean value

Li(t) <

theorem. Specifically, there exists s’ with t5 <35 < s’ < t; such that:

Q) = Qit)+ Qi ~ 1)
= Qi) +0 QI ) s~ b
< Qi) +0 Q5 ()@ [5— 1, (12:32)

where the last inequality follows by monotonicity of Q).

Substitution into integrand in (12.32) gives:

0 1 1 t ds
Li(t) < opQézCil)( )Qf(tl)/o m@

where we have used (12.17) to replace Qo(t1) by Q1(t1). A higher order term (one
proportional to (1(t1)) is subsumed by the constant, c.

O~

(5)QT(s), (12.33)
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From (12.8) we have

Qi(t1) < (14+4T"+0)Q1(t1)Qo(t1)(t — 1)) Qu(2) (12.34)

Case 1: 4(I"+0)Q1(t1)Qo(t1)(t—t1) < 100 Here, Q1 (t1) < 101Q(t), and therefore

3

pQo(DQI () ds
Li(t) < & t—t) /0 <t_s>k—3Q

We now split the integral in (12.35) as [ = [i° + J;'. Using the (s)™' decay of

1
Q5 for s <ty we have
to
/0 :

and using the monotonicity of Qy for t; > s > t; and the relation Qy(t;) =
ErQ1(t1) < 101E5Q1(t) we have

t1
/ - ds
to

Therefore, choosing m sufficiently large, we get

Ol

(5)QT(s) (12.35)

< EG(s)7H, (12.36)

< E£0Q3 (1) = VIOLEL 2 Qi (1) (12.37)

1) < ¢ (& QDR 1) + ELQQED) < & (Qu + (1)),
(12.38)

where ps = min{py, p2}.
Case 2: 4(I"+0)Q1(t1)Qo(t1)(t —t1) > 100 Then, (12.8) and monotonicity of @

for t > tg implies

Tt S AT +0)Qo(t) Q1 (). (12.39)

This gives
I1(t) < CEQ(QE(t) (12.40)

We now turn to (12.7) for ¢ € [to, t1]. It suffices to estimate the nonlocal terms

t ~
O(e|61]?) <x, /0 e~ M=) P N ag B ds> (12.41)

for tg <t < t;. In this region @y and (Qo/Q1) are increasing functions. Also
Qo(t) < EJQ1(t). The main difficulty is the need to pull a factor of Q;(¢) out of

the nonlocal term. To this end we use the following proposition:
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Proposition 12.2. There exists a constant § > 0 such that for t > t,
o [ QuQpds <SQEOQ™ + QORI + hot.  (1242)
Corollary 12.1.
[ iR e < ca+ Qi (12.43)

The corollary follows from Proposition 12.2 by the Holder’s inequality.
Proof of Proposition 12.2: Recall that

o _oruat+r. B < arquaivo(cler) a2
Claim:
é Rods < O(EF) [1+/ Qo(s)Q2™ (s )ds] (12.45)

Proof of claim: The leading order term of Ry, in the variable ag, which is nonlocal,

is a term of the form (12.5). From this term we have after integration by parts to
obtain e~™"o(t=9)H, from (12.5),

t 1 t t/ ds 1/2

Ry < QZ(t t / — Tdsdt’
0 = QO() to Ql( ) to <t—S>5/2 Q

to

1 t td 1
< Q1) Ql(t/)dt/ l/to (t— ;4—6 + (t— Y+ ), QoQ%mdsl
< i) c&(Mﬂh—fr“y+@—mrﬂf+@—w*WAw%Q%w]
< Qi) [Owo)(l + [ @ as).

thus proving the claim.

We first rewrite the right hand side of (12.42) and use the differential equation

for )y and the above claim to integrate by parts:
t t
2T [ Qu@rds = [ 20QuQiQ; *ds
t t
ey OSR d
= [ el [ ) s

o [ ] -

L om-2(s )[QO(S)—/t:Ro] ds

to to dS
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— QIR - QP ()@t~ QPO [ ols)ds
+om—2) [ Qi e)aule) [1raue) + 0 (Qhw)er ) |
+om-2) [ e o) [iraue) + 0 (@wiar2o)] ([ mutsjas)

The first term on the right hand side is of the form we want (the right hand side
of (12.42). The second term is negative so we can drop it. The third term is
bounded by (’)(80)@’1”_2(15)@(% (t) by the claim above, plus O( [, QoQT" ds), which
is of the above form and can be absorbed by the left hand by smallness of &,
where we used tp < s < t;, Qp < &JQ1. This completes the proof of Proposition
12.2.

Using the proposition and its corollary it is easy to bound, for ¢ > #,
t
O(ao|Bi]” + |ao|*Br) OF <></ e~ M=) P vao B ds > (12.46)
0
by O(E) (Qu@1 + (t)~*) + h.o.t.

It remains to consider ¢ < to. In this case we only know that |dg| < ko(t) ™.
The first term of (12.5)

) t
@O (@Oﬁle_u”) (X,/O e~ M=) p oo 57 ds) (12.47)

is bounded above by O((t)~?), due to dispersive estimates and the decay of the
decay of Q) for t < t.
In the second term of (12.5),

Olaol Pkt [ -+
~ 0 (@A) (x [ eI RAERGF ds), 0 £0

(12.48)
we need to pull Qé(t)@l(t) out of the nonlocal (integral) term.
By dispersive estimates, we have the bound
1 t 1 .
0 (@) [ ——zldo(s)|Q7(s) ds (12.49)
0 (t— s)3*
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To pull the @; term we proceed as earlier. By the mean value theorem, there
exists 5, with s <35 <t <ty such that

Qils) = QD+ = QD) = Q) — Q- )
= QO +0(AFEE) (-9
= Q) +O0(E&E Nt —5)),

where we have used that Q; ~ QZQ, for t < tg. Therefore, the expression in
(12.49) satisfies a bound of order

QAOQ) [ T sparlan@Iar o) ds
+H0Q0 [[ @010 (A ®) @r o) ds
= Qa0 [ g Geero) @

(12.50)

where the last term, which is bounded by &f (QoQ? + (t)~*), is obtained using the
decay of Qy(s) for s < t.

[t remains to estimate the second to last term in (12.50). Estimating the convo-
lution, using the (s)~! decay of Qy(s), we obtain the bound O (Qé (t)Q%(t)) ()=t
which is not bounded by the desired O ( £§(QoQ% + (t)73) ).

We will obtain the desired bound by turning to an earlier expression, derivable

from (12.48). The expression we must consider is
1 t . ~ ~ .
0 (@M (x. [ e ™ PIERGo()F 2 s)e™ ds ), 0 £0 (1251)
0

We will show that this term is of order £°Qq(t)Q3(¢)(t)~%/2, which implies the
desired bound. We proceed as follows. First, by equation (7.3) of Proposition 7.1

the equation for ay may be rewritten as:

i0,60(t) = (e +iT)|B (D) *ao(t) + (c+ilw) (IBB)]* = |B(T)[*) Go(t) + Fa
(12.52)

Introducing & (t) via the equation
do(t) = e TRt 5# (1), (12.53)
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we have
0,6 (1) = (c+i0y) (1B = 1Bu(D)]") G (1) + IO E, - (12.50)
The integral in (12.51) can be written, keeping only leading order terms, as
<X7 /Ot e_iHO(t_s)Pcﬂ’g)Zd#(s) ~12m_2(8)em$ d8>
_ <X, /0 M09 Pk Go™ ()32 ()6 ds + >
= (o [ eI RRER (0] — 1B (T)1) 6F ()T s)e e ds)
0E) [ (IO - AD) + ... (12.55)

0 (t— 5)57(s)

It suffices to show

VAN

Proposition 12.3.

|Pi(t) — Pi(s)] < <Cl, 0<s<t (12.56)
S)2
For the proof we turn to the P, equation (7.7):
dP, )
— = —AT'RP R
dt SR
Rl = Rl[do,ﬁl,ﬁ,t] = 2%(61}‘_’5) (1257)

The key term in 3(3,Fp) is the form Gaf e, Q # 0. We have, after two

integrations by parts,

2 iQs’ t d ~ 1 O !
= f'(s)a (Sl)iems = —( In(sl)d#(s')) ﬁems ds' + dots
i

#
_ 0 —) +0 <bﬁ> + 0(&) / t \(Pl(t) — Pl (s) e ds’

= 0 <%> +0 (@) +0 <§> sup(s”)2|P(t) — P(s"). (12.58)

Multiplication by <s>% and taking the supremum over s < t implies Proposition

12.3 and therewith the proof of part (a) of Proposition 12.1.
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12.2. Proof of part (2) of Proposition 12.1

The proof is similar to that of part (a) but simpler, since we can allow for the
nonlocal terms to be controlled, in addition, by terms of order Qé Q.

The leading contributions are again nonlocal, linear 1, contributions:

From (7.39) we read

1031 ~ 20, Uiy + U ) e™Mag
+ AM2(x, W)
+ A (O, U + 2|8 ) + heo.t. (12.59)
+ XY)(A) — AT)X ()G (12.60)
The first two terms on the righ hand side of (12.60) are easily seen to be of order
O(ap)PE™ or O(Ef)PyP?, by integration by parts over the ODE source terms in
My, as before.

The third term contributes to the P, equations, after normal form transfor-

mations and remaining resonant terms:

— t
B0 (x BiI? [ e M0 P 51 )

and higher order/similar terms.

The leading term, after integration by parts of the integral term (note that
H~'P, is bounded):

ST, [ e PG5 ds

t d
S T RO

To this end we repeat the argument of part (a) to estimate the above integral by

Q2 ()QT1(t) + O(t™®) + h.ot.(ODE).

The main new type of term we need to control comes from the last term on the
term Rp in (6.35-6.36), coming from the difference A(t) — A(T).

This term contributes to the P; equation terms like
S (18P [ad(t) — ad(T) |@2(1) ), S [¢45F (Ro(t) — P(T)O((T))] . (12.61)
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The term with phase €* can be integrated by parts, and gives higher order
terms;

The term without a phase requires the estimate of

Oé(](t)2 — Oé(](,_r)2 =2 \ Oéogds.
Using that
dag _ = capfle ? M 4 ho.t.
ds

we can repeatedly integrate by parts to get

ai(t) — a2(T) = local terms +/ (ad)3?™ds + h.o.t.

where local terms = O(apP;) and higher.
clearly, then

B1*a(t) [ local terms + h.ot] < O(&) [PoP? + ()7 .
So, we need to estimate
EAREHG) /tTO(ag)ﬁfmds by O(E§)QoQ7 + h.o.t. (12.62)
Fort >t; |B3:1]* < Q; is monotonic decreasing. Hence
[ Oedisimasl < s [ Queypds.
For t > t1,(); | is bounded by
Q1(t) < Qi(t) (1 +2TQo(t)Qu(t)(t — t1)) ™" < et — 1) 7' Qo(tr) ™

= CQl(t1>_1£0_r<t — t1>_1

since Qo(t1) = EQn(th).
So,

k
(@O Q)] < OE)(t—t) ™"
Hence, for k > 1, orform >24+r+1=r+3,

| aer <o)
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SO
T
[ 0e)81] < O(E) Qo @i,
If t > ty,t <t1,Qo(t) < EJQn(t); therefore
T m—1 r 2 ym—3 1 m—3 T

| @uQr s = [ Qu@iQrts = (5pQ(s) + Rols)) Q7)1

T 1 s . dQ

- ( Qo+ /to Ro(s)ds ) Qr~t(m - 3)=Lds.

The first term on the right hand side is local and high order. The second term on

the right hand side is bounded by
t1 T "
e[ @Qrdst [ () hot < OE)QE+OEN®N T +e [ QRQy s
t t1 .
t1
< 0(&) [Q% + (t>_3} + csg/t QOQT—ldS_
Hence,
T . , , . 1
| @arias < 0&) (@ + 7] +0&) [ @@rds (12.63)

which implies that

[ Quaras < o) (@3 + )7 (12.64)

for all t > t,.

For 0 < t < tg, we need to estimate

hPad) [ ® O(a2)mds.

Using that for ¢ < tg, |ag(t)]? < ko(t) ™1 < Ey{te)~1(t) 1 the above expression is
bounded by

—1 to (4D fo !
O(Ey)kolto) (1) (m@)ko(to)gO(go)k:o(to)(w <@ln®> (t)

< O(&)ko(to)(t) 2

This completes the proof of Proposition 12.1.

93



13. jo)(nb) terms of Proposition 11.1

Proposition 13.1. Assume either t < t, or Montonicity Property Q on [to,to +
d.]. Then, the terms R [m), @ =0,1in (11.1) satisfy the estimates:

R )| < O(&) [20QuQ7 + (to) ™" () 72 (Poly [Py (0), P1(0), Po(T), P(T)))]
(13.1)

where Poly |- - -] stands for polynomial in the bracketed variables.

Proof: The contributions to Rgi)(nb) comes form linear and nonlinear terms
in 7, in the P; equations.
Consider first the nonlinear contributions:

In the Py equations we have terms like (7.41)

58<X777§>> @oﬁleiM%Xﬁg%
e a0 B (x ml?). (X |1l 1) To. (13.2)

Since for t € Iy, I we have time decay of either ag or (; respectively, the main
contribution is when ¢ € I) = [to, t1].

For t € I, the bound on 7, we have is

ol < Q)20 [ —m0r)

The second and third terms can be integrated by parts leaving terms of the type
O(B7) O@o) 9" (x, lmel* + 15)-

We also need to integrate by parts the two other terms. For this we need to pull
out a phase factor from the leading nonlocal.
Pulling a phase as in the proof of Proposition 12.1 we are left with estimating

term of the type

O(ag + aoB1) (X, mOrm) + (X[m0 ) O (axp).

As in the estimates of Proposition 10.3 , for t € I,

10|

t o d
s < CQ5/2(15)/0 @_7;1«6’9?(3)'

with £ large for k large.

To this end we use the following.
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Proposition 13.2. Fort € I;:

/t: ﬁ@?(s) < O(E0)Q1(1).

Proof of Proposition 13.2:

[ = [ e+ [ @ - e

to

The second term on the right hand side can be estimated, using that Q; =
—TQuQ? + O(QEQT) and monotonicity of Qg, as follows: (s < & < t)

¢ ds ' m—1 ! ds 2 m—1
< C o m@l(f)Ql (5) < CQo(?) /to le(f)Ql (s)
+ 0QY) [ = QrOQT ()
< 0@ | 7= rmQieer

£ 0ER ) [ T er e

Repeating this argument, we have

ds m—2;j

/t:ﬁcﬁ(s) < O(€o)Q6(t)/t§m 1
< O(&)QI(t).

for k' — 2j > 1, which proves the Proposition 13.2.
This Proposition together with the estimate

[ we < O(E)Qy" (13.3)

implies that
R < O(&) [ QoQ7 + higher order terms } : (13.4)

The estimates of Rgl) are similar.
It remains to estimate the linear 7, terms in the Py, P, eqgs.
The leading order source term of 7, was estimated in Proposition 12.1. It

remains to estimate the higher order corrections.
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To this end we need to estimate terms of the following type appearing in the
Py equation, (11.1):

t
Q (|ﬁ1|2 + 040/31) <X,/ e~ Mo=3) P yhontds > and
0
t
(|51|2a0 +5004051) <X>/0 O AT RN E > ;

and similar terms in the P; equation.
O(éo)
(s) 2

Again we focus on t € I. Since for 0 < s <ty ag and 7, are of order

clearly these contributions are of order

O(&o) [Qo@3 + (o) %],

so it remains to estimate the s-integrals above on I;.
1 1
But on Iy, ||m]] < O(&)QE(t) < O(&)RQ:(t) and since Qg is monotonic in-

creasing on [, the above nonlocal term are bounded by

Owlw

O(&)Q3 (1)

So,
O(15:1 @) O(£0) Q8 (t) < O(£)QTQ0
§

O(lan[*81)O(£0) Q5 (1) < O(£)QTQo
since Qo < O(&)Q1 on 1.

14. Bootstrapping it all

We assume that ¢y < oo, where tq is given by (8.5). Consider the equations for F
and Py, (11.1) displayed in Proposition 11.1. Explicit in (11.1) are terms which
(1) are driven by the dispersive part of the initial data: R)[no] and R}[no]

(2) encompass interactions of the two bound states and dispersive waves: R[n]
and

(3) encompass interactions between bound states: R9[Py, P].

By Proposition 11.2 the R)[no], j = 0,1 terms satisfy:

Ri[no] = O (b;(to, [no]x. &) ()% + O(& )2l Ry P? (14.1)
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Therefore, by Proposition 9.2 and its proof (see eqn. (9.22) ), it is natural to

introduce the functions:

Qo(t) = Po—%, Qi(t) = P1+<% (14.2)
where

ke = by + OE)DE, ki = 10b (14.3)

bo = (o) ([olx + .63). (14.4)

by = (to)7E ( (o)} + €2 ) (14.5)

where the constants ¢, and d, are to be chosen. We find, for any m > 4 and all
t>0:

% > 20QuQ% + Ry [m] + Ry¥[Qo, Q1] + <t0>0?t>2

d o

% < —ATQuQ} + Ri*my] + Ry*[Qo, Q1] + O(E0im)y/QoQ" — 5702
(14.6)

The analogous reverse inequalities hold as well with slightly different constants.
By the definition of ¢y, Qo(tg) > 0. Furthermore, using the energy estimate on
the bound state amplitudes and (14.2) of section 5.2, we have

Qo(t) + Q1(t) < C&, t>0. (14.7)

We now introduce a set of norms. The norm of ¢(t) = ( Qo(t), Q1(t), (t) ) is
defined as

la@®)lly = [Qolyo(ey + [Quly@y + I7sllyace)- (14.8)

The norm, ||q(t)||y, encodes all the estimates for Qy, Q)1 and 7, in the intervals

Iy, I1 and I, through the following:

|Qolyoy = sup [Qo(s)| +  sup  (to)(s)|Qo(s)] (14.9)
0<s<t 0<s<min{t,to}

Qilyy = Oiugt|Q1(8)| + S, s — t1|Q1(s)T'Qo(t1)Q1(t1)  (14.10)
S8 t1<s<

70l gy = sup () |[mb(8)[lwroe + sup —|m(s)[lwroe
0<s<min{t,to} to<s<min{t,t1}
+ 5w (s — t1)2{|m(8) || pyencs (14.11)

t1<s<t
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In these definitions we use the convention that terms for which the s- range empty

are set to zero.
By the H! d priori bounds
sup [Qo(s)| < & (1+ &l (14.12)
0<s<t

and by definition of ty, (8.5), for ty < oo,

( &+ [mlx )- (14.13)

N~

sup (to)(s)|Qo(s)| <

0<s<to
In terms of these norms, we have bounds on R{’#. By Proposition 13.1

Ella®)l¥
X

B# Il + R *im]| < OEDa)EQu@? + (14.14)
Tto) (1)
By Proposition 12.1
p !
Branal < oepat + o TR
B Qn @l < 0EDQue + ¢ IOy )
T

where [ > 2.

By the definition of Iy, (0 <t < ty) and Propositions 11.2, 12.1 and 13.1, we
have estimates (14.14,14.15,14.16). Therefore, for an appropriate choice of ¢, and
d,. we have for 0 <t <t

dQO / Cx gg

w2 TN

J d, &

—21 < —AT'QuQT + O(Eg;m)\/QoQT — 7W0<t)2’ (14.17)

where m > 4. Note that by definition of I, Qo(t) < 0 for ¢ € 1.

By continuity, (14.17) holds for ty <t < tg+4d, for some ¢ > 0. It follows, using
that Qo(to) > 0 and Propositions and , that (11.2) (Monotonicity Property
Q) holds on ty <t < tg+ 6. Therefore, by Propositions 11.2, 12.1 and 13.1 the
terms Jy and J; in (9.8) both satisfy the bound

O™
(to) (1)
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Therefore, for & sufficiently small (14.17) holds with ¢,, d, replaced by ¢./2, d,/2.
Define

T, = sup{t >to: (14.17) holds for some ¢, > 0 and d. > 0} (14.19)

For ¢t € [0,T), |lg(t)||y is small. We claim that T, = oco. Suppose ty < T, < oo.
Then, for ¢t € [ty, T,) we have, by Propositions 14 and 14, that the monotonicity
property (11.2) holds at ¢t = T, and slightly beyond. Thus, the & priori bounds
on Jy, J; of Propositions 11.2, 12.1 and 13.1, the n, - bounds of Propositions 10.7,
10.8 and 10.9, and the smallness of )y and ), imply persistence of the inequalities
(14.17), with perhaps a slightly smaller choice of positive constants ¢, and d,. This
implies that T, = oo.

15. Nongeneric behavior

Recall that ¢, is defined by (8.5). and consider the case where ty = oo . We would
like to show that

Py(t) — Oast— o0

Pi(t) has a limit.

The following is a consequence of the definition of #,.

Proposition 15.1. Assume ty = oo. Then, Py(t) = O ([no]x(t)~2). Therefore,

ag — 0 and the ground state decays.

Proposition 15.2. Let ty = oo. Then, (1 has a limit as t — oo.

States with this (nongeneric) behavior were constructed in [55].
Proof of Proposition 15.2: The equation (7.7), together with the above esti-

mate
Py(t) = O(m)(t) ™ (15.1)
implies

ah (—ATPyP? 4 O(15) (1) /) (1 + O(Ry) + O(P,))

dt
+ R(ce™ 31 *Brag) + h.o.t. (15.2)
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To show that P; has a limit, we show that fé 0sP(s)ds has a limit. All terms
other than the O(ag) term, on the right hand side are absolutely integrable since
Py =0((t)7?).

It is left to integrate the O(|(1]?B,cp) term. For T given, let 32 = £;(T)%
Then, equation (7.52) reads

2i0,00 = Moy, U1 (t)*)ag + integrable in t. (15.3)
Using the expression for Wy(t) = a9y (-, |ay]?):

2i0,00 = Atbos, a1(t)*V},)a + ho.t.
= At 03)e M B (1) o() + O(03(T)By) + bt
= Re TN (1) + R M (1) — BTIo(r) + Olmg)
+  hot. (15.4)

where X\ = A\(¢o,002,) and 32 = B2(T).
Solving the homogeneous part of (15.4):

21069 = Ne PMBLA(L) (15.5)

we have, using the Ansatz

with
A~ Xe 2B (1) — BH(T))Ae”™® + h.ot..
and a similar equation for B(t).
We have
dP . _ . _
d—tl = —4T'P,P} + R (cew"‘t|/61|2/61A + 6Z€Bt|ﬁ1|2ﬁlB ) + h.o.t.,
04,05 # 0. Integration of the above equation, integration by parts (twice) of the

A and B, implies

WHP0) - PO < O [ 1R @) ) - BOPFAE + hot.o)

N=

< Co&r < /tT<t’>‘%‘1dt’> <0335T< t3)| P () — Pl(T)|> +s3p<t>% h.o.t.

= |P\(t) — Pi(T)| < O(t)

which implies integrability of A(t) and limit of Py (t).
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16. Notation

Rz and Iz denote the real and imaginary parts of a complex number z

Z denotes the complex conjugate of z

(r) =1+ |x]?, t>0

P.. - projection onto the continous spectral part of the self-adjoint operator, H.

(f.9)=1IFg
()= (

For j = 1,2, let 7; : €* — €' be defined by:

T
m:(?é),@:<éﬂJ (16.2)

(xF40)™" = P.V. 27! £ ir 6(x) (16.3)

) (16.1)

e &

Plemelj identities

6j = (aaj ’ aa])

X(x, p) denotes are real-valued localized function of = which depends smoothly on
a parameter, p.

X,(cj ) denotes a spatially localized function of order ||, as || — 0.

Olij) denotes a quantity which is of order |o;|* as |a;| — 0. Both x,(f) and Olij) are
invariant under the map a; — «a;e.

oY =000, k=k + k.

17. Appendix B - Proof of Proposition 4.2

Parts (1), (3) and (5) of Proposition 4.2 follow from [58]. We now prove parts (2)
and (4) by a perturbation argument about the case ag = 0.
Consider the eigenvalue problem H f = U f Since «q is assumed small it is

natural to make explicit the leading order and perturbation terms. Thus we have

o 2|avp|? ol
Hof = o3 | (H — Eo) — E |2 + 47 |_°2| 0,
o7} 2|

) ] f=uf (71)
Recall that E(()l) and v are defined in Proposition 3.1.
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The zeroth order problem (ag = 0) is

Us(H - EO*)JE(; = Moﬁb (17-2>

which has two linearly independent solutions:

- 1
ILLO g E*l - E0*7 fO p— ( O ) ¢1* (173)

Ho = —(E*l—EO*), Ulfé~ (174)

We develop the perturbation theory of (17.3). That of the second is completely
analogous.
For o and small we define the perturbations about the zeroth order eigenstates

via:

l

= fo+ fu (17.5)
n = El* — Eo* + 1 (176)

Substitution into (17.1) yields:

[ 03(H — Eo.) — (Ev. — Eo )T ] fi
a 2ap)? o > >
— |a0\2E((]1)0—3f0 — mpgo—3< |a_002| 2|a(;|2 ) fo +pafo

- 2la|? o > >
HaoPEL s fi — Moy (20l @ N m R ar
(7)) 2|Oé()|

We consider, individually, the first and second equations of the system (17.7),
governing f1; = Wjﬁ, j = 1,2. The first component of (17.7) is:

(H—FE\.) fu = |Oéo|2 (E((]l) - 2)\@53) V1e + 1114
+ gl (Eél) — 2A¢§) fir = AagUifio o fu (17.8)

Let v, = 2Fy, — F1.. The second component of (17.7) is:

(H—v)frn = =M@ 3. + |oo B fra
g (a_02f11 + 2|CY0|2fl2) — b fr2 (17.9)

We wish to make the dependence of f: on g and @g explicit. Define
= leol*fin, fun = |040\2f11, fr2 =" i (17.10)
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Equations (17.8) and (17.9) reduce to the following system for fi; and fis:

(H-En)fu = (E((]l) - 2)\??8) Y1 + f11s
+ Jaol? (E(()l) - QA@D(%) fin— >\|a0|2¢§f12 + |a0|2ﬁ1f11(17.11)
(H—vo)fio = =\t + oo B fio
—Aao ¥ (Qfll + Qflz) — || fin frz (17.12)
We seek a solution to the system (17.11), (17.12):
|ag|* (f11(|040|2),f12(|040|2),ﬁ(|a0|2)) cl?’xL*x R (17.13)

defined in a neighborhood of oy = 0.
For ap = 0 the system (17.11), (17.12) reduces to:

(H— Eu)ffy = (E§V(0) = 208, ) du + it (17.14)
(H=v)fls = =M.t (17.15)

Note that v, < 0 is not in the spectrum of H. Therefore, (17.15) is solvable for

f& and we have:
fia = =MH = v) 05, (17.16)
Since (H — E1.)Y1. = 0, (17.14) is solvable if and only if its right hand side is
orthogonal to v1,. This determines zi(0):
in(0) = —E”(0) + 27U, ¥1), (17.17)

and now (17.14) can be solved for f2.
To solve in a neighborhood of ay = 0 we proceed as follows. Rewrite (17.12)

as
(H + |ao|* Wiz — 1) fia = —M0ebns — Aao| 43 fur, (17.18)
where W15 is a multiplication operator defined by

W12(|Oé0|2,,a1) = —E((]l) + 2)\’¢g + ,al. (1719)

For ji; in a fixed compact set and aq sufficiently small, the operator H + |ag|*Wi —

v, has a bounded inverse, B(|ag|?). Thus,

f12 = f12[f11,|040|2]
= —AB(lao]”)¥gvr. — Mool* B(|aol*)45 fir (17.20)
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Substitution of (17.20) into (17.11) yields the following closed equation for fi;:

(H — E1*)f11 = (Eél) — 2>\¢g) Y1e + 11 + |a0‘2W11.f~117 (17.21)
where the operator Wi, is defined by
Wir(Jao|?, fin) = (B = 2088) + fia + 15 fral-, o). (17.22)

Setting the inner product of the right hand side of (17.21) equal to zero, gives the
solvability condition for (17.21):

fin = 2003, L) — B — |ao 2 (¢r, Wir fi) (17.23)
The system (17.21), (17.23) is of the form:
F(fu1, i, 5) =0, (17.24)

with the solution fi; = f9, /i, = f11(0), s = 0 defined by (17.17). Furthermore,
the Jacobian of F'(fi1, fi1, s) with respect to (fi1, ji1) evaluated at (2, fi1(0),0) is

given by:
H—En. —.
G 12

which maps H? x IR one to one and onto L? x {(g,1,) : g € L?}. Therefore,
by the implicit function theorem [32], we have a real analytic curve of solutions
s +— (f11(s), i(s),s), defined in a neighborhood of s = 0 and coinciding with
(f9,, 711(0),0) for s = 0. The family of solutions we seck is obtained by restriction

to s = |ap|?> > 0. This completes the proof of Proposition 4.2.

18. Appendix C: A commutator term

In this section we record a calculation of a ”commutator term” appearing in the

modulation equations of section 5.

Proposition 18.1.

Odosto &) = 0laut) (FiGa (| ) . @)
+ 9 |a0|2<XGO< 1 ) : <I>2> (18.1)
i(04(036m), ) = iDu(|0ol?) <F(§’<73G0< 1) ,<p2>
+ @) oo {xoxGo |
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proof: By direct computation from (4.23)
atGQ(t) = z(@t%) UgGo(t). (183)

Note also that by (4.37)

1
3Gy < 1 ) Fo = &1 =20+ |Oéo|203G0

— o

1\ ., 1
G0<1>F0 = 502=§CO2+|040|2G0<

Using these relations we have for j = 1 that

OHsen) = Aaa)Gi [ } ) Filaal?

+ i(8t70)03G0< X )FO(\%P)

= alaafIGo | ) FillaoP) + 21000)n(6) + (O fauxas oo 1 ).

Substitution into the inner product (0;(03&p1(t)), ®2) and using the constraint
(Co1(t), o) = 0 yields the result for j = 1.
For j =2

OHasn)) = Olaa)oaGo ) F(aal?)
+ 0o ( 1 ) e
= OlaaflonGo 1 ) Fllon) + 5(0n)Gule) + denlaofx(z: Ploaci 1 ).

Substitution into the inner product (0;(o3p2(t)), P2) and using the constraint
(Coa(t), Do) = 0 yields the result for j = 2. This completes the proof of Proposition
18.1.
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