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Abstract

We consider the dispersion properties in LP spaces of Schrodinger hamiltonians
with a large number of obstacles modelled by rank one perturbations. We obtain
both for the dispersion an Strichartz estimates non perturbative results with respect
to the coupling constants.

1 Introduction

It is well known that the free Schrodinger group in R? satisfies the dispersion estimate

16" | gy < Cot ™57 for1<p<2, S+o=1
p D

Lr;Ly'

The Strichartz estimates

e Fllga, < Cllls for2<q<o0, S 42 =8 a>3
can be viewed as a consequence of this (see [7] [9] and for the initial approach [14]). Note
that a local in time Strichartz estimate can hold while the dispersion estimate fails as
shows the analysis on riemannian manifold ([3][2], [4]). Motivated by nonlinear problems,
many efforts have been made to extend the dispersion or the Strichartz estimates to the
perturbed case H = —A + V(z). Two different approaches were developed to attack
this problem which mixes harmonic analysis and spectral theory: 1) a time dependent
approach developed by the second author with J.L. Journé and C.D. Sogge in [8] 2)
a stationary one developed by K. Yajima in [16][17][18] which consists in showing the
LP-boundedness of the wave operators and reduces the perturbed case to the free one.
Recently, I. Rodnianski and W. Schlag in [11] have obtained results in dimension 3 which



improve the previous ones and also hold for time-dependent potentials, with a method
which is close to the first one. In these two approaches the analysis is crucially dimension-
dependent in two points: a) an obvious one which can be summarized as the dimension
dependence of Sobolev embeddings; b) The analysis of low energies and especially the
influence of zero resonances and eigenvalues which requires Jensen-Kato theory and the
expression of the Green functions for —A — k2.

These two approaches also require essentially the same type of assumptions on the
perturbation V: a) it is local i.e. V' = V(z) is a multiplication operator; b) it has to
decay rather fast, as x goes to co.

The first assumption is used in some cancellation property for high frequencies which
appears in different forms in the two approaches. There is no doubt that this should work
also for some pseudo-differential perturbation but nothing is written on this subject.

The best results concerned with the second assumptions are the recent ones of I.
Rodnianski and W. Schlag in [11]. An aim of this article is to show that whatever
the improvement could be made in this direction, the theory would remain incomplete.
Another motivation is concerned with the analysis of ballistic transport in random media.

The situation is the following: Consider H = —A+V (x —x1) +V(x —x3) where V' is a
fast decaying potential with all the necessary assumptions. The physical intuition about
this hamiltonian is that as |zy — x| goes to infinity the two potentials are decoupled
and that the properties of the propagator e ¥ should be the same as for e ** with
Hy, = =A+V(z — ), k = 1,2. Contrary to what would suggest any weak decay
assumption the situation is better and better as |zo — x1| is larger and larger.
Notations:

e For ¢ € R, [§] and §+0 respectively denote the integer part of § and any real number
greater than §.

e For 1 < p < o0, p/ denotes the dual exponent given by % + 1% =1.

e For y € RY, 7, is the a-translation: 7,¢(z) = p(xr —y) and (y) = (1 + \y]2)1/2-
e We use the notation D or D, for %a;,; on R? and the Fourier transform is normalized
as

P6) = (FR O = [ (o) da
P@) = (F9) @) = [ oo e @ = )

Rd

We shall consider a situation where the spectral analysis can be carried over as explic-
itly as possible, namely the case of finite rank perturbations and more precisely the case
where each obstacle is described by a rank one perturbation. Namely, we shall study the
dispersion for hamiltonians of the form

N N
H = Hy + Z T, [0) (W T_, = Ho + Zaj|7'a:j¢><7:vj¢| with Hy = —A,
=0 =0



where the function ¢ and the distribution of obstacles satisfy the following assumptions.
Hypotheses:

0) Dimension: d > 3.

1) Decay and smoothness: The function ¢ is a normalized L* (R?) function such that
(z)*(D)7 € L? (R?) where s > 1/2 and ¢ > 0 will be specified for every interme-
diate result.

2) Absence of pure point spectrum: The coefficients «; are all positive and the
Fourier transform 1 satisfies:

VA0, (/S (V)| do = 0) = (/Rdﬂgﬁ NG 0) |

We will write @ = maxjeo,... N} @5

3) Spreading of obstacles: There exists € > 0 so that

—_

Vi,j €{0,...,N},i# g, |v; — x| > —.

)

Here are our results.

Theorem 1.1. We assume Hypotheses 0)1)2)3) with s > [4]42, 0 > 4, a = maxo<j<y

fixed. For 1 < p <2, 1< r < min (p, %) and for ((11//’;__11//22)) < 0 < 1, there exist two

constant C' = Cprpap >0 and C"=C} 4 ., > 0 so that

1 . _g(l_1
<N < 705d(7~_1)> = (W c R\ {0}, ||e‘”HHE(Lp’Lp,) < C'(N + 1) z>> _

Theorem 1.2. We assume Hypotheses 0)1)2)3) with s > [4]42, 0 > 4, @ = maxo<j<y
fired. For 1 < p <2, 1 < r < min (p, d2—f2) and for s’ > g, there exist two constants
C=Cprap>0and " =C, ., >0 so that

vt e R\ {0}, Vu € (z) " L*(RY), |le”™u||,, < C’ min

moGRd

(x — x0>3/u) L

1
as soon as N < Gedt=D -
For the Strichartz estimate, we have

Theorem 1.3. We assume Hypotheses 0)1)2)3) with s > [4] 4+ 2, o > max (%42, 42)

and o = maxo<j<n o fived. There exist a constant C = Cy ., > 0 and for any q € [2, 0]
a constant C" = Cy ., so that the Strichartz estimate
2(md itH / 2 - d 2 _d
Vu e L*(RY), |l uHLq(Rt;L’“(Rg) < C(N + 1) lull with - + 2

holds as soon as N < —L—.
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Theorem 1.4. We assume Hypotheses 0)1)2)3) with s > [3] +2, 0 > % and a =
maxo<j<n o fived. There exist a constant C = Cyy > 0 and for any s' > § a constant
C" = Cy . 80 that the estimate

1
(N < d2> = | sup
Celarz 20€ERI

Those results are non perturbative in terms of the coupling constants «;. They can

be read in two ways: 1) For a fixed finite number N, uniform dispersion and Strichartz
estimates hold as ¢ — 0. 2) For e> 0 it provides a sufficient conditions on N for the
dispersion and Strichartz estimates. Notice also that the Strichartz estimate holds for
larger N than what we are able to prove for the dispersion estimate. If these results are
optimal (which is suspected), they cannot be derived directly with a stationary approach
which would give the same condition on N for all the estimates.
The proof will be done in two steps: In Section 2 we will consider the case of one obstacle
and show that in the rank one case the wave operators are bounded in LP (stationary
approach). The second one (Section 3) uses a bootstrap argument (time-dependent ap-
proach) and induction on V.

<ZL‘ _ x0>—s’e—itH

( < C’) .
£(L2(R4);L2 (RH1))

2 One obstacle

Rank one perturbations are known in spectral theory as basic perturbations for which
everything can be computed explicitly. It is not only a toy model: First, trace class
perturbations can be approximated by finite rank ones and the invariance principle for
wave operators allows to reduce (very) short-range perturbations to this case. Secondly,
any anti-Wick quantized operator is defined as a superposition of rank one perturbations.
Surprisingly, nothing seems to have been written on the dispersive properties of rank
one perturbed laplacian. One exception is the work of S.Albeverio, Z. Brzezniak and
L. Dabrowski [1] where the kernel of the propagator was explicitly computed for point
interaction potentials. In this special situation of local rank one potentials, the L*> norm
decays like tl% in dimension one (delta potentials) and like tl% or ﬁ% in dimension three
depending on the presence or not of zero resonances (see formula 16 of [1]).

We shall study the question of dispersion for regular rank one perturbation by proving
that the wave operators are bounded in LP spaces. We shall follow the techniques of K.
Yajima in [16] [17] [18] and this paragraph can be viewed as a simple introduction to his
very complete work. Here the case of local perturbations V(z) will be an intermediate
step (which seems necessary).

Let H, denote the hamiltonian Hy + «|)(¢)| on R? with Hy = —A and d, «, v
according to Hypotheses 0) 1) 2).

We first recall the Aronszajn-Krein formulas which can be found in [12]: Let F'(z) denote
the holomorphic function of z € C\ R, given by

F(z) = ($|(Ho — 2)~'[¥). (2.1)



With the decay assumptions on ¢, the boundary values
Fu()) = FO\£40) = (6](Ho - AT i0) 1)), A€R (2.2)

are everywhere defined functions and coincide on (—c0,0). If F,(2) = (¢|(Hy — 2) "),
we deduce from the second resolvent formula, the relations for z € C\ R*:

F(z)

Fo(z) = T+ aF(z) (2.3)
(Ho =7 1) = Ty (o = 97 10) (24
and - (Ho—2)™" = (o= 2) " = o ops (o= )7 W)W (o = 2) 7" (29)

From the stationary expression of the wave operators Wo = W, (Hy+ V, Hyp):

Wy = L [Id+(Ho — A £i0)"'V]~

T R

1

[(Ho— A —i0)"" = (Ho — A+ 10)~'] dX

applied with V' = «|¢) (1| and relation (2.5) we get the explicit expression for the wave
operators W, (H,, Hyp):

1 «
H,, Hy) =1d—— ——(Hy— A+i0)™!
W:I:( ) 0) %2 - 1 +OZF:F()\>( 0 ZO) |¢><¢|
[(Ho— A —i0)"" — (Ho — A +40) '] dX\. (2.6)
Theorem 2.1. Under the Hypotheses 0) 1) and 2) with s > [%} +2 and o > max (%, : [g}),
the hamiltonian H, has only absolute continuous spectrum and the wave operators are
bounded in LP(R?), for 1 < p < oo:

W (Ha, HO)HE(LP) < Cppa-

Proof. We assumed a > 0 so that o(H,) = R,. Moreover regular (¢» € L*(R)) rank one
perturbations exclude singular continuous spectrum and ensure the existence of the wave
operators Wi (H,, Hy). With hypothesis 2) we will show in Lemma 2.6 that the function
1 + aF () never vanishes so that H, has no embedded eigenvalue.

For simplicity of notations, we focus on W, (the treatment of W_ is symmetric). We now
write the stationary formula (2.6) in the form:

«
Ho, Hy) - 1d = 1+ aF_(Hy)
W, (Ha, Hy) Gl © T3 o F (Hy)

where the operator Gy, equals

—1
Gy == [ (Ho—A+i0)"'"V [(Hy— A —1i0)"" — (Hy — A +40)""] dA

27;71_ R+



and after changing the integration contour
—1
Gy == [ (Hy— A+i0)""V(Hy — X\ —i0) 'dA\. (2.7)
i Jp
Hence the problem is reduced to: 1) the LP-boundedness of the Fourier multiplier by

W_(W,) (Proposition 2.8); 2) the LP-boundedness of G|y (Proposition 2.4 and Propo-

sition 2.5). O
The previous result and the intertwinning relation
e~ = W, (Ha, Ho)e" W, (Ha, Ho)",

yield the estimates for the perturbed hamiltonian. Note that the maximum value for r in
the Strichartz estimates is d2Td2 < oo for d > 3.

Corollary 2.2. The dispersion and Strichartz estimates hold for H,:

< Coast G2 fori<p<o, (2.8)
d
2

el

Lr;Lr")
— d 2
and He ”’H"fHL?L; SCq,a,wﬂpr for2 < q < oo, ;4_5:

We will also need the regular dispersion estimate which writes for H

d>3). (2.9)

. d
leoull,, < G D) (@)"ull 2 (672, 1<p<2 50> 3,

By noticing that (1+ H,)=[5F (1 + Hy)¥51¥" is bounded on L2(R?) for (D)7 € L2(RY)

we get the

Corollary 2.3. We assume the Hypotheses 0)1)2) with s > [2] +2 and o > For

s',0' >4, there exist a constant Cy o 0. 50 that

N,

/

vVt € R, He_“H“uHLp, < Cy .o paw H<D>‘7/<x>s U

We next give the details of the proof of Theorem 2.1.

2.1 [P-boundedness of GW,)W.

This part on the LP-boundedness of the operator Gy essentially relies on results by Yajima
in [16][17][18]. The case where V = V(z) is treated in the Proposition 2.13 of [17] which
we recall here:

Proposition 2.4. For V = V(z) with (D)= (z)/2°V € L*(R%), we set for t € R and
w € S

v ® 5 —2 itr
Ky(t,w) = 2(2—7r)d/0 V(rw)rd=2e/2 dr

and x, = x — 2(x.w)w denotes the reflection along the w-azis of x € RL. Then:



1) The operator Gy given by (2.7) can be expressed as follows:

oo
(Gyu)(z) = /sdl i Ky (t,w)u(tw + x,) dt dw. (2.10)

ZT.w

2) Foranyp, 1 < p < oo, the operator Gy is bounded on LP(R?) and we have for o > 1/2:
d—3
<

1Gv ey < NEV I s iy < ||(DY (@Y |

2

The translation invariance of the Laplace operator, allows to reduce the case V' =
|4))(1)] to the previous one and we have the
Proposition 2.5. Under Hypotheses 0),1),2) with s > % and o > %, the operator
Gl is bounded in LP(R?) for 1 < p < co:

0 2

(D) = (x)*¢

Proof. We again follow Yajima in [18]-Lemma 4.4. For u € S(R?) and for A € R , we
have

Gyl ooy < Cos .

() 1(Ho = A= 10)"}u)) ) = 0(a) [5G [(Ho = X = i0) ] o) dy

The change of variable y — = — y in the integral and the translation invariance of (Hy —
A —i0)~! gives

() (W[(Ho = A = i0) " |u)) () = y Vy(@) [(Ho — A —10) " ryu] (x) dy

where V,(z) = ¢(2)1(x — y). Integrating with respect to A € R leads to

Gy (| U :/ Gy,ryudy  in S'(RY)
R4

and to the estimate (the case p = oo follows by duality)

1Gulleiun < [ NGullegny dv< [ 005 @ vi@itta -], doe (51> 1/2),

S

With

< Cs{x —y)®, s > 0, we have

s =

()
(z)

4
[t @ @) e - o) dedy < € @] (52> 5> 1/2)
R2d
With Cauchy-Schwarz, we finally get
@ vt - ), dn<c.

The treatment of integer derivatives is similar and the final result is obtained via bilinear
complex interpolation (see [15] [5]). O

2
L2 (82>81 > 1/2)

@)ty




2.2 The Fourier multiplier WN&P)

We first check what we announced in the proof of Theorem 2.1, namely the absolute
continuity of the spectrum of H,.

Lemma 2.6. Under Hypotheses 0)1)2) with s > 3/2 and o > 0, the function 1+ aF_(\)
is continuous on R U {oo} and never vanishes. As a consequence, the spectrum of H, is
absolutely continuous.

Proof. We first note that F_ is the Fourier transform of the time-dependent function

i L (£) (] 1),
szwwmm+Mﬂw=4A e |0y dt.

If (2)1%) belongs to L?(R%), then v belongs to LP(RY) with % > é%— 5. As a consequence
of the dispersion estimate for Hy, the function 1g+(¢)(|e’#°|¢)) belongs to L'(R;) and
its Fourier transform F_ is continuous on R and vanishes at infinity.

It remains to check that 1 4+ aF_(\) never vanishes.

a) A <0: For A <0, the real part of F__(\) equals

1

Re(F-(V) = [ s i@ >0

Thus we have
VA € (—00,0], Re(l+ aF_(\)) > 1.

b) A > 0: The trace theorem with (z)3/2+0) e L2(R%) ensures that ¢)(v/.) is a L2(S%1)-
valued C! function of A € (0,+00). Hence, whenever the imaginary part of F_())

vanishes,
d—1

TP () = s [

then its real part equals

@/}(\/Xw)r dw = 0,

L2 1
do[ de= [ o

ra (|62 = A)
The right-hand side is positive in such a case by Hypothesis 2) and therefore 1 4
aF_(X) never vanishes on (0, +00).

IO (Y :
Re(F_(X)) = l—>0 pa (€2 = N)2 4 ¢2 ‘

h(€)

dg.

The absolute continuity of the spectrum of H, now follows from the fact that the boundary
values of the resolvent are locally uniformly bounded in weighted L? spaces which excludes
the presence of embedded eigenvalues (see [6][10]). O



Remark 2.7. The condition of Hypothesis 2) allows low energy cut-off but not high-energy
cut-off. As an example, if v = x(Hp)y for some compactly supported function x, then
for E larger than any X € supp(x), one can find u € L*(R?) so that (Hy — E)|u) = |¢).
Then we have

Hofu) = BJu) + (1 + a{gl) |v)
with () = [ (6P =By i) de <o

and H, has the embedded eigenvalue E for a = ﬁ

We recall the Marcinkiewicz Fourier multiplier theorem (see [13][15]) which says that
m(D) is bounded in LP(R?), 1 < p < oo, provided that the function m is [%] + 1-
times continuously differentiable on R?\ {0} and that the derivatives satisfy the uniform
estimates

v e R\ (0}, [ofm(©)] < Colel . roro< sl < 3] 1

For a function m(&) = g(|£]?), it becomes g € C[%]“((O, +00)) and

VA € (0, +00),

(A0 g(N)| < Ck, for0<k < [g] + 1.

We will prove the

Proposition 2.8. Under Hypotheses 0)1)2) with s > [$] +2 and o > § [4], the function
F_ s [g] + 1 times continuously differentiable on R* with the estimate

d
2

VA e RY,

00 F- ()] < Cos (00l || foro <k < [g} 1.

Hence, the operator ) is bounded on LP(R?) for 1 < p < oco.

1
1+aF_ (H

Proof. The last assertion is a direct consequence of the first one with the non vanishing
of 1 + aF_ on RU {co}. After taking the inverse Fourier transform, it suffices to check
for0<k< [g] + 1 the estimates

2

@t (el )|y gy < Coe |(DYEE LG}y

, (s> [g} +2).
with ¢ € S(RY).

Let 1 = xg(A) + 2252, X*(277X) be a dyadic partition of unity with xo € Cg° ([0,2))
and y € C5° ((1/2,3/2)). We write

+oo
(leop) = (W]e™NS(I D) + Y (wle" o (277 [D])|)
j=1



Thus, we have to consider two kinds of terms

Io(t) = (tole™xo(|D])|tho)
and for j > 1 L;(t) = (e x (277 [D|)]e),

where 1; equals xo(|D])¥ and x(277|D|)v respectively for j = 0 and for j > 1.
We notice that for ¢ € S(R?) we have

(Ort) / e (g g = / d(—%f-é’g + De P p(6) dg

= [ e+ T 10 de.
Rd

I;(t), j>1: For 0 <k < [g} + 1, we write

(8tt)kfj(t) :/ —it|¢|? Z 2|6|]66k J£ aﬁ

1BI<k

g | a

where the functions 605, belong to C3°(R?\ {0}). After using non stationary phase

(integration by part with 7 6\28 ) and interpolation we get

W R (004 0)] < Cun i (1L i ) ) il for s 2 0

After time integration, we deduce the estimate:

| (8:t)* I;(¢) < Cro 2V (@) o2y |2, for 5o > 1. (2.11)

HLl(R)

Io(t): For 0 <k < [4] + 1, we write

(@) Io(t) = / L DY

where the functions x4 belong to C3°(R?). Since the operators y (D) are bounded
on LP(R%), 1 < p < oo, we deduce like in the proof of Lemma 2.6 the estimates

1Ot To ()| 1 gy < Cos [[(@) ][5, for s > 1. (2.12)

We obtain the result for ¢ € S(R?) after taking the sum of all the terms (2.11)(2.12) and
finally for all ¢ by density. U

10



2.3 Two estimates for (7,1|e"Ha|y)).

The results of this section will be used further. The next one can be viewed as an extension
of Lemma 2.6 and Proposition 2.8.

Proposition 2.9. We assume Hypotheses 0)1)2) with s > [4] 42 and o > max (42, 9).
Forl<r<2, for0<6<1ands > %, there exists a constant Cy ;9. SO that

2 11)

(6 ()=

Proof. For s’ > ¢ fixed, we take u in (z)=¢(D)~1L2(R?). The Duhamel formula for H,
gives

vy € RLVEE R, [(ryule™|u)| < Cy oy |[(@)7(D)ful

L2

t
(Tyu|e’”H°‘|u) = <Tyu|e’”H°|u> — ia/ <Tyu\e”(t’t )H0|1/1)<w]e’” H“]u> dt’
0

Corollary 2.2 says that the dispersion estimate holds for H,. Since our assumptions ensure
that both ¢ and u belong to L?(R%) N L'(R%), we have

e

The next Lemma 2.10 states that the estimates hold with H, instead of H,. We now take
r close enough to 1 and the integrability of (¢ )’d(%’%) provides the estimate for 6 = 0.
Meanwhile the estimate fg(t — )y~ ({t) 5 dt < Oy, (t) 1, for s; > 1, gives the result for
6 = 1. The case of general 6 € [0, 1] and r € (1, 2] follows by interpolation. O

[(@le™ 1o )| < Coppaft) 16

for 1 <r <2. (2.13)
L2

Lemma 2.10. For s > d/2, for 1 < r < 2 and for 0 < 0 < 1, there exists a constant
Cros > 0 so that

e,

Proof. Tt relies on a combination of propagation estimates (given here by non stationary
phase) and dispersion estimates. The result for bounded y € R? is a consequence of
the dispersion estimate and we can assume |y| > 1. We introduce like in the proof of
Proposition 2.8 the dyadic partition of unity on R: 1 = xo(A)* + 2222, x(277)? with
Xo € C°([0,2)) and x € C3°((1/2,3/2)). Here the terms with the factors xo(\) and
x(277)) are treated in the same way and we set for j > 1 x;(A) = x(277)). We write for
teR

vy e R4 VEER [(myule™lu)| < Cpy, ||(2)*(D)iu

(ryule™ ™ lu)y = " a;(t)
§=0

with - ay(t) = (rale (DI >= [ e e ol a

where u; = x;(|D])u. We split the analysis of a;(t) in two regimes

11



|t] < 55277]y|: In this case the phase ¢(z, ¢, t) = —y.£ +t|£]? is not stationary and we use
integration by part with

000 Oep = —y + 2.

On the support of x; we have

3
et &0 = -+ 2661 2 ol ~ 21l 16] 2 ol (1- 35) = 4

and therefore )
06 (Oep)| = [2t] < 52_]Iy| < |0l -

For any k € N (u € S(R?)), we get the estimate
. 2 _ 1 .
Vi €N, la; ()] < Cr [[(2)*us | [y for [t < 527 ly]

and after interpolation it holds for any k € R* and (z)fu € L?(R9).

|t] > 5527 7]y|: We combine the dispersion estimate with the uniform boundedness of
x;(|D|) on L"(R%), 1 < r < 0o, and the inclusion (z)~* L*(R?) c L'(R%) N L?(R%)
(s > d/2). We thus obtain for 1 < r < 2 the estimate

1_1 1 ;
V.] S N7 |a’](t)| S OT,s’ |t|7d(;7§>, for |t| Z EQ_J‘?A

s’ 2
()" uy .

This estimate implies for 0 < 6 < 1:

. jd/2 2 91 11-0 ~d(}-3) 1 _j
Vi €N, la;(0)] < Cro2 (e w) - or [t > =27yl

(o)uj]
For 1 <r <2 ¢ >d/2and 0 <6 <1, we have found a constant C, g ¢ so that

()

Vj € N,Vt € R, |a;(t)] < Cpge2'%?
L

(@) uy

Taking the sum with respect to j € N yields the result. O
The next result will be used in the analysis of the Strichartz estimate.
Proposition 2.11. We assume Hypotheses 0)1)2) with s > [3]+2 and 0 > max (%42, 12).

For s' > g, there exists a constant Cy o5 So that

Yy € RY,

—itHq ‘u

_ 2
[(ryule Pl

< Cua || (@) (D) T

>HL%(R)

12



Proof. Let u belong to (z)~* (D)~ %" L*(R) with s’ > ¢. Like in the proof of Proposition
2.9, our assumptions yield the estimate (2.13) and therefore

/

H<¢‘eiitHa|u>||L%(R) < Cs’,a,w H<x>8 u

L2
Using again Duhamel formula the problem is reduced to the case a = 0 (bilinear version
with (u,u) and (u,1)). Like in Lemma 2.10 we write

(ryule™ M fu) = 3 aj(t)

7=0
where the terms a;(t) satisfy
LR 1.
la; (O] < Co || (@) || , Iyl for [t < 55277 [yl
Rt 1
and  a;(t)] < Cy ||(x)* u; LQt d/2 for [t| > 1—02 Ty] .

After integration with respect to t € R we get

, .2
[l < Comz 0y gy,

L2
We conclude by summing with respect to 7 € N. O

_é)

[S]I~W

Remark 2.12. a) Note that with the L7 norm in time, one can get the decay (y)~¢
with q-dependent reqularity assumptions.

b) The results of Proposition 2.9, Lemma 2.10 and Proposition 2.11 are optimal: An

ac2
explicit integration in the case o = 0 with the gaussian wave function u = Wj/4 e 7
gives
. 1 _wb?
—itHy . t)2
T,ule uy| = e :
e 0] =

3 N obstacles.

For the final analysis, it is convenient to change the numbering of obstacles. For a subset
K of Z¢ with #K = N + 1 and a bijection j : K — {0,..., N} we write

H = Ho+ Y [t >< tl

kek
with ¢ = a;(/,f)nj(k)w. Moreover with Hypothesis 3), this set X C Z? and the bijection
j: K —{0,..., N} can be chosen so that
K c z4n B(0,CyNYY)

and kK € K, |vj0) — z0)

1
> — |k —F
> k=K.

13



where the constant Cy > 1 only depends on the dimension d. For any subset X' of IC, the
hamiltonian Hy: will be given by

Hyr = Hy + Z [ >< gl

keK’

For1 <p< we set Cy,p = 2d<%_%>+1 f°°<t>_d(%_%) dt.

d+2 ) 0

3.1 Dispersion estimates

The bootstrap argument is performed in the next two Lemmas. The final proofs of
Theorem 1.1 and Theorem 1.2 simply gathers all the estimates.
Forn € {0,...,N — 1} and t € R, we introduce the quantity

Sa) = sup > [{Gle R gy, (3.1)
#E =n+1 e\
ko €

Lemma 3.1. We assume Hypotheses 0)1)2)3) with s > [4] +2, 0 > max (%52, 4) and
a = maxXpek (k) fized. Then forl <r <p < d—+2, there exists a constant C = Cppq. > 0
so that the estimate

So(t) < 207 N+ (16 —2),
holds uniformly int € RT, n € {0,...,N — 1}, as soon as

1

N <
(4Cdp0) gd(r=1)"

Proof. Let pand rsatisfy 1 <r <p <
the boundedness of

2d +2 We study by induction on n € {0, .. -1}

cu=[eso,.

n =0 : In this case, Hx = Hy + |tx, ) (¢k,| and the result follows from Proposition 2.9.
1/p—1/2
1/ri—1/2°

By replacing 1 <r <p by 1 <r; < p and taking 6 = it gives the estimate

_ (;,1)
‘ < Opﬂ“h KU ‘33] (k) = Lj(ko) ‘ vy

[0 el s,

<y 58 o b 1573).

Then the sum with respect to k € K\ {ko} is estimated by

> [(rle™ e 1y, ) |

kko

< Cp,rl,a,¢ed(%—%)N1—(%_%).

LOO

We take r so that 1/r =1+ 1/p — 1/r; (symmetry on the interval (1/p,1)) and we
obtain
CQ = Cp7r17a7¢€d/le/r.

14



n >1: We assume that the constant C,, are known for m < n and we take X' C K
with #K" = n+ 1 and ky € K'. The identity (A.3) of Lemma A.2 applied with
Ao = Ho + |¥ry) (o] and Axn iy = Hir and Lemma A.1 yields

(ty(:=2) > Kl e)||| <D CrCoCi... Co.

keK\K [ M=0

We take the maximum with respect to (K, ky) and multiply the relation by Cy,.
Then by setting C!, = Cy,C,,, we get the relation

c’zzn:oq;...c'

It is now a simple exercise to check the implication
(CL<1/4)= (Vn< N, C, <20} < (Vn< N, C, <2C)).

The hypothesis gives the condition on N while the conclusion gives the estimate for all
n < N. O

Before completing the proof of Theorem 1 1 we give a variant of the previous result
for the quantities S, ,(t) defined for 1 < p < N eNandteR:

d+2’
Sn(t) = sup He_itH’C@Z)kOHLp, . (3.2)
#K=N+1
ko €

Lemma 3.2. We assume Hypotheses 0)1)2)3) with s > [4] +2, 0 > £, o = maxyex )
fized, and we take 1 <r < p < d+2 If C = Cp o, denotes the constant of Lemma 3.1,
there exists a constant " = C, ., > 0 so that

1 o / _d(ir_1
(N = 8Cs C)rgc«r_l)) - (W R, Sy, (t) < /()G 2)'>
7p

For N e N, N <

Proof. Let r,p be fixed sothat 1 <r <p <
according to Lemma 3.1

T We have

1
d+2 (8C4,,C)" -

We set

N = 0: The Corollary 2.3 states Ey = Cp o < +00.

15



N > 1: We first fix ky € K and we apply again the identity (A.3) of Lemma A.2 with
Ao = Ho + [tre) (Vro| and A\ oy = Hx. With Lemma A1, it leads to

N n—1 N n
1 1 1
n a(L-1
Pr= 2 b 11 |G Hsn] .. < 2 (4)
after taking the maximum value with respect to kg € IC, #K = N + 1.

In two steps, one easily deduces from the previous recurrence relation the estimate FEy <
Ey (%)N and consequently Ey < %EO. O

End of the proof of Theorem 1.1. Let us fix p,r,py sothat 1 < p <2, 1 <r < p <
min (p, d+2) We set 6 = % and we notice 87’ %;) <0 <1 Accordmg to Lemma
3.1 and Lemma 3. 2 there exist two constants C'= C, ray > 0 and ¢" = C} ;> 050

p1,¢,

that for N < W the quantities defined by (3.1) and (3.2) satisfy
11 1
V< N, Cup |0 G50 <5
Lo°
and VYn<N, E, H 3)s,,, 0l <c.
o>

We also note that with s > [¢] +2 > ¢ and 0 > £, there exists a constant Cp,, o, so that
; 11
VEER, sup HeltOHow’fHLp/ < Cpraplto) d<p1 2>-
kek

Then the identity (A.3) of Lemma A.2 applied with Ay = Hy and Ax = Hyx and the
estimate yields

HeiitHKHL(Lm,LPi) < HeiitHO

n—1

Hﬁ LP1 Lp1
+3mca, (T o
m=0

< O ) (Z (i>n> Capn (N + 1)ty 53

n=1

L
p

l\.‘JI»—‘

Sn(t)

) Od7P10p17a,1/)(N + 1)
LOO

< CplmwN+1 (1 %>

We conclude by interpolating with ||e*“5H’C ||£(L2) =1 and % = 01%1 +(1-0) O

1
5.
End of the proof of Theorem 1.2. The proof is basically the same as the previous one. It
suffices to notice that with (x — z0)%u € LQ(R), s> 4 and o > ¢ the factor

Y [t o] = (1)) 3 [, (D)7 (D) )

koeK koeC

can be estimated by C,, 44 + ﬁ instead of Cp, au(N + 1) by referring to Lemma
sP1
2.10. U
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3.2 Strichartz estimates.

The strategy for the Strichartz estimate is the same as the one for the dispersion estimate.
A curiosity is that it crucially relies on the endpoint Strichartz estimate of Keel and Tao
([9]) for which ¢ = ¢’ = 2.

For n € {0,..., N — 1} we introduce the quantity

F, = sup Z ||<wk0’6_itHKl|wk>||L%(R+) : (33)
#’2'0—6 ”y L per\k

Lemma 3.3. We assume Hypotheses 0)1)2)3) with s > [4] +2, o > max (42, 432) and
o = maXgek (k) fized. Then there exists a constant C'= Cyy so that

N | —

(NS()Q%)?(VHG{O,.. 1}F<2C€2 Ldg
4C a¥2

d+2 g7 d+2

Proof. Our induction now relies on the second identity (A.4) of Lemma A.2.
n = 0: For Hir = Hy + |k, ) (x|, Proposition 2.11 gives the estimate

d
£2

B d+2
2d

SC#,E;N

= Fy.

Z H<wk0|€_itH’C'|¢k>HL%(R+) < 7¢ < Z

4
ik kko |k — Kol
n > 1: We assume that the constants F,,, are known for m < n and we take K' C K with

#K' =n and ky € K'. We apply the identity (A.4) with Ay = Hy + |tk ) (¥x,| and
Axn\koy = Hir. The L'-estimates of convolutions on R, yields

> Il )|,y @, < D FoFye F
m=0

keK\K/

After taking the maximum with respect to ky € K, we get the same estimate as in

Lemma 3.1 .
F, <Y F...F
m=0

which implies F,, < 2F, if Fy < %.

U
We now introduce for N € N and u € L*(R?) the quantity
Py = s [ Wrle™ )| e (3.4
#K=N+1
ko € K

17



Lemma 3.4. We assume Hypotheses 0)1)2)3) with s > [4] +2, o > max (%2, 42) and

a = maxgex k) fived. If C = Cqy denotes the constant of Lemma 5.5, there exists a
constant C' = C7,,, > 0 so that

N = 0: The Strichartz estimate (2.9) for Hyy,y = Ho+ |tko) (Y|, With ¢ = 2 and r = 24
combined with ¢y, € L*(R?) N L'(R?) gives Fy(u) < C , [[ull ».

N > 1: We first fix ky € K and we use again the identity (A.4) with Ay = Ho + [k, ) (Vx|
and A\ (roy = Hi. After taking the maximum with respect to kg € K, it yields

N N n
~ ~ - 1
Fy(u) < z% Fy...Fy_1F,(u) < z; E,(u) (Z)
which implies Fiy(u) < 3Fy(u) < 207 4 llull 2
Ul
End of the proof of Theorem 1.3. It is sufficient to prove the result for ¢ = 2 and r = dszQ_

The general result then follows by interpolation. For v € L?(R?), the identity (A.4) of
Lemma (A.3) applied with Ay = Hy and Ax = Hy gives

t
e—itH;c — e—itHo +/ e—i(t—t')H()@(tl) dtl
0

with

N

O(t) = Y / (ko) (W ™70 0003 [y, ) (b | .

n=0 #{ko,...kn }=n+1
o \wkn)(wknle*“"H{ko vvvvv ndu) Dy (to, ... tn).

Since 1 € L2(R%) N LY(RY), the set of functions 1y, is uniformly bounded in Lz (RY).
Then Lemma 3.3 and Lemma 3.4 state that

N N n
_ 1
I, < SV 4 DFo P < (V403 (5) Cl e
tT n=0 n=0

18



it N < +dd_2 We conclude with the standard consequence of the Strichartz

(8Cqy) dH2e" dH2
estimate

t
/ e_i(t_tl)H()@(t,) dtl
0

applied here with ¢ = 2 and 7/ deQ O

2y S CH@HL‘E'L;/

rL2rd-z

End of the proof of Theorem 1.4. It is the same as the previous one if one notices that
Proposition 2.11 and o > % provides the uniform estimate

Vo PRY, 3 [l e )| < Cunn (145N ol
LERy) :
ko€
For N < - —— the same application of identity (A.4) as above leads to
(8C)d+2¢ d+2

v e LA(RY), (el (@) e )

< Co iy 19l 2 Mlull 2

Lt
]
A A variant of the Dyson expansion.
We introduce the notation Dy(t,,t, 1,...,to) for the measure on R™"*!
Dt<tn7tn—17 s Jt(]) - (H 1R+(tk)> 5(tn + -+ tO = t)
k=0
We note the simplicial associativity relations
Dy(tns1, ... to) = Dy (tns1, tn) De(th, tn-1, ... to) (A1)
and Dt(tn, Ce ,to) = Dt(tn, t/)Dtl(tn_h e ,to), (A2)

which is another way of writing the associativity of the convolution product on R,. Then
the Dyson expansion (the iteration of Duhamel formula) writes for A = Ag 4+ V, with A
self-adjoint and V € £(L?), and t > 0

o0

e—itA _ Z(_Z)n / e—itnAoVe—itn—1AoV o Ve—itvoDt(tm toet, ... ;tD)-

n=0
Remind also with this notation the standard estimate:

Lemma A.1. For o > 1, the estimate

[

Wn € N,Vt > 0, /(tn>" o) Dbt 1, o) < OB,

holds with the constant C, = 27 [>(')~ dt'.
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Proof. 1t is a direct consequence of

[(t —t)7() 77 dt' = Q/Ot/2<t — )Y dt < 2 </0°o<t/>—a dt/) (t/2)

and of the simplicial associativity (A.1)(A.2). O

We shall consider the case where the perturbations V., k € K, #K € N, are bounded
operators and Ay is a given self-adjoint operator. We set

AK:AO+ZVk

kel

and for ki,...,k, all distinct in I (n < N = #K)

Lemma A.2. With the above notations and assumptions we have for all t > 0 the iden-
tities:

#IKC

i . - —itp 1A

e itAe E (_Z)n E /e itnAfy,..., kn}ane n=18ky kwhl}an_l_”
n=0 #{kl ..... kn}zn

eT Ay emAo D (4t 1L L) (AL3)

#K
e—ZtA;C — E /ZTL E /e—ltvo Vkle_ltlA{kl}‘/]CQQ_ZtlA{kl’kQ} o
n=0 #{kl ..... kn}zn

Ve Ak kY Dy (b by, . o). (AL4)
Proof. For t > 0 we set N = #K and

B(t) = (6—itA;<6itAo _ Id) _ Z (e—itA{k}eitAo _ Id) .
kek

We have B(0) = 0 and the derivative equals

ZatB<t) — e—itA;C (Z %) eitAo . (Z e—itA{k}Vk> eitA()

kek kel
— § (e—itA;C . e_itA{k}) VkeitAo.

kel
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Hence, we have by taking k; = k

e—itA)C . e—itAo — E [(e—itA{kl} . e—itAo)

kiex

_ Z/ (6—it1A o e—itlA{kl}) ‘/kle—itvo Dt(tlatO) )

We iterate after noticing that the factor (e’”lA’C — e’“lA{kl}) is the same as the left-hand
side with Ax = Agry + Zk;ﬁkl V.. We obtain for all M < N

e_ZtAIC - e—ltAo —

. e*itlA{’fl}Vkle*itoAO Di(tar—1, ..., to)-
We conclude with the identity Ax = Ag,, . kyy (M = N) and the Duhamel formula
(n < N)

—q —itA . —q —itp A
(6 WALk, k) —e {k1,es kn,1}> — —Z/e 1A, k"}vlﬁne 02k ,eoskpn_1} Dt(to,tl).
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