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Abstract

The asymptotic stability and asymptotic completeness of NLS solitons is proved, for small per-
turbations of arbitrary number of non-colliding solitons.

1 Introduction

The nonlinear Schrédinger equation has in general (exponentially) localized solutions in space, provided
the nonlinearity has a negative (attractive) part. This is due to a remarkable cancellation of the
dispersive effect of the linear part with the focusing caused by the attractive nonlinearity. To find such
solutions, we look for time periodic solutions:

oy

(NLS) i5e = —00 + By z €R" ¥ = e ay(x).
It follows that ¢, if it exists, solves the equation
(ENLS) —wihy = =Dy + B(|Yu|?)tw

In general, for 1, to be localized (at least as L? function) we need w > 0.

The general existence theory for this elliptic problem has been studied in great detail. In the case
B(s%) = —\|s|P~! there are rather extensive results. The existence theory initiated in [Cof] and followed
in [Str] also implies in many cases that there is a range of w for such solutions, that the lowest energy
(w) family of solutions. We will refer to a positive radial lowest energy solution as a ground sate. In
[BL] Berestycki-Lions proved the existence of a ground state in three or more dimensions under the
conditions that g(s) = 3(s?)s is odd, 5
g(s

0< lim =7,
n—2

§——400

s
and such that there exists 0 < 59 < oo, with G(sg) > 0, for

G(s) = —2/Osg(s)ds
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The question of uniqueness of the ground state has been studied in [?], [Kw], [?]. It follows from the
results of McLeod that if the nonilnearity satisfies the condition

the ground state is unique.
The exponential decay usually follows from properties of eigenfunctions of Schréodinger operators.

Next, it is easy to see that if 1, (¢, x) = !¢, (z) is a solution of (NLS), then for any vector @ € R"
the function v, (¢, z—a) is also a solution. More generally, the equation NLS is invariant under Galilean
transformations, and therefore we can construct solutions which are moving with arbitrary velocity o
from 1),,. As a result we obtain a family of exact spatially exponentially localized solutions

. 1 2 .
¢17,7,D,w — ezv-m72(|v| w)t+lga¢w(£ﬂ — Tt — D)

parametrized by a constant 2n + 2 dimensional vector (7,7, D,w). We shall call them solitons.

The natural question now is: can we construct solutions of N solitons moving away from each
other with some constant velocity. We give an affirmative answer to this question for a natural class
of NLS equations. The methods we use may be applied to other classes of equations with solitary type
solutions and other symmetry groups (e.g. Lorentz instead of Galilean), if and whenever certain linear
LP decay estimates can be verified for the linearized operators around one such soliton. A detailed
analysis of such LP estimates for NLS was recently given in [?].

To explain the method of proof, we need to explain the notion of asymptotic stability and complete-
ness for such equations. Suppose we take the initial data of NLS to be an exact ground state ¢, (),
plus a small perturbation Ry. What is then the expected behavior of the solution? If the solution ) (t)
stays near the soliton 1, (t) = e“!¢,(x) up to a phase and translation for all times (in H' norm) we
say that the soliton ), is orbitally stable. If, as time goes to infinity, the solution in fact converges in
L? to a nearby soliton we say that the solution is asymptotically stable.

Our goal is to show that the configurations of N-solitons moving away from such other are asymp-
totically stable under small perturbations. The asymptotic stability of one soliton solutions of NLS
and other equations has been the subject of much work in the last 10-15 years. It was first shown for
NLS with an extra attractive potential term in [SW1]- [?], [PW], for one NLS soliton in 1 dim in [?]
and in dimensions n > 3 in [Cu,...; for NLS-Hartree in [FTY], KdV 77

In cases where the soliton solution can have more than one manifestation (that is, can be excited)
asymptotic stability, was proved for NLS with attractive potential in [?], see also [?], [?]. The main
conditions we need on the solitons, besides being exponentially localized (and smooth) is linear stability
and spectral assumptions (related to LP decay).

The notion of linear stability is borrowed here from dynamical systems: we linearize the equation
around a soliton. The resulting linear operator which generates the approximate linear glow around
the soliton should lead to a stable dynamics. This follows from spectral and L? properties of the
corresponding linear operator.

In many cases it turns out that stability and linear stability are equivalent for solitons [Stu].

To appreciate the problem of linear stability (and spectral theory) notice that when we linearize
around a soliton w, using ¢ = e’w + R the resulting “linear” operator acting on R, has R contribution



as well as time dependent phase contribution, coming for ¢””. We then complexify the space to (R, R)
and remove the e’ dependence by some matrix time dependent unitary transformation. We are then

(L+ W
()

acting on L? x L?, L+, L— self adjoint perturbations by exponentially localized functions of —A. W
is also exp. localized, but not small in general. Hence H is non-self adjoint. Therefore, linear stability

left with a matrix operator of the type

(LS) | U®Y ||z =] €M 4 || 2 < oo for t

fails in general. Using general arguments [?] one can sometimes prove that o(H) C R, but due to
the lack of self-adjointness we cannot conclude stability. Careful analysis of the spectrum of H on
R, shows that it consists of cont. spec., that we can find using Weyl’s criterion, and finitely many
eigenvalues and generalized eigenvalues (at zero). The detailed analysis of the spectrum is described
in Appendix A. It mostly reviews the known arguments and methods which are needed to imply the
spectral and stability assumption we need. It also includes some technical improvements of known
results and some generalizations. In particular, we show directly that the generalized eigenvectors at
zero, are exponentially decaying, without using the explicit formulas for them (which are not always
available).

Linear stability in the sense (LS) is then expected to hold only for initial states 1) which are
orthogonal to the space of eigenvectors and generalized eigenvectors of H. In this, linear stability has
been proved for certain classes of NLS; the most comprehensive results in this direction, based on
Liapunov theory are due to Weinstein [Wel]- [We2]. See also [Call, [?], [Sh], [?], [Gr], [SuSu], [Stu].

Clearly, stability is necessary to have, before proving asymptotic-stability. So among our assump-
tions it is included in the sense (LS). We also need further spectral assumptions on H, partly to insure
that [?] holds and imply the LP estimates:

(LP 1) 1™ |l < ¢ || 9 || ine
for ¢b L N, the space of e.values + gen.e.values, and
HU@)Y e < || % | ange

where U(t) is the solution of the linear equation with N solitons as potentials:
N
iU = (Zm@)) U+HoU U(0) = 1.
=2

_ (L' W (L Wit)
w47, ) = (Fe B

‘H; - is the linearization around the i-soliton. It is t-dependent, since it is moving relative to others.



Next, we need some nonlinear assumptions: the first condition is the following monotonicity con-

dition
O (YY) > 0

which is known to imply (nonlinear) stability in most cases [?], [Stu], and is sometimes equivalent to
(LS) [Stu]. The second important condition is required to prove asymptotic stability and scattering.
For this, we need that F'(|¢)|) vanishes as |¢)| — 0 at least as fast as |w|1+%, n > 3. Examples of F'(|9)|)
for which stability holds or expected to hold and satisfy this last condition are not of the monomial
type! This is because for such powers, the nonlinearity is supercritical (w.r.t. L?) and it is then known
[CaLll], [ShSt], [?], [We2] that the monomial solitons are generally unstable.

Nonmonomials examples are of the type —|y[P~tg(]1|) and —||P~! + altp|9~! with proper choice
of p, a, q, see [Sh]. In the first example, we choose g(|1]) to be approximately 1, except that it vanishes
near zero, fast enough.

A final few comments on the method of proof: similar to previous works [BP1], [Pe], [Cu] we
begin with an .... for the solution as a sum of modulated N-solitons plus a small perturbation Z. We
then impose orthogonality conditions Z = (R, R), relative to each soliton (in its reference frame). The
modulated parameters of the solitons are denoted by &(t). We then construct solutions, via contraction
mapping in the space where &(t) satisfies some decay, swellness, and asymptotic behavior. At each
stage of the analysis we linearize and orthogonalize relative to the solitons at t = oo, that is around
the solitons determined by &(o0). Our approach removes the need to estimate objects with powers of
x; we can then solve the problem in LP spaces. In particular, our assumptions on R at the time zero
are in L' N L? but not in weighted spaces as in previous works. We also get stronger decay estimates
onthe remainder terms, namely the optimal ¢t~™2 decay in L.

2 Statement of results

Consider
. 1
(2.1) 00+ 589 + B[y =0
in R", n >3 [n=3orn> 377, with initial data
k
(2.2) o(x) = w;(0,z) + Ro(x).
j=1

[comment on existence of solutions to NLS??] Here w; are solitons

(2.3) wj(t,x) = w(t,z;05(0)) = PP — (1), a;(0))
(2.4) 0j(t,x) = v;(0)-z— %(|Uj(0)|2 — aj(0))t +;(0)
(2.5) $j(7f) = Uj(O)t + Dj(()).

It is well-known that if ¢ = ¢(-, ) satisfies
1 OZ2 2
(2:6) 500 = S0+ B(19")6 =0
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then w; as in (2.3) satisfies (2.1) with arbitrary constant parameters o;(0) = (v;(0), D;(0), v;(0), c;(0)).
Solutions of (2.6) are known to exist under suitable conditions on 3 for certain & > 0 and 2 < p <
1+ n;f2 [Need to introduce 3, p, references to Sulem-Sulem or original references???]. Moreover, there «—
exists a unique positive solution, called the ground state, which is the one that we choose. It decays

;(0)2

= g(;04(0))

like e=@#l. The solitons w;(c;(0)) can be generated from the particular solution e’
of (2.1) by means of the Galilean transformation

v 2 . .
(27) gv,D(t) _ efi%tefm-vez(Dthv)p

where p = —iV, followed by a modulation. Indeed,

a;j(0)?

(2.8) Wit 2:0,(0)) = €78 0),(0)(t) T 61 5 (0)).

Our goal is to prove asymptotic stability of noninteracting multi-soliton states. More precisely, we show
that provided Ry is sufficiently small in a suitable norm and provided the ¢;(0) satisfy the separation
and stability conditions (see below), there exist curves o;(t) = (vj(t), Dj(t),v;(t), a;(t)) in R*"+2 so
that

(2.9) v - >yl o (0)|| S

j=1
where wj(t, 21 0(t)) denotes the soliton solution from (2.3) with parameters
(2.10) 0it7) = ) o= [ Hul s ds (0
(2.11) oi(t) = /Ot v;(s) ds + Dj(t).

In what follows, the notation w;(t,z;0;(t)) or simply w;(o;(t)), corresponds to the soliton moving
along the time-dependent curve o;(t) in the parameter space according to (2.10) and (2.11), while
w;(o) denotes the true soliton moving along the straight line determined by an arbitrary constant o
as in (2.4) and (2.5).

In order to ensure that the solitons do not interact we assume that their initial positions D;(0) and
initial velocities v;(0) are such that for all ¢ > 0 one has the separation condition

(2.12) 1D;(0) + v;(0)t — Dy(0) — ve(0)t] > (L +ct),  VjAL=1,.k

with some sufficiently large constant L and a positive constant c. We also impose the nonlinear stability condition
(or convexity condition) (see [Sh], [?], [Wel]). [need to explain the meaning of “stability” here?? more
background on this topic in general?? other references???] —

(2.13) (0005 ), d(; ) > 0, Vo : jginkm —a;(0)] <c

for some positive constant c. The condition that the L? norm (alternatively the energy) of the ground
state is an increasing (decreasing) function of the parameter « is known to play the crucial role in



the issue of the orbital stability of 1-soliton solutions of NLS and NKLG (nonlinear Klein-Gordon
equation), see [Sh], [?], [Wel], and first appeared in the work of Shatah. Heuristically speaking, the
soliton is orbitally stable of condition (2.13) holds and unstable if instead the opposite strict inequality
is satisfied. The known examples of when the nonlinear stability condition can be verified are limited
to the case of a monomial subcritical nonlinearities

4
(2.14) B(s?)=s"P"1 1<p< L+, Vo # 0
and the nonlinearity of the mixed type (see [Sh])
B(s?) =s* — st a777?

In our paper we find a new class of nonlinearities satisfying condition (2.13). These nonlinearities lie
"near” the subcritical monomials of (9.27) but vanish much faster near s = 0. More precisely we
consider functions

s37P

(215) 69(52) == Spilm

with a constant 8 > 0 and prove that given a sufficiently small neighborhood U in the space of
parameter « there exists a sufficiently small value 6 such that for all § < 8y and all @ € U the ground
state of By corresponding to « satisfies the nonlinear stability condition (see section 777).

We note that the higher rate of vanishing of 3(s?) at s = 0 is important for asymptotic stability.
In particular, it should be mentioned that if the power p in the monomial example (9.27) is too low
(p<1+ %) even the scattering theory (asymptotic stability of a trivial solution) fails.

Let amin = minj<j<i a;(0) — ¢. In our main theorem we will introduce a small constant e which
measures the size of the initial perturbation. It will be understood henceforth that

(2.16) aminL > |loge|.

We collect the individual parameter curves o () from above into a single curve o(t) := (o1(t), . .., ox(t))-
Given the initial value o (0) we introduce the set of admissible curves () as those C'! curves that remain

in a small neighborhood of ¢(0) for all times and converge to their final value o(c0) = lim; 4o o (2).
In particular, the separation and nonlinear stability conditions can be assumed to hold uniformly along
the admissible curve o(t). We shall also impose the condition that for an admissible curve o(t)

(2.17) /Ooo /:O [65(7) - 03(7) — 6(r) a5 (7)] drds < oo, /OOO /:O i, (7)| dr ds < oo

for all 1 < j < k. We will write w;(o(t)) = w;(t,z;0(t)) = €91 ¢.(a(t)) where ¢;(a(t)) =
o(t,x;04(t)) = ¢p(x — x;(t); oj(t)). Linearizing the equation (2.1) around the state w = 25:1 wj, Y =

w + R one obtains the following system of equations for Z = ( ):

I =

(2.18) 07+ H(t,o(t)Z =

e



Here H(t,o(t)) is the time-dependent matrix Hamiltonian

(2.19) H(t,o(t)) = Ho +
(®))

i:( (lwj(e()?) + B (Jw; (o (D)) lw;(o (t))[* B (Jwj(o ()]*)wi(o(t)) )
=B (lw;(o (1))} w3 (o (1)) —Blwi(e()I?) = B'(Jwi(o ()1*)|w;(o(t)*

In 0
— 2
H°—<o —%A)

and the right-hand side F' depends on ¢, w, and nonlinearly on Z. For a given admissible path o(t)

Jj=1

we shall introduce the reference Hamiltonian H (t, o)

(2.20) H(t,o) = Hp+
k
(lwj(o +ﬁ'(|w3( )?)w;(o)? ﬁ'(lw;( )P w (o)
;( —ﬁ'(lw;( )P)@} (o) —B(lw;(o)?) - ﬂ'(lwg(ff 1) lw;(o)[? )
where 0 = (01, ...,0k), 0j = (vj, Dj,7j, o) is a constant vector determined by the curve o(t), see (3.7)

and (3.8) below. We refer to Hamiltonians of the form (2.20) as matrix charge transfer Hamiltonians.
They are discussed in more detail in Section 11, as well as in [RSS]. Recall that w; (o) denotes the soliton

moving along the straight line determined by the constant parameters o;. The proof of our nonlinear
scattering theorem, see Theorem 2.2 below, relies on the dispersive estimates for matrix charge transfer
Hamiltonians that were obtained in [RSS], see also Section 11 below. For these estimates to hold, one

needs to impose certain spectral conditions on the stationary Hamiltonians
(2.21)

| LA — 2+ 3(05(0)) + B'(65(0)2)65(0)? B'(6i(0)*)¢5(0)
HJ(U)

- —B(6;(0)?)62(0) 1A+ %~ B(65(0)2) = B(5(0)2);(0)?

where ¢;(0) = ¢(z, a;), see (2.6). These Hamiltonians arise from the matrix charge transfer problem
by applying a Galilei transform to the j** matrix potential in (2.20) so that that potential becomes
stationary (strictly speaking, this also requires a modulation which leads to the spectral shift in (2.21)).
We impose the spectral assumption as described by the following definition.

Definition 2.1. We say that the spectral assumption holds, provided

e 0 is the only point of the discrete spectrum of H;(o),

e cach of the H;(o) is admissible in the sense of Definition 11.1 below and the stability condi-
tion (11.3) holds.

While the second condition is known to hold generically in an appropriate sense, see Section 11, the
first condition is more restrictive and not believed to hold generically. Under these conditions our main
result is as follows.



Theorem 2.2. Impose the separation and nonlinear stability conditions, see (2.12) and (2.13), as well
as the spectral assumption from above. Suppose 1) is the solution of (2.1) with initial condition (2.2).
Then there exists a positive € such that for Ry satisfying the smallness assumption

S
(2.22) > IVFRollpinze <€
k=0

for some integer s > %, there exists an admissible path o(t) such that

H¢ i (t, x5 04t HOO <4672

as t — oo. In particular, the soliton parameters o;(t) converge to limiting values as t — oo.

[describe results of Buslaev-Perelman, and Cuccagna??? Compare them to this?? Any other
historical background? Is this going to be the introduction?? ]

3 Reduction to the matrix charge transfer model

For the sake of simplicity we consider the case of two solitons, i.e., k = 2. Setting wi (o (t))+wa(co(t)) =
w and ¥ = w+ R, (2.1) yields

(3.1) OR+ S AR+ (B(wf?) + 5 () ) R+ 5 (wl)u? R
~(i0uw -+ 5w+ B(JwlP)w) + Ol RI?) + O(RP).
Observe that
0w+ 3 0w+ B(w o = —Z[v, )+ 45(0)wi (1)) + i€ DT (o(1)) - Dy(1)
(3.2) it 003 (0(1))ig(1)] + Owiwy).
Similarly,
O+ SOR + (B(w) + 8 () wP) R+ 5 () R
_ zatmgamz[ B(w; <>>|2>+ﬁ'uwj(o(t))|2>|wj<a<t>>|2}R+iﬁ'<|wj<a<t>>|2>wj<o<t>>2R
O (o) unle ()R,

Rewriting the equation (3.1) as a system for Z = (R, R) therefore leads to

(3.3)  iZ+H(o(t)Z = SW(o(t)) + Owiws)Z + O(wiws) + O(jw[P~2|Z|2) + O(|Z|P).



Here H(o(t)) is the time-dependent matrix Hamiltonian from (2.19) and

(3.4) SW (o (t)) = < I f)

(35) £ =3 [@5(0) 2+ 35)ws(0(1) +ieD DV (a(0) - Dy(t) — ie™ D650 (2)) ety (1)

Given the admissible curve o(t) we introduce the reference Hamiltonian H (¢, ) “at infinity”

H(t 0') = H(] +
we S ( At )P) o)) 9 (Ju(o) (o) )
' —B'(|wj(o)[*)w? (o) —B(|w;(o)[?) — ﬁ'(lwy(ff 1) |w;(a)]?
7=1
where 0 = (01,...,0k), 0; = (vj, Dj, 7}, @;) is the constant vector determined by the curve o(t) in the

following fashion:

(3.7) vj = vj(00)

, — /000 /oo 0j(7) drds,
(3.8) v = 74(00) + /000 /oo(i)j(T) ~vj(7) — &j(T)aj(T)) dr ds, a; = a;(00).

In view of the condition (2.17), o is well-defined. Recall that w;(o) is the soliton moving along the
straight line determined by the constant parameters o;.

For j =1,..., k we introduce the Hamiltonians
, _ Blwi(@)?) + B'(|wj(o) *)|w; (o) [? ﬁ'(lwg( )[?)wi (o)
(3:9) Hylt, )= Ho+ < "8 (juy(o) Py (o) (o)) = B (fwy (o)) s (0) 2 )
together with their stationary counterparts
Hi(o) = ( 5O =%+ B(61(0)) + 0'(9(0))9;(0)? 0'(95(0))63(0) )
’ —0'(¢5(0)?) 973 (o) —LA+ % — B(6(0)?) — B'(65(0) )¢5 (0)?

(3.10) ¢j(0) - ¢($a aj)

The following lemma relates the evolutions corresponding to the Hamiltonians H;(t, o) and H;(o) by
means of a modified Gallilean transformation.

Lemma 3.1. Let Uj(t,0) be the solution operator of the equation

(3.11) i0U;(t,0) + H;(t,0)Uj(t,0) = 0,
Uj(O, 0) =1
and e®i(9) pe the corresponding propagator for the time-independent matriz Hamiltonian Hj(o). Then

(3.12) Uj(t,0) = Gy, p, ()M (¢, )™ M;(0,0)G,,p, (0)

9



where Gy, p,(t) is the diagonal matriz Galilean transformation

v Dt

(3.13) Go, 1, (1) <f1> _ <M>

f2 gvj,Dj (t)f2
and

o2
*Z_t i(v;-Dj+5)

(3.14) M;(to)=| © L0

0 el —Lt+i(v;-Dj+;)

Proof. By definition,

iU; = iG;, p, (M) IM;(0)Gy, p,(0) + Gi, p, (£)iM; () 7 M;(0)Gu, 0, (0)

(349) =Gs,.0,(OM; () H; (@)™ M;(0) Gy, p, (0).
Clearly,
o2 -O‘? .
. _ % i-Lt+i(vi-Di+yy)
z'./\/l;‘-(t): 5 €2 I o 0 |
0 %7 e~ i3 t—i(vj-Dj+7;)

whereas one checks that

D\ f gv],D 5o f (v 2/2+v; p) 85, p, 5ok
Finally, we need to move H,(o) to the left in (3.15). We consider the differential operator separately
from the matrix potential, i.e.,

_ Uj(a — (1) XD, (0 — (1)
Hj(t,o) = Hy+ <_62¢9j%t,m)wj{x — zj(t)) ~U;, (:cj— :nj(t)]) )
(3.16) Hj(o) Ho + ( 02 aTJ) + <_Wj —Uj>

where x(t), 0;(t) are as in (2.5), (2.4), and U; = 5(¢;(0)?) + B'(¢;(0)*)¢;(0)?, W; = '(¢;(0)*) ¥ ().
Note that, on the one hand, M; commutes with all matrices in (3.16) that do not involve U;, W;. On

the other hand, one has
a?
H(]gvj7Dj(t) <f2 - gvj,Dj(t) HO + 02 a_? f2 o OZ g] ( )f2
p) vj»D
v2 w2 :
et A<€im’j e~ i (Ditts) f) (z — tv; — Dj)) — e ey iy (D) Afi(x —tv; — Dy)
2 'u2

_efi%t A<67im-vj eivj-(Dj+tvj) fQ(CU _ t’Uj _ D])> + e*iTjt e iTYj eivj-(Dj+tvj) Afg(:ﬂ _ t’Uj _ D])

. l(v + o )gv] _( )fl_vj pgv] ()fl
“\ Lt ad) g, O — v pa ) (O0Fs)

1
2

10



—iw(t)/
Finally, we need to deal with the matrix potentials. Write M(t) := M(t,0) = <e 0 ez’w(()t)/2>

and set p = t|0;|* + 2z - ;. Then (omitting the index j for simplicity)

M(t)gﬁD(t) < gug)w;(vt _17?_) D) eiagg.(;_qj‘:i_pl))) ) <£>
e—w(t)/ 0 ge.p(t)U(-— 0t — D) fi + g@D(t)emW(- — Ut — D) f,
- < et)f2 ) <—m<t>e2wvv<- — it — D) i — g5,p()U(- — 0t D>E>
e—iw(t) /2f1) + Wefz(v t+22-7) 5i(20(t,+10+D) ~w )gw(t)m
- < e@<v2t+2r Defle 200 +44D) g (1) (e=0/2f,) — U gg,DmW)
i(20(t,+T+D) —w—p) |1/ e—iw(t)/2 0 as(t) f1
“ (oo ) (VT e ) )

Now 20(t, -+t + D) —p—w = 252+ (|7 + a®)t + 2y + 20 - D — t|7|* — 22 - ¥ — w = 0 by definition
of w, i.e., w = ot + 27 + 2 - D. Adding these expressions shows that

’in(t, 0) +Hj(t, U)Uj(t, 0) =0,

as claimed. O

4 The nullspaces of H;(c) and H; (o)

In view of Section 11 below (see in particular Definition 11.1 as well as (11.2)) we will need to understand
the generalized eigenspaces of the stationary operators H;(o) from (13.1). By our spectral assumption,
see Definition 2.1 above, only generalized eigenspaces at 0 are allowed. We denote these spaces by N;(o)
and refer to them as nullspaces. Thus, N;(co) = ker(H;(c)?) and by (11.2) one has the direct (but not
orthogonal) decomposition

L2(R?) x L2(R?) = N3 (0)" + (o),

where N7 (o) = ker(H;(0)2). The (nonorthogonal) projection onto N;(cr)l associated with this de-
composition is denoted by P;(c). While the evolution e™(7) is unbounded on L? as t — oo, it is
known in many cases that it remains bounded on Ran(P;(c)). In Section 11 this is referred to as
the linear stability assumption. The following results go back to Weinstein’s work on modulational
stability [Wel]. [give a proof of this???? other references??7]

Proposition 4.1. Let Hj(o) be as in (13.1) then

e The nullspace NJ’-‘(U) of H;-‘(U) is given by the the following vector valued 2n+2 functions §J*, m =

11



uj = ¢;(50), Hj(0)¢j =0,
.2 X :
i =12 a.0,(:0), 1006} = —ie}.
J
’LL;n :ia"ﬂm72¢j(';0—)? H;(U)ggnzoa m:37“7n+27
’LL;n :$m7n72¢j(';0')7 HJ*(O-) Jm: _2Z£Jmina m=mn+3,..,2n+2

o Let

Then J is an isomorphism between the nullspaces of H7 (o) and Hj(o). In particular, the nullspace
of Hj(o) has a basis {J§J* [1 < m < 2n + 2}.

e One has the stability property

sup ||e’Hi (@) Pj(o) H < 00
t 2—2

where Pj(o) is the projection onto ]\f;(o')l as introduced above.

5 Estimates for the linearized problem

In (3.3) we obtained the system
(5.1)
i Z+H(t,0)Z = (H(o(t))—H(t, 0))Z+2W(0(t)) +O(wywa) Z +O0(wiwa) +O(|w|P~2| Z|*) +O(| Z|P),

The point of rewriting (3.3) in this form is to be able to use the dispersive estimates that were obtained
in [RSS] for (perturbed) matrix charge transfer Hamiltonians, see also Sections 11. 12.

Theorem 5.1. Let Z(t,x) solve the equation
(5.2) i0:Z + H(t,0)Z = F,

where the matriz charge transfer Hamiltonian H (t,o) satisfies the conditions of Definition 11.2. As-
sume that Z satisfies

(5.3) 1(1d = P;(0)) M;(0,8)Gu, 0, () Z(t, )2 < B +1)"%, ¥j=1,...,k,

with some positive constant B, where M(o,t) and G, p.(t) are as in Lemma 3.1. Then Z verifies the
following decay estimate

(5.4) 12Oz 5 (1407 (120l nre + IFI + B)

12



fort > 0 with
t
I 7l := sup [/ IF(s)l|pr ds + (1 + ) 2 F(0)]| g2 |-
>0 LJo
In addition, we also have the L? estimate
(5.5) 1Z()l2 < 1 ZollLrnze + 1 FIl + B

For the proof see [RSS] and Section 11 below. In particular, note that (5.3) is related to the
characterization of scattering states in Definition 11.4.

In the applications the inhomogeneous term F' is a nonlinear expression which depends Z. There-
fore, in addition to the estimates (5.4) and (5.5) we shall need corresponding estimates for the deriva-
tives of Z.

For an integer s > 0 we define Banach spaces Xs and s of functions of (¢, z)

(5.6) ol = sup (0l + 0+ 0% S NT () 21 )
= k=
- ! k 0 241 k
(5.7) 1Fly, = stggg:o)( /0 IVFF(r, )l dr + (14 OF [ VFF(E, )12 )

The generalization of the estimates of Theorem 5.1 is given by the following Theorem (see section 12,
in particular Proposition 12.3, for the proof).

Theorem 5.2. Under assumptions of Theorem 5.1 we have that for any integer s > 0

S
(5.8) 1Z]l2 S D IVEZ(0, )| pinge + [ Flly, + B
k=0

We apply Theorem 5.2 to the equation (5.1). This will, in particular, lead to our main result, i.e.,
that [|Z(t)||ee St % as t — co. We need to ensure that Z is a scattering solution relative to each of
the channels of the charge transfer Hamiltonian H (¢, o), in the sense of the estimate (5.3). Analogous
to Buslaev, Perelman [BP1] this will be accomplished by an appropriate choice of the path o(t), to be

made in the following section.

6 Modulation equations

In their analysis of the stability relative to one soliton, Buslaev and Perelman [BP1], [BP2|, and
Cuccagna [Cu] derive the equations for & by imposing an orthogonality condition on the perturbation Z
for all times. More precisely, they make the ansatz

(6.1) W = T (w(a(t)) + R)

where ¢?(-7(M)w (g (t)) is a single soliton evolving along a nonlinear set of parameters. The removal of
the phase from the perturbation R leads to an equation which is simply the translation of the equation

13



involving the stationary Hamiltonian (2.21) to the point vt + D. This in turn makes it very easy to
formulate the orthogonality conditions: At time ¢, the function R(- + vt + D) in (6.1) needs to be
perpendicular to all elements of the generalized eigenspaces of all Hj(0)* as in (2.21), where o is equal
to the parameters o(t) at time ¢.

In the multi-soliton case the removal of the phases by means of this ansatz is not available, since
distinct solitons carry distinct phases. As already indicated above, we work with the representation

k

G(t) =Y wit,o(t) + R,

j=1

which forces us to formulate the orthogonality condition in terms of a set of functions that is moving
along with the solitons w;(t, o(t)). We now define these functions.

Definition 6.1. Leto(t) be an admissible path and define 0;(t, x;0) and x;(t; o) as in (2.10) and (2.11).
Also, set ¢j(t,x;0(t)) = ¢p(x — xj(t,0(t)); aj(t)). Then we let

with
u; (t,x;o) = wi(t,z;0)= ¢ (t:z;0) ¢j(t,x;0)
u?(t, x;0) = 2—j i3 (t.x30) Oa@j(t, z;0)
(6.2) wuj'(t,x;0) = 10 t2i0) g, bi(t,x;0) for 3<m <n+2

Wi (twi0) (gm—n=2 _ ypm—n=2 4 0))p;(t,z;0), for n+3 <m <2n+ 2.

ul'(t,zy0) = .

The following proposition should be thought of as a time-dependent version of Proposition 4.1.
More precisely, if o is a fixed set of parameters, then one can define an alternate set of vectors, 5;”, say,
by applying appropriate Gallilei transforms to the stationary vectors in Proposition 4.1. For example,
take some & so that H ;-‘(0)5;” = (0. Then the corresponding é;” satisfies

0" + Hj(t,0)&" =0,
with H;(t,0) as in (3.9). Naturally, one would therefore expect that
07" + H(o(t)&]" = O(5) + O(e™),

where H(o(t)) is as in (2.19) (the exponentially decaying term appears because of interactions between
solitons). The following proposition shows that this indeed holds, but as in [Cu] we will work with a
modified set of parameters ¢;(t) = (vj, Dj, o, ;) where

(63) 50 =350 + 5 D a1 0)
m=1

14



The point of this modification is that the SW (o(¢)) term in (5.1) and (3.3) can be rewritten as

(6.4)

k |
> 3076 (tas0) = Gy (07 i) +

m m 1 -m m-+n
D] (t)Jg] +2(t7$;0)+ 5”] (t)‘]gj * +2(t,$;0’) )

M
t

where &7 are as in Definition 6.1. This is of course due to the fact that passing to 7; allows us to
change from x to x — x;(t; o) in (3.5).

Proposition 6.2. Let o(t) be an admissible path and define E;-”(t, x;0) as in Definition 6.1. Then

)&

)&

O(&(I¢5] + D))

i€} +0(6(1¢] + |De;| + [D?¢y)))

O(5(|¢; + |Dg;| +|D*¢;))) for 3<m <n+2

—2ig"" % + O(5(|g5] + | Doyl + |D?¢5))) for n+3 <m < 2n+2.

Here D refers to either spatial derivatives Oy or derivatives 0. Moreover, as in Definition 6.1, the
function ¢; needs to be evaluated at v — x;(t;0), oj(t).

Proof. This is verified by direct differentiation of the functions in Definition 6.1. O

The following proposition collects the modulation equations for the path o(¢) that are obtained by
taking scalar products of (2.19) with the basis elements ;" from the null space of H} (o). This will of

course use (6.4).

Proposition 6.3. Let Z satisfy the system (3.3). Suppose that for all t > 0,

(6.5)

(Z(t),&"(t)) =0 for all j,m

where &' is as in Definition 6.1. Then the path 5(t) := (v;(t), D;(t),7;(t), a;(t)), 7 = 1,..,n satisfies

15



the following system of equations:

2 (1) (85(0), 0u3(0) ) +OGNZ(W) I 2a1) = 3 (Valt 0)Z, €18, 10) )+

i
(6.6) <<O(w1w2)Z + O(wyws) + O(|w|P~2|Z]?) + O(IZIP)> it a)>,
26%(1)(61(0). 0ay(0) ) +OG 2D 21 2) = 3 (Vi lt,0) 2 €2t 10) )+
i

((O(ww2) 2 + O(wiws) + O(ul221%) + O(ZP)). (¢, 50)),
(

5165 () B+OGIZ() i) = 3 (Volts )2, €2t 50) )+
r#j

<(o wiws)Z + O(wiws) + O(|w]P~2| 2|2 )+O(|Z|1”)> m+2(t,-;0)>,
(

DR OIS ()3+OGIZWN ) = S (Valts o) Z, €721, 0)
r#j

((Otwiws)Z + Owyws) + Ol 2 Z1%) + O(1ZIP) ), &8, 0) ).
Proof. Differentiating (6.5) yields
(002, €' (1)) = (Z, 0" (1)).
Taking scalar products of (3.3) thus leads to
(2,105 )2, H (0(0)E]") = (SW(0(), ") +{ Ownwz) Z+0(wywa) +O(|wP 2 Z[2)+0(1217), &").

In view of the explicit expressions (6.2) one has

<J§?(t,.;0),£;(t,.;a)) = —2i(¢j(0), Dubj(0))

(JE(t,50), §f(t,50)) = 0 for m#2

(JEM (L, 0), E(t,0)) = 0 for m#1
(JEMT2(t,50), (L 1 0)) = —2i]¢;(0)|3 for 3<m <n+2.

Therefore, the proposition follows by taking inner products in (6.4). Note that the terms containing
|| Z(t)|| 24~ appear from Proposition 6.2. O

7 Bootstrap assumptions

The proof of our main theorem relies on the bootstrap assumptions on the admissible path o(¢) and
the size of the perturbation Z(t,z) = (R(t’m)). in the norms of the spaces X5 defined in (5.6).

R(t,x)
Bootstrap assumptions
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There exists a small constant § = §(e) dependent on the size of the initial data Ry and the initial
separation of the solitons w;(0,x;0(0)), see (2.12), and a sufficiently large constant Cp such that for
some integer s >
(7.1) lG(t)| <821 4+t)™, Vt>0,

(7.2) 1Z]x, < 86C5

Remark 7.1. The bootstrap assumption (7.1) together with the definition (6.3) implies that

(7.3) 5(t)] < 03 (1 +)7"

Remark 7.2. The bootsrtrap assumption (7.2) together with Lemma 9.4 implies that
(7.4) 120l < 6C3 (1 +)7%,

(7.5) 1ZW)la- < 0C5"

The bootstrap assumption (7.1) strengthens the notion of the admissible path. In particular, it
allows us to estimate the deviation between the path z;(¢,0(t)) corresponding to the path o(t) and
the straight line (¢, o) determined by the constant parameter o which was defined from o(t) in (3.7)
and (3.8). This estimate will play an important role in our analysis.

Lemma 7.3. Let o(t) be an admissible path satisfying the bootstrap assumption (7.1) and let o be a
constant parameter vector as in (3.7) and (3.8). Then

(7.6) |2(t) — tv; — Dj| < 821 +t) "2
Proof. By our choice of v; and D; one has that
oi(0) —to, = Dy1 5 [ [Tlasnldr+ [ D) as
and the lemma follows from (7.1). O

We then have the following corollary. To formulate it, we need the localizing functions

xo(@) = exp(~ gomn(1+]z)?)
k
(7.7) x(t,z;0) = ZXO(JU_:UJ.(@U)).
j=1

Here amin > 0 satisfies infy>01<j<k () > omin for any admissible path o(t) starting at og. The
exponent o, arises because of the decay rate of the ground state of (2.6).

Corollary 7.4. Let o(t) be an admissible path satisfying the bootstrap assumption (7.1). With the
parameters o as in (3.7) and (3.8) one has

(7.8) H(t,o)— H(o(t))| <31 +)> " x(t, z;0),

where H(t,o) and H(o(t)) are the Hamiltonians from (3.6) and (2.19).
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Proof. The difference
H(t,0)— H(o(t))

is a sum of matrix valued potentials that are exponentially localized around the solitons w;(o(t))
or wj(t, o), respectively. By the previous lemma, we can assume that the potential is localized around
the union of the straight paths x;(¢, o). Since v; = v;(00), a; = a;(00),

k

79) |iH(t.0) - 1 1521%+D / 03(s) ds — Dy(0) xo(w — 2(t, 7))
=1

(7.10) +Z‘2/ 0j(s :Bd,s——/ / (05(s) - vj(s) — &j(s)a(s)) ds+v; — v (t) | xo(x — x(t, 0)).
The term (7.9) arises as the difference of two paths, whereas (7.10) is the difference of the phases, i.e.,
|ei0j(t,m;cr) o ei&j(t,m;cr(t))|‘

In view of the definitions of D;,; from (3.7) and (3.8) one has
(7.11)

[H(t.0) - Ho(t)| 5 i( [ [ [Tse1ds) e - ot o)

+j§i;</too/sm|@j(7).vj(7)—aj(s)aj(s)|d7ds+/tooI&j(s)|ds+/too|@j(s)|ds|m|)><0(;c_;Uj(t,g))

SO+ x(t, w5 0).
For the final inequality one uses (7.3) and the fact that
|z[x0(x — z;(t,0)) St

The corollary follows. O

8 Solving the modulation equations

Our goal is to show that the system in Proposition 6.3 has a solution &(¢) that satisfies the bootstrap
assumptions (7.1). This requires some care, as the right-hand side in Proposition 6.3 involves the
perturbation Z. We will therefore first verify that the system of modulation equations is consistent
with the bootstrap assumptions (7.1) and (7.2). In what follows, we will use both paths (¢) and o (t).
By definition, see (6.3),

350 == [ [+ 5 X i) is. o] ds.
t m=1

The integration is well-defined provided & satisfies the bootstrap assumption. Indeed, in that case
lvj(t)] < (1 +¢)~™ and since |z;(t)| < 1+ ¢, the integral is absolutely convergent. Finally, recall the
property (7.3) of the derivatives.
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Lemma 8.1. Suppose the separation and nonlinear stability conditions hold, see (2.12) and (2.13).
Let 6, Z be any choice of functions that satisfy the bootstrap assumptions for sufficiently small § > 0. If
the inhomogeneous terms of the system (6.6) are defined by means of these functions, then this system
has a solution & that satisfies (7.1) with 6/2 for all times.

Proof. By the nonlinear stability condition (2.13), the left-hand side of (6.6) is of the form B;(t)d;(t)
with an invertible matrix Bj(t). The O-term is a harmless perturbation of the matrix given by the
main terms on the left-hand side, provided § is chosen sufficiently small. This easily follows from the
smallness of Z given by (7.2). We need to verify that the right-hand side of (6.6) decays like §2(1+t) ™.
We consider only the first equation in (6.6), the others being the same. The terms (V,.(t,0)Z, 5;-(75, 5 0))
for r # j and wyws, are governed by the interaction of two different solitons. In view of the separation
condition (2.12) and the exponential localization of the solitons, we have

(8.1) ()] Semmm D1 | Z(#) ]| 2roe) + 1201725 00 + 12O oo
(p— 5\2
(8.2) <SC L+ (e +oCyt ooy ”) < <§> (1+t)™
where we have used the estimate (7.4), the condition (2.16), Loy, > |loge|, and that p > 2. O

9 Solving the 7 equation

In this section we verify the bootstrap assumptions (7.2) for the perturbation Z. This together with the
already verified bootstrap estimates for ¢ will also lead to the existence of the function Z(t) asserted
in our main result. At this point we recall the imposed orthogonality conditions (6.5)

(9.1) (Z(t),&"(t)) =0 for all j,m

with £'(¢, z,0) is as in Definition 6.1. We next rewrite the equation (3.3) for Z in the form

(9.2) idZ+H(t,0)Z=F

(9.3) F=(H(t,o)— H(o(t))Z + SW(o(t) + O(wiwz) Z + O(wiws) + O(|w|P~2|Z|?) + O(| Z|P)

with the reference hamiltonian H (¢, o) as defined in (3.6). To verify the bootstrap assumption (7.2) we
apply the the dispersive estimate for the inhomogeneous charge transfer problem stated in Theorem
5.2. The following lemma shows that the orthogonality conditions (6.5) imply that Z is asymptotically
orthogonal to the bound states of H ;-‘(0), as required in Theorem 5.2.

Lemma 9.1. Let Z be a solution of (9.2) satisfying the orthogonality conditions (9.1). Then Z is
asymptotically orthogonal to the null spaces of the hamiltonians H;-‘(U) in the sense of (5.3). In fact,

(9'4) HPN]'(U)gvj,Dj(t)Z(ta ')”L2 553(1_{'75)7%71’ Vi=1,.,k

Proof. By the assumption Z(t) is orthogonal to the vectors i (¢, z;0) = g;;j(t) Dj(t)(t)gjm(aj(t)), while
(9.4) is equivalent to the estimates

G0, (D] (), Z)| S P (L +1)727", Vj,m
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Here " (j(t)) and &' () refers to the elements of the null spaces N;(o(t)) and Nj(o) of the respec-
tive stationary hamiltonians H(o(?)) and H (o). The desired estimate would then follow from the
bootstrap assumption (7.2), in particular (7.4), and the inequality

(9.5) 1G5, 0, (€7 (@) = G0y sy (DET (g (DDl 1 S 81 +1)7"
¢

The vectors £ are composed of the functions derived from the bound state ¢. In particular, § Jl = ( ¢).
Therefore,

* * (Lo o—L(lv:12—a2 .
|gvj7Dj(t)§Jl'(o‘j) - gvj(t),Dj(t)fgl'(aj(t))| =2e (3u5e=5 (vl J)tﬂ])qﬁ(:ﬂ — vt — Dj)—

i(zvj(t)a—7 Oft(lvj(T)lzfaj(TV) dr+7;(t))

(9.6) e ¢z — x;(t))]

According to Lemma 7.3, |z;(t) — vt — Dj| < 62(1 + ¢)~"*2. Similarly, (7.10) of Corollary 7.4 gives
the estimate for the difference of the phases appearing in (9.6)

|ei0j(t,m;cr) o ei&j(t,m;cr(t)| < 62(1 + t)fn+2
The estimate (9.5) follows immediately since n > 3. O

We now in the position to aplly Theorem 5.2 to establish the improved X estimates for Z(t).

Lemma 9.2. Let Z be a solution of the equation (9.2) satisfying the bootstrap assumption (7.2) with
some sufficiently small constants § and Cgl. We also assume (due to Lemma 8.1) that the admissible
path o(t) obeys the estimate (7.1). Then we have the following estimate
0 1

0.7 1212 < 5C5
Proof. Perturbation Z is a solution of the inhomogeneous charge transfer problem (9.2)

i Z + H(t,0)Z =F,
(9.8) F:=(H(t,0)— H(c(1))Z + SW (o (t)) + O(wiwa) Z + O(wyws) + O(|w|P~2| Z)?) + O(| Z|P)
Lemma 9.1 shows that Z is asymptotically orthogonal (with the constant 63) to the null spaces of the
hamiltonians H; (o). Therefore, Theorem 5.2 gives the estimate

(9.9) 1ZO) e, $D IV Zoll iz + IIF |y, + 6°
k=0
with
5t
(9.10) 1Py, =sup (3 [ 194 Pl dr + (14 0P )
2V k=0

By the assumptions on the initial data Y 5_q[[V*Zollpinre < € << . Therefore. to obtain the

conclusion of Lemma 9.2 it would suffice to verify that
(9.11) 17y, S 62

~

with F' defined as in (9.8). The next two sections are devoted to verifying that (9.11) holds. O
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9.1 Algebra estimates

In this section we establish several simple lemmas designed to ease the task of estimating the )5 norm
of F = F(Z,w,o) in terms of the X norms of Z.

We begin with the following characterization of the space LY + L.

Lemma 9.3. If function f belongs to the space L1 4+ L for some 1 < q < oo then there exists a
measurable set K and the functions fg, foo such that

(9.12) f=1Ji+ [
(9.13) fo=xxfl,  foo =Xkl
(9.14) [fall 2 < gl|f||L2+Loo, [foollzoe < 3|[ £l L2 1o

In addition, the measure of the set K, m(K) < 1/29.

Proof. Define the set
K =A{z: |f(2)] =3[ fllLatr=}

Clearly,
[foollzoe = lIxerc fllLoe < 3| fll L2 Lo

Since f € L9+ L so is the the function f, = xx f. Moreover,

(9.15) [fallzas oo <\ fllLatree

According to the defintion of LY + L°° there exist functions h, g such that

fq =h+yg,
(9.16) [hllee <[l foll Latree, gl zee < || fqllLatroe

On the support of f; we have that |f(x)| > 3|/ f||za+r. On the other hand, in view of (9.15) and
(9.16), |g(z)| < || fllLa+r~- It then follows that |h(x)| > 2||f||ratLe. Furthemore,

1
1hl[a = 2m(K) || fllatre = 2[lg]lze

The first inequality together with (9.15) and (9.16) implies that m(K) < 1/2%. In addition, it also
follows that
3 3
Ifallza < WIPllzs +igllze < SllAllze < Sl fllzosre
as desired. ]

We now formulate a version of the Sobolev estimate tailored to the use of the space L? + L.
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Lemma 9.4. Let s be a positive ninteger. Then for any nonnegative integer k < s and any q € [2, qx],
where

1 1 s—k n

Nl —_— == — ) - =

(9.17) w2 — if k>s 5
qr = 0, ifk<s—g

and q € [2,00) if k = s — § the following estimates hold true
(9.18) IV¥Fllzarzoe SO IV fllzarpee < (14172 fllx,
1=0

In particular, if s > %

(9.19) 1 fllzee S (L4 8)7 2] f]|x,

Proof. By duality and density it suffices to show that

s—k

1A lranze S DIV pape

=0

The L' estimate is trivial while the the estimate for the L? norm follows from the standard Sobolev
embedding W# 14" ¢ L2, which holds for the range of parameters (k,l, q) described in the Lemma. [

Next are the estimates of the nonlinear quantities arising in (9.8) in terms of the X5 norm.

Lemma 9.5. Let (1) be a smooth function whcih obeys the estimates
(9.20) () S 770

for some p > 2 —{—% and all non-negative integer l. Herery =1 ifr > 0 andry =0 if r < 0. Then for
any s > 5 and any non-negative integer k < s

(0-21) IV (Y28l S Q47U I, + 17157720,

022) 195 (Y5211 )2 S (1 0B, + A1 20)

In addition, if v is a smooth function obeying (9.20) for some p > 2 and ((x) is an exponentially
localized smooth function then for any q € [1, 2]

(9.23) IV (CAUFPIF ) o S (7SI, + A1)
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Remark 9.6. It will become clear from the proof below that if the function v satisfies (9.20) for some
p>2+ % then the estimate (9.21) holds with a better rate of decay in ¢. In particular,

(9.24) /0 IV* (V£ )zt S IFIR, + P13

Proof. According to the Leibnitz rule
v (rs1s) = Z > G RV v f
=0 my+.. +WL21+1:]Q

with some positive integer constants Cp7; and non-negative vectors m = (mq,...,mo4+1). We may
assume that moj11 > mo; > ... > my. Define

1 s—my _
(9.25) Gm,. = (5 = =)
n
for m, > s — § and g, = oo otherwise. With the above definition the Sobolev embeddings H*

Wrodmrand Ws 2 L W ¢ Wmedme 4 ™ hold true ! by Lemma 9.4. Then
_2 2
19 (1) e S AT s 198 et

k
(9.26) > > IV OAFPVf v 1Al 2y roe + IV fllp2 s roo)

=1 m1+...+m21+1:k

!
LinLfm2i+1 (

We claim for [ > 0 that there exist 2 sets of parameters q}nr and qfnr for r =1,..,2l+ 1 such that

(9.27) 2< ¢ < qm,, Vr=1,...,20+1,
A4 A 1
_ = 1’ _ =
r=1 qWLr r=1 anr qm21+1
To prove the claim we let 7 be the number of m,. for r =1, .., 2l such that m, > s — Z. Observe that

21
Z my <k —morq

r:l:mrzsf%

Therefore,
2 T T15s—k+m s 1 k—m
- 2[+1 — T2l+1

> Lt g p(2 - B
— Gm 2 n n 2 n

< (s 1) s—k L 1 < 1 < 1

(= -1 = <
- n 2 n 2727
n the case of m, =s— 2 5 the value of gm, can be set arbitrarily large but different from oco. However, since it does

not affect the following argument we set ¢m, = oo for simplicity.
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The inequality in the second line above follows since mg;11 > s— 4, which holds if 7 > 0. On the other

hand
21

Z%lel

r=1
and the claim immediately follows,provided that [ > 0. Thus using the sequence q}nr to handle the L'

norm in (9.26) and q?nr for the Lq;’”2l+1 norm, we obtain
_2 2
19 (10125 ) lzx SIUITEA e IV ot

k
1)
S WU A I IVl

=1 m1+...+m21+1 =k

By Holder inequality

kp1-2 k n P2
V(DI SV fIILz [ r—— S s
LiNL L

7tz AL2(p—1)

provided that p > 2 + %, which is dictated by the condition that (p — 1)-22; =5 = 2. Finally, using the
property (9.27) together with the estimate (9.20) we obtain

_2 2
IV*(AAFD )z S WA IV £ o g + (AR + LAV fll g
SEIAIB, + IR T

Similarly, we estimate

(9.28)  IV* (717D lize S I7(F Pl ganzee IV Fll oo+

k
Z Z ||7(l)(|f|2)vm1f VTR 2amaiy1 (||f||L2+L°° + ||vsf||L2+L°°)

=1 mi+...4+mo; 1=k 2N ™2+~

To estimate the first term in (9.28) we note that

Ny -1
V(S Pllzzazee S I wn oo < ISl penne S (L4672 FIE,

where the second inequality gollows from interpolating L2P~1) between L? and L and the last in-
equality is a consequence of Lemma 9.4 and definition of the space X;. Thus

(9.29) IYAF P 22 IV Fllz g roe S (L4872 £,

Furthermore, using definition (9.25) we have that

2qm21+1 o n

QWLQZ+1 -2 S — M2i+1
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Then

930) OBV VT S IV gy X
Iy OBV f . v 2oy mamy
2L~ T ALTm1 2 A 9my (s—mgj41)—n

Using the definition of g,,, from (9.25) and the assumption that m; < mg;y1 we infer that the last
norm reduces to the one of the space

L2 N Lo for my <s-— g,
L*n L“mﬂﬂﬁs*ml*%), for my > s — g
We now let 7 be the number of m,. for r = 2, .., 2l such that m, > s— 2. Observe that since s > Z 5 and
s>k
Z_ T sT —k 4+ mojr1 +my
r=2 dm. T2 n
s 1. k—mo41—m
R
— s—m +s—35
< min{ m21+1’ ( 2041 — M) }
n n
On the other hand
2L 11
g
= 2 2 2
It therefore follows that there exist 2 sets of parameters q}nr and qfnr for r=1,..., 2l such that
(9.31) 2<¢? <qm, Vr=2,..,2
21
1
d g =2
r=2 Im,.
Z _(s=—may1—m1)+s— 5 op ST Mt
— =
r—2 Imr " "
In either case, with the help of Lemma 9.4, we can estimate
—1-20) 44211
TR AT I ] N Y | A

L2ALT AT AL @ 2 A B ooy 1)

It therefore follows that the second term in (9.28) is

(9.32) (14+1)° ZHfH(p 1-20) 4 +20+1
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Now combining this with (9.29), and using the condition that p > 2 4 %, we infer that

IV (75D )l S L+ BB, + 15T

The proof of (9.23) proceeds along the lines of the argument for the L? estimate (9.22). We first
observe that since ((x) is an exponentially localized function, the L7 estimate for 1 < ¢ < 2 can be
reduced to the L? estimate. We then note that the condition that p > 2 + % was only used in the
estimate (9.29) which now takes the form

Y1) Elpenpoe IV Fll 2 poe S IYAF Lo IVF Fll 24 e
S e IVE fll 24 1o
S (L6757 fII%,

The remaining estimates already have the desired form (9.32).

9.2 [! estimates

In this section we verify that

S /0 IVFE(, )| de < 62
k=0

with F' as in (9.8).
By Corollary 7.4 we have

(9.33) |H(t.0) = Ho(®)] S 621+ x(t,250),

where x(t, ;o) is a smooth cut-off function localized around the union of the paths x;(¢, o) = v;t+Dj.
Moreover, the spatial derivatives of the above difference also satisfy the same estimates. Using the
bootstrap assumptions (7.2) we obtain

>/ T ([H0) - B 2(7)) I dr £ 823 / IV Z ) g (04 7 dr
k=00 k=070
(9.34) < 505! / (142" < g
0

The term YW (o (t)) obeys the pointwise bound

EW(a(8))] S max |75(8)Ix(t, 25 0)

This can be easily seen from the equation (6.4) and Lemma 7.3. The same estimate also holds for the
spatial derivatives of the quantity above. Thus, with the help of the already verified estimate (7.1) we
infer that

(9.35) g/ooo ||vk(2W(a(T)))||L1 dr < 6° /Otu 1)< 82
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The estimates for the O(wiwz)Z and O(wyws) terms in (9.8) are straightforward due to the separation
and the exponential localization of the solitons w; and wo, e.g.

7aminL

S [%S) t
030 Y [ 1o(Hww))lp g [ et a2 I < g
k=0"0 0

Qmin Qmin

Here we have used the separation assumption (2.12) and the condition (2.16), aminl > |loge|.

The exponential localization of the multi-soliton state w, the bootstrap assumptions (7.2) and the
estimate (9.23) of Lemma 9.5 yield the estimate

S 0 t
(9.37) Z/O ||0(vk(|w|p*2z2))||L1 dr < 52002/0 (147)"dr $6°
k=0

Finally, with the help of (9.21) (more specifically using the improvement (9.24) of the Remark 9.6),
we obtain

(9.38) Z/ IVF(ZP ()|l prdr S 1 Z)%, < 6F
k=0"0

9.3 [? estimates

In this subsection we establish the estimate
IF(t ) |gs S 031 +)727"

The arguments follows closely those of the previous section. Using the estimates (9.33), (9.23) and the
bootstrap assumptions (7.2) we obtain

|(H(r,0) = Ho()) Z(0) e S 021+ 6273 IVEZ(L ) |2

k=0
(9.39) SEBA+)2 T2 <B4t
where the last inequality follows since n > 3. Similar to (9.35)
(9.40) ISW(o (@)l S (1 +1)™ < 821+ 1)~ 5

The estimates for the O(wiwz)Z and O(wiws) terms again follow from the separation and the expo-
nential localization of the solitons wq and wo,

(9-41) 1O(wrws) s S e *mintEH) < 62(144)7 27

The exponential localization of the multi-soliton state w together with the estimate (9.23) of Lemma
9.5 and the bootstrap assumption (7.2), also give the estimate

(9.42) IO(|wlP=2Z%) s S P+ S (1 +1)" 27"
Finally, using the estimate (9.22) of Lemma 9.5, we obtain
(9.43) 1ZP ()l <

~

n__

L+ 2HZ)5, S 1+ )75

This completes the proof of Lemma 9.2.
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10 Existence
In Lemmas 8.1 and 9.2 we establsihed the estimates

~ 1 2 -n
(10.1) lo] < 56 (1+1¢)
for the admissible path o(t) and
(10.2) 1Z] 2, <6

for the solution Z(t, x) of the noninear inhomogeneous matrix charge transfer problem (9.2), under the
bootstrap assumptions (7.1), (7.2)

L1
(10.3) lo| < 562(1 )"
(10.4) 1Z]x, < 6Cq"

and the condition that Z is asymptotically orthogonal to the null spaces of the hamiltonians H ;f(a)
with the constant §2. In this section we shall show that these are sufficient to establish the existence of
the desired admissible path and the perturbation R. We prove existence by iteration. We shall define
a sequence of admissble paths (™ (t) and approximate solutions Z( (t) for n = 1, ... according to the
following rules. Set

cD(t) = 0(0)

to be the constant path coinciding with the initial data ¢(0) common to all admissible paths. We now
define functions Z!(t, x) and o2(t) to be a solution of the following linear system

0,2V + H(t,oW) ZzD = $OW(6W(1) + O(wMwl),

Z0(0,2) = Zo(x),

> m n—1 n—1) 2 m

(EOW (), &) = (0" Vul™ ™), ") + 0 Mgz ™M),

In other words, in the nonlinear equation (9.2) we replace the dependence on the admissible path

o(t) by the dependence on the already defined path ¢! (¢) and remove the terms containing Z from
the right hand side of the equation. The equation (??) determining o()(t) essentially ensures that

(ZMW(t), &0 (t)) = 0.
In general, we define
(10.5) 19,2 + H(e™ (1)) 2™ = W (0™ (1)) + O(w{Pwi™) + 0(w{Mwi™) z(—1)
(10.6) + O(wP2| 20D R) + O 20Dy = F,
70, ) = Zo(x)
<E(n+1)W(0(n)(t))’§Jm> — <O(w(n) (n))Z(n 1)+
(10.7) O(w{™ i) + O(|lw™ 2|20~ 2) 1+ 0(1 20~ DP), &) + 0(E W ()e 2).
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Leaving the issue of existence for the moment we utilize the bootstrap estimates proved in previous
sections. We shall assume that ¢ and Z"~! satisfy (10.3) and (10.4) to prove the estimates (10.1)
and (10.2) for o) and Z™ . First we estimate 5(™t1) in terms of Z(™. Arguing essentially as in
Lemma 8.1 we infer that the path o1 (¢) satisfies the estimate

~(n —n 1 n
G ()] < 6%(1 +1) (7t 12 ()| L2 o)

Once the estimate on cr("“)(t) has been established we consider the Z(™ equation. First, by construc-
tion Z(™ is orthogonal to &7 (defined relative to the path aM(t)).

120, S 6%12 | 2, + 6

~

and the desired estimates on Z(® and o™ follow.

Therefore, we can choose a convergent subsequence of the paths o) (t) — o(t) and a weekly
convergent in H*(R") subsequence Z*¥) — Z. We multiply the equation (10.6) by a smooth compactly
supported function {(x), integrate of R™ and pass to the limit usnig that on any compact set Z *) - 7z

strongly in H¥ for any s’ < s. In particular, since s > 5, Z k — Z pointwise. It will follow that Z is a

solution of the equation

(10.8) i Z + H(o(t)Z = SW (o (t)) + O(wiws) + O(wiws) Z + O(|w|P2|Z|?) + O(| Z|P),
Z(0,x) == Zy(x)

We also pass to the limit in the equation (10.7) to obtain
(19)  (SW(a(t),&") = (O(wiw2) Z + Olwiws) + O(jwl2|Z[) + O(ZP) + O(5(1)2), &").
Comparing equations (10.8) and (10.9) we conclude that

(Z(t), &' (1)) =0

for all j, m. Therefore, the function ¢» = R + w1 + wo solves the original NLS and by uniqueness, say
in L?, 1 is our original solution.
To show existence of the solution Z(™, ¢(™+1) of the linear system (10.6), (10.7) we first construct

the solution on a small time interval. We note that the ”system” (10.7) for 5("*1) can be resolved
(n)

algebraically due to the spatial separation of the paths o ; (t). Therefore, for simplicity we can replace

the system (10.6), (10.7) by the following caricature:

10z + %Az =V(t,x)z + w(t)a(t, x),
w(t) = (z,b(t,-)) + f(t)

Here V, a, b, f are sufficiently smooth given functions. We eliminate w(t) and infer that
1
10z + §Az =V(t,x)z+ (z,V(t,))a(t,z) + F(t,z)
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Using the standard energy estimates we obtain that

2@z < Nl20ll s + Crtsup [|2(7) | s + Co,
T<t

where the constants C and Cy depend on the given functions. Therefore, we can establish the existence
of the solution on the time interval of size %C’f ! by means of the standard contraction argument. Then
we can repeat this argument indefinitely thus constructing a global classical solution.

11 Appendix: The linearized problem

11.1 Estimates for matrix charge transfer models

In this section we recall some of the estimates from Sections 7 and 8 from our companion paper [RSS].
First, consider the case of a system with a single matrix potential:

(U1 H+U W 1\
(11.1) z@t<¢2 + W H_U " =0
with U, W real-valued and H = %A —u, ;> 0. We say that A := < H;—/U —I;VKU ) is admissible

iff the conditions of the following Definition 11.1 hold.

Definition 11.1. Let A be as above with U, W real-valued and exponentially decaying. The operator
A on Dom(A) = H3(R™) x H?(R") C ‘H := L*(R3) x L?(R3) is admissible provided

e spec(A) C R and spec(A) N (—p, ) = {we |0 < < M}, for some M < oo where wyg = 0 and all
w; are distinct eigenvalues. There are no eigenvalues in spec,g,(A) = (—00, —p| U [p1, 00).

e For1 < ¢ < M, Ly := ker(A — wy)? = ker(A — wy), and ker(A) C ker(A?) = ker(A3) =: Lo.
Moreover, these spaces are finite dimensional.

e The ranges Ran(A — wy) for 1 <{ < M and Ran(A?) are closed.
e The spaces Ly are spanned by exponentially decreasing functions in H (say with bound 6*5("1'}.
e The points +u are not resonances of A.

o All these assumptions hold as well for the adjoint A*. We denote the corresponding (generalized)
eigenspaces by Lj.

We will discuss these conditions in detail in the following subsection 11.2. It is possible to establish
some of these properties by means of “abstract” methods (for example, the exponential decay of
elements of generalized eigenspaces via a variant of Agmon’s argument, or the closedness of Ran(A—wy)
from Fredholm’s theory), whereas others can be reduced to statements concerning certain semi-linear
elliptic operators L, L_, see (11.30) (for example, that the spectrum is real or that only 0 can have
a generalized eigenspace). However, we will not prove that L, L_ have the required properties.
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[is this all we’ll say about L, L_ 7777 Hopefully not]
Another condition that we will not deal with in this paper is the absence of imbedded eigenvalues in

the essential spectrum. This property will remain an assumption.

It is shown in [RSS], Lemma 7.2 that under these conditions there is a direct sum decomposition
M M N
(11.2) H=> L+ (ZL;)
j=0 j=0

and we denote by P, the induced projection onto (Z?io L;‘-)l. In general, Ps is non-orthogonal. The
letter “s” here stands for “scattering” (subspace). It is known that Ran(Ps) plays the role of the
scattering states for the evolution 4. Indeed, the main result from Section 7 in [RSS] is that if A is
admissible and the linear stability condition

(11.3) sup ||e®APy]|2a < 00
t

holds, and also !\V||1 < 00, then one has the dispersive bound

; _3
(11.4) 14 Psoll e S 6177 190l 12
Next, we recall the notion of matrix charge transfer models from Section 8 in [RSS].

Definition 11.2. By a matrix charge transfer model we mean a system

2 7N (R R o

(11.5) zatw+< 2 _in >¢+Z;Vj(-—vjt)¢:0
J:

1/_;|t=0 = QZOa

where U; are distinct vectors in R3, and Vi are matriz potentials of the form
Uj(x) — i3 (t2) W (x)
(t. ) = o J
VVJ( 7:E) < eszj(t,m) WJ(CC) —Uj(CU) )

where 0;(t,x) = (|0;]* + a?)t + 22U+ 4, aj,7; € R, a; # 0. Furthermore, we require that each

':<%A—%a§+Uj . —‘;Vj2 )
J Wj —§A+§O£J UJ

be admissible in the sense of Definition 11.1 and that it satisfy the linear stability condition (11.3).

It is clear that the Hamiltonian in (2.20) is of this form. As in Lemma 3.1 above one now verifies the
following. The Galilei transforms Gy := Gy o are defined as in (3.13), i.e.,

f1> B <917,0(75)f1>
Gs(t BRI

( )<f2 g70(t) f2

—il824 v itip

where ggzo(t) =€ e e
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Lemma 11.3. Let a € R and set

Ao [ 3D —507+U -W
- W — A+ 30 -U
2 2

with real-valued U, W. Moreover, let 7 € R3, 0(t,x) = (|7|> + o)t + 22 - T+, v € R, and define

H(t) = < %A + U(' - 1775) —ew(tv'*ﬁt)w(, _ 1—)*75) )

e WE=W (. —Gt)  —1A-U(-—t)
Let §(t), S(0) = Id, denote the propagator of the system

i S(t) + H(t)S(t) = 0.
Finally, let

o—iw(t)/2 0
(11.6) M(t) = May(t) = < 0 ciw(t)/2 )

where w(t) = ot +~. Then
(11.7) S(t) = Gro(t) " M) M(0)G0(0).
Proof. One has

1 -
w0
0 —§w

(11.8) iOM1)Gs(1)S(t) = < ) M(BGs(t)S () + M(1)iGs(t)S(t) — M(1)Gs(t) H()S(L).

Let p(t,x) = t|U'|> + 22 - ©. One now checks the following properties by differentiation:

1
¥ B |72+ v
M(t)zgﬁ(t) = _< 2 0 |U|2 i ﬁ)
Int+U Z(“’ =)
M(t)gﬁ(t)H(t) = <ei2(0pw)W —-U )
1 2
| slTF 4+ 0 .
(11.9) < . ig |2+5.5>M(t)gv(t)

The right-hand side of (11.9) arises as follows. First, the Galilei transform introduces a factor of e =7,

which needs to be commuted with %A. Since

1 - 1 - - - 1 .
§A<efzm-vf> — _§|1—)»|2efzm-vf_efzm-v,h—)».vf_i_§efzm-vAf

1 o - o 1
— §|,L—)»|2efzm-vf_,L-,L—)»'v<fefzm-v>+§e

1 N1
= (512 +75) (fe=7) + e,

71':2-17Af
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one obtains the final term on the right-hand side of (11.9). It remains to check the terms involving
the potentials (for simplicity 6(- — tv)) = 6(t, - — Ut)):

M(t)gg(t)< UC-ut) —e 0= W (. — it) ) <f1>

e 0=V (. — t) —U(-—0t)
[ eTw®)/2 0 gs(OU (- — 0t) f1 — ga(t)eCTOW (- — 5t) fo
- < 0 e ) <g~< DI (- 5)fr — ga(t)U (- — ) . )
Ugg(t)(eiiw(t)/2f1) Wefz(v t+22-7) pi (60— w) t zw(t /2f2
- <Wei(v2t+2m-17)ei(w0) g(t) (e=w /2 1) — zw(t 25,

o _i0—w—p) i 7zw(t)/2 0 75)fl
a < e~ (0—w—p) 1/ -U ) < 0 el (/2 ) <917(t)f2>

as claimed. In view of our definitions, § —p—w = 0. Since & = a2, the lemma follows by inserting (11.9)
into (11.8). O

In order to prove our main dispersive estimates for such matrix charge transfer problems we need
to formulate a condition which ensures that the initial condition belongs to the stable subspace. To do
so, let Py(H;) and Py(H;) be the projectors induced by the decomposition (11.2) for the operator H;.
Abusing terminology somewhat, we refer to Ran(P(H;)) as the bound states of H;.

Definition 11.4. Let U(t)q/)o = 1/_;(75, -) be the solution of (11.5). We say that Yo is a scattering state
relative to Hj if
[P (Hj, )U (¢)thollpz — 0 as t — +o0.

Here
(11.10) Py(Hj, 1) := G (8) 7" M (8) T Py(Hy) M(1) G, (t)
with M;(t) = Ma,; ~,;(t) as in (11.6).

The formula (11.10) is of course motivated by (11.7). Clearly, Py(H;,t) is the projection onto
the bound states of H; that have been translated to the position of the matrix potential V(- — tv};).
Equivalently, one can think of it as translating the solution of (11.5) from that position to the origin,
projecting onto the bound states of H;, and then translating back.

We now formulate our decay estimate for matrix charge transfer models, see Theorem 8.6 in [RSS].

Theorem 11.5. Consider the matrixz charge transfer model as in Definition 11.2. Let U(t) denote the
propagator of the equation (11.5). Then for any initial data 1o € L* N L2, which is a scattering state
relative to each H; in the sense of Definition 11.4, one has the decay estimates

(11.11) U@ ol S (&) 2 [ Poll L2

For technical reasons, we need the estimate (11.11) for perturbed matrix charge transfer equations,
as described in the following corollary. This is discussed in Remark 8.6 in [RSS].
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Corollary 11.6. Let 1/7 be a solution of the equation

o 1 R o o
(11.12) z'atw+< 20A _SA >¢+Zw/j(-—v;t)¢+%(t,m)¢:0
1/_;|t=0 = QZOa

where everything is the same as in Definition 11.2 up to the perturbation Vy(t,x) which satisfies

sup 1Vo(t, )l inpe <e.

Let U(t) denote the propagator of the equation (11.12). Then for any initial data o € LY N L2, which
is a scattering state relative to each Hj in the sense of Definition 11.4 (with U(t) replaced by U(t)),
one has the decay estimates

~ = 3 =
(11.13) [T () ol < (8) 7 2|voll LinL2
provided € is sufficiently small.

[state the inhomogeneous estimates etc...] .

11.2 The spectral assumptions

In order for the linear estimates to apply, we need to impose the conditions in Definition 11.1 as well
as the linear stability assumption 11.3 on the operators from (2.21). The admissibility conditions of
Definition 11.1 were motivated to a large extent by Buslaev and Perelman [BP1], who built on earlier
work of Weinstein [Wel]. We now analyse these conditions in detail. As before,

(11.14) A= < H+U =W

A B

where U, W are real-valued, H = %A — p with g > 0, and V' is the matrix potential consisting of U, W.
We first dispense with some general spectral properties of A.

Lemma 11.7. Let the matriz potential V be bounded and go to zero at infinity. Then (A — z)~!
is a meromorphic function in Q := C\ (—oo, —u| U [u, 00). The poles are eigenvalues of A of finite
multiplicity and Ran(A — z) is closed for all z € Q. Finally, the complement of Q0 agrees with the
essential spectrum of A, i.e., specqy(A) = (—o0, —pu] U [, 00).

Proof. Suppose that z € Q. Then B — z is invertible, and A — z = (1 + V(B - z)71>(B — z). Since
V(B — z)7! is analytic and compact in that region of z’s, the analytic Fredholm theorem implies that
1+ V(B — 2)~! is invertible for all but a discrete set of z’s in Q. Furthermore, the poles a precisely
eigenvalues of A of finite multiplicity. It is also a general property that the ranges Ran(1+V (B—z)~1)
are closed. Indeed, if K is any compact operator on a Banach space, then it is well-known and also
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easy to see that Ran(I — K) is closed. Since B — z has a bounded inverse for all z € Q, this implies that

1 Z. ) leads to the Hamiltonians

Ran(A—z) is closed, as claimed. Conjugating by the matrix P = < 1

(11.15)
T -1 . 0 H+W 5 5 0 H . 0 \%1
A:=P AP_Z<—H—V2 0 )—B+V, B—Z(_H 0), V—z<_V2 0)

where V1 = U + W and Vo = U — W. The system (11.15) corresponds to writing a vector in terms

of real and imaginary parts, whereas (11.28) corresponds to working with the solution itself and its
0

—1

- (H 0 . (H+Vi 0
B‘(o H)J’ A‘( 0 H+V2>J'

Since B* = B it follows that spec(B) C R. One checks that for Rz # 0

conjugate. By means of the matrix J = < é ) one can also write

~ B 2 _ ,2)-1
oot = Ean (T )

(11.16) _ <(H2 _Ozz)l - _()Z2)1 )(B+z)

(11.17) (A—2)"t = (B—z)*l—(B—z)flwl[HWzJ(B—z)*lwlrwgJ(B—z)*l

where W; and Wy are the following matrix potentials that go to zero at infinity:

1 1.
wi= P 0 ) g, MlEsien(a) 0 .
0 [Vof2 0 |Va|2sign(V2)

The inverse of the operator in brackets exists if z = 4t with ¢ large, for example. Moreover, by the
assumed decay of the potential the entire operator that is being subtracted from the right-hand side
is compact in that case. One is therefore in a position to apply Weyl’s criterion, see Theorem XIII.14
in [RS4], whence

(1118) Specess(A) = Specess(‘zl) = (—OO, —/.L] U [:ua OO)
The identity (11.17) goes back to Grillakis [Gr]. O

Next, we need to locate possible eigenvalues of A or equivalently, A. This will not be done on the
same general level, but require analysis of L, L_ from (11.30). But we first discuss another general
property of the matrix operator A.

Lemma 11.8. Let A be as in (11.14) with U, W continuous and W exponentially decaying, whereas U
is only required to tend to zero. If f € ker(A— E)* for some —p < E < p and some positive integer k,
then f decays exponentially.
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Proof. We want to emphasize that the following result is “abstract” and does not rely on any special
structure of the matrix potential or on any properties of L or L_. We will use a variant of Agmon’s
argument [Ag]. More precisely, suppose that for some —p < E < pu, there are 11,95 € H2(R") so that

(A=p+U)ppy —Wripp = Eiy
(11.19) Wi + (=A+pu—=U)pa = Eta.

As usual, U, W are real-valued and exponentially decaying, u > 0. Suppose |W (z)| < e *1#l. Then
define the Agmon metrics

) =t TEO)

1
Arm(¢wiE—Uw@m+wmwwMMt

(11.20) %,

where ~(t) is a Cl-curve with ¢ € [0,1], and the infimum is to be taken over such curves that connect
0, z. These functions satisfy

(11.21) Vpi()| < Vn £ E - U@)s.

Moreover, one has p%(:ﬂ) < blxz|/2 by construction. Now fix some small ¢ > 0 and set w®(z) :=

e2(1=9)P5(®) | Our goal is to show that
(11.22) / [t @) @) P + ™ (@)a(a) 7] de < ov.
Not only does this exponential decay in the mean suffice for our applications (cf. Section 7 in [RSS]), but

it can also be improved to pointwise decay using regularity estimates for 11, ¥5. We do not elaborate
on this, see for example [Ag] and Hislop, Sigal [HiSig].

Fix R arbitrary and large. For technical reasons, we set
+
p% g(z) := min <2(1 — 5);%(:0), R), wﬁ(:c) — oPE.r(@)

Notice that (11.21) remains valid in this case, and also that pZ(x) < min(b|z|/2, R). Furthermore, by
choice of E there is a smooth functions ¢ that is equal to one for large x so that

supp(¢) C{u+FE —-U >0}n{u— E—-U > 0}.
It will therefore suffice to prove the following modified form of (11.22):

(11.23) sup/ [w;g(:c)wl(;c”? + wi (@) [a(2) 2| 6 (z) do < oo
R

All constants in the following argument will be independent of R. By construction, there is 6 > 0 such

36



that

(11.24) 5 [wh@in@le @) do < [wh@)t B - U)o e) d
— [ i) (20— Win) @) (@)6%(x) da

(11.25) —— [ Vh@R@)Tir@)in(w) s — [ ()6 @] Tin) P ds

(11.26) = [ h@W @)@ a(0) ()

As far as the final term (11.26) is concerned, notice that sup, g [wf; (z)¢*(z)W (z)| < 1 by construc-
tion, whence [(11.26)| < ||%1]|2]|12]]2. Furthermore, by (11.21) and Cauchy-Schwarz, the first integral
n (11.25) satisfies

| [ Vh@6 @) Ttz da

(127) <2(1-¢) ( / @+ B - U@)R@ @R ) ([ @ vn @)
w2 [ t@E@Ivn@Pa)’ ([wE@verineee):

Since the first integral in (11.27) is the same as that in (11.24), inserting (11.27) into (11.25) yields
after some simple manipulations

e / (@)t B - U@)in(@) 22 (2) de < e / Wi (@) V(@) [ () da
- / W (@) S(@)PW (2)bal) T () d

Since V¢ has compact support, and by our previous considerations involving wEW, the entire right-
hand side is bounded independently of R, and thus also (11.24). A symmetric argument applies to
the integral with 19, and (11.23), (11.22) hold. This method also shows that functions belonging to
generalized eigenspaces decay exponentially. Indeed, suppose (A — E)g=0 and (A — E) f = g. Then

A-—p+U0)fi=Wf = Efi+q
WhH+(A+p-U)fs = Efa+ge

with g1, g2 exponentially decaying. Decreasing the value of b in (11.20) if necessay allows one to use
the same argument as before to prove (11.22) for f. By induction, one then deals with all values of k
as in the statement of the lemma. O

We now need to specialize A from (11.14) to the form (2.21), i.e

O A b LAy SR
—3'(¢%)¢ —38+ % = B(¢7) — B(¢7)¢
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As shown in Section 2, these are the stationary Hamiltonians derived from the linearization of NLS,
see (2.21) and Lemma 11.3. Let o > 0 and ¢ be a solution of

1 o? 2
(11.29) 506 = 6+ B(67)9 =0

which is positive and radially symmetric. Such a solution is known to exist and to be unique if
B(u) = |u|” provided 0 < o < -2 and is referred to as the “ground state”. In our case we will need
to assume the existence and uniqueness of ¢, together with several other properties.

[is that all we can say 777]
To formulate those properties, let
1 a? 1 2

(11.30) Lo=—30+ 5 = B(¢"),  Li=-3A+ % — B(¢%) —26'(6*)4°

with domains Dom(L, ) = Dom(L_) = H?(R") so that

. 0 —ilL_
(11.31) A_<iL+ 0 )

with Dom(A) = H%(R")x H?(R™). Here A is obtained by conjugating A with the matrix P, see (11.31).
For simplicity, however, we no longer distinguish between A and A, i.e., we set A = A. The spectrum
a2

of Ly on [, 00) is purely absolutely continuous, and below p = % > 0 there are at most a finite

number of eigenvalues of finite multiplicity (by Birman-Schwinger). Clearly,
(11.32) L ¢=0, Li(0;0)=0,1<j<n, L;(0ud)=—a6,

whee the final propery is formal. We now collect some crucial properties discovered by M. Weinstein.

Definition 11.9. |Spectral assumptions on the scalar elliptic operators L, and L_ :
+

L_ has a unique positive, radial and exponentially decaying solution ¢ = ¢(-; ) for all a € (ag —
co, g +co). Moreover, ¢ is smooth in both variables and ||0a9|| 1 (mny + ||(92¢||H1(Rn) < 00o. The kernels
have the following explicit form.:

ker(L_) = span{¢} and ker(L;) =span{d;¢|1 < j <n}.
The operator Ly has a single negative eigenvalue E1 with a unique ground state ¢ > 0, whereas L_ is

nonnegative. Furthermore, the nonlinear stability condition (0n¢(-; @), ¢(+; a)) > 0 holds, see (2.13).

We would like to emphasize that these properties have been shown to hold by Weinstein [Wel]
and [We2] in case of power nonlinearities, i.e., 8(u) = [u|, 0 < o < 725.

[any other cases known??].

Lemma 11.10. Impose the spectral assumption on Ly and L_ from Definition 11.9. Then spec(A) C
R, the only eigenvalue that admits a generalized eigenspace is 0, and Ran(A?) is closed.
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Proof. Consider

o (TT 0 _
(11.33) A _< o 1 ) T=LiL

with domain H*(R") = W%2(R"). Following [BP1], we first show that any eigenvalue of T, and
therefore also of spec(A?) is real, and then under the assumption (2.13), that it is nonnegative. Because
of (11.18), the latter then implies that spec(A) is real, as required in Definition 11.1. Clearly, T¢ = 0.

Let ¢ & span{¢}, Ty = E1). Let ¢ = 91 + co, 1 L ¢. Then

1 1

1 11 1
LEL+LELE¢)1 = ELE¢1a

1 1 1
so that L2y # 0 is an eigenfunction of the symmetric operator L? L, L? (with domain H*(R")), and
thus F is real. Hence any eigenvalue of A can only be real or purely imaginary. Since ¢ L ker(L.) by
our assumption concerning L, the function

9(E):={((Ly —E)"'¢, )
is well-defined on an interval of the form (FE7, E3) for some Ey > 0. Moreover,
g(E)=l(Ly —E)'¢[* >0
so that g(F) is strictly increasing on the interval. Finally,

(11.34) 9(0) = —l<<9a<b, ¢) <0

o
in view of (11.32) and (2.13). Now suppose that A2 has a negative eigenvalue. Then by the preceding,
1 1

so does T, and therefore also L2 L, L?. More precisely, the argument from before implies that there
is x € ker(L_)*, x # 0, so that

(L2LL L2, x) = (Lyith, ) < 0

with ¢ = Léx. Let P denote the projection onto the orthogonal complement of ker(L_) = span(¢).
By the Rayleigh principle this implies that the self-adjoint operator P-L_ Pt has a negative eigenvalue,
say F3 < 0. Thus Liv = E3¢ + c¢ for some ¢ L ¢. If ¢ = 0, then F3 = F so that ¢ > 0 as the
ground state of L. But then (¢, ) > 0, which is impossible. So ¢ # 0, and one therefore obtains

(Ly — E3) ' = %d) — g(E3) =0.

But this contradicts (11.34) by strict monotonicity of g. Thus A% does not have any negative eigen-
values, which implies that A does not have imaginary eigenvalues. Hence all eigenvalues of A are real,
as desired.

We now turn to generalized eigenspaces. Suppose Ay = E + x, where E # 0, (A — E)x =0 and
x # 0. This is equivalent to saying that A has a generalized eigenspace at E. Then 1, Y € Dom(A?),
and moreover

(A2 = E*)x =0, (A>-E*Y=(A-E)x+2Ex=2EX,
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so that A? would have a generalized eigenspace at E, and therefore also T'. Hence, suppose T = E1),
with F # 0,9 # 0. If (T — E)x = ¢t with ¢ # 0, then

1 1 1 1 1 1 1 1
(L2LyL* — E)L?x1 =cL?y1 #0, (L2L,L? — E)?L%x; =cL?>(L L_—E)}) =0
1
where 1)1, x1 denote the projections of 1, x onto the orthogonal complement of ¢. But L2 £ 0 since
1

1 1
E # 0 and thus E would have to be a generalized eigenvalue of L2 L L2, which is impossible. So only
1

E = 0 can have a generalized eigenspace. Here we used the property that L2 L, L2 is self-adjoint on
its domain H*(R™). While symmetry is obvious, self-adjointness on H*(R™) requires a bit more care.
1 1

Suppose (L2L L% f, g) = (f, h) for all f E H*(R"), and some fixed g, h € L*(R"). Taking f € ker(L_)
shows that Plh h, i.e., that h € (ker(L2 ))*. By the Fredholm alternative applied to the self-adjoint
operator L2, one can write h = L2 hi with some h; € Dom(LQ) = H'(R"). Note that hy is defined

only up to an element in ker(LE), i.e., h1 + c¢ has the same property for any constant c. Thus
1 1 1 1
1
for all f € H*(R™). Equivalently, setting f; = L2 f, one has

(L2 Lo f1g) = (s b+ cd).

Note that the class of f; are all functions in H3(R") with f; L ¢. We now want to remove the latter
restriction, which can be achieved by a suitable choice of c¢. Indeed, in order to achieve

1
(LZLy (f1 +A9), 9) = (f1 + Ad, by + o)
for all f; € H3(R™), fi L ¢, A € C one chooses c such that

<L%L+¢7 g> = <¢a hl + C¢>7

which can be done since (¢, ¢) > 0. Renaming hy + c¢ into hy, one thus arrives at
1
(11.35) (L2 L, f1,9) = (f1, 1) forall f; € H3(R").
1
Recall that h = L2h;. One can now continue this procedure. Indeed, since (11.35) implies that
hi L ker(Ly), one can write hy = Lihg = Ly (ho + Z?:l cjtpj), where ker(Ly) = span{wj}é?:l and

hy € H3(R™) (in fact, 1); = 9;¢ by our assumption). As before, the constants {c;} are chosen in such
a way that

. k k k
<L3(L+f1 + 3 A), g> = <L+f1 +D A ha+ ) Cﬂ/’j>
j=1 j=1 j=1
for all Aj. This can be done because of the invertibility of the Gram matrix of {wj}g?:l. Hence
1
(L2 fa,g) = (f2, ha) forall fy € H'(R").
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1
Moreover, h = L 2L hy with hg € H 3(R") By the self-adjointness of L2 this implies that ho =

It follows that g € H*(R") and h = L2 L+L2 g as desired.

Finally, we show that Ran(A?) is closed. By (11.33) it suffices to show that the ranges of both
T=1L,L_and T* = L_L, are closed with domain H*(R"). We will first verify that these operators
are closed on this domain. Indeed, they each can be written in the form A2 + Fy A+ AF, + F3. Since
for M large

1
(A% + M + LA + AF + F3) fll2 > (A% + M) fll2 = C|| fllw=2 > §||(A2 + M) fll2 Z [ fllwaz,

one concludes that T'4+ M, T* 4+ M are closed, and therefore also T, T*. Next, let P_ and P} be the
projections onto ker(L_) and ker(L. ), respectively. Then L_L; = L_PLL, P{. Now

(11.36) PELyf = Lo f = 91 2Lsf, 606 = Lo (f = 6 72(f, L4)o).
where we have written ¢ = L ¢, ¢ € ker(L, )+ = Ran(Pi) by virtue of the fact that
¢ € Ran(L,) = Ran(L;) = ker(Ly)* = span{d;¢}*.
The last equality here is Weinstein’s characterization, more precisely, our assumption on L. Define
¢:=PLor, Qf = f— |6l 72(f, Lyd)d, Qf :== [ — ol >(f, Py Lyo)én

so that (11.36) gives

PL.Pf=L,QPf=L,P;Q = L L.=L_L.PQ.
In particular,

IT*fll2 = IL-P=Ly Py fll2 > ex | P~ Ly Py fll>
(11.37) = allLyQP{fll2 = e [L+PEQSIl2 2 crca | PEQl2,

where the existence of c¢i,co > 0 follows from the self-adjointness of L_,L,. Hence, if T*f, =
T*Pian — h in L?, then by (11.37) and linearity Pf@fn — ¢ in L?. Since T* was shown to
be closed, it follows that h = T*g, and Ran(7™) is closed. A similar argument shows that Ran(T") is
closed. O

Next, we derive the linear stability assumption as well as the structure of the generalized eigenspaces
of A and A* from our spectral assumptionson L_, L. From the spectral assumptions in Definition 11.9
as well as

L_¢=0, L_(2;¢) = —0j¢, L(0;¢) =0, L (9,0) = —a¢
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it follows that

ker(A) = Span{<2>, <6¢> n}
ker(4") = spanf <¢> <? ¢> n}
(11.38) N(A4) := kL:Jlker(Ak)DSpan <> < ) <$J¢> <J¢> 1§j§n} = M

0
(11.39) N(4%) = gker((A*)k)Dspan <> < ) <$J¢> <?¢> 1<j§n} =: M.,.

One of our goals is to show that equality holds in the last two relations. This is the same as the

I/\
I/\

I/\
I/\

. . . 1
structure statement made in Proposition 4.1, but one needs to apply the matrix P = < 1 —Zz ) to

pass between these two representations.

Now suppose that i&ﬂ[ﬂ— AJ = 0. This can be written as &ﬂ[ﬂ— JMJ = 0 where J = < (1) _01 )

L, 0

andM:< 0 L.

) . Therefore,

05, M) = 2R(0J, M) = ~2R(IMT, M) = 0

by anti-selfadjointness of J. In other words,

—,

Q) = (Lythr, 1) + (L2, ¥2)

is constant in time if 1(t) = €44(0) (here ¢ = ( )) Although the previous calculation calculation
bascially required classical solutions, it is clear that its natural setting are H!(R™)-solutions. In that
case one needs to interpret the form Q(¢) via

2
(Lo v0) = IVl + Sl - (8662, o)
2
(11.40) (Lotintn) = Vel + S lnl3 — ((B(67) +28(62)6% o, ).

In what follows, we will tacitly make this interpretation whenever it is needed. The following lemmas
are due to Weinstein [Wel].

Lemma 11.11. Impose the spectral assumptions on Ly, L_ from Definition 11.9. Then (Lyf, f) >0
for all f € HYR™), f L ¢.

This is a special case of Lemma E.1 in [Wel], and we refer the reader to that paper for the proof.

Lemma 11.12. Impose the spectral assumptians on Ly, L_ from Definition 11.9. Then there exist
constants ¢ = c(a, B) > 0 such that for all ¢ € H(R™),
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1. (L by, ho) > cl[vall3 if o L Oagp, o L 0;¢
2. (Lyyr, 1) > cllnll3  if 1 Lo, ¢ L xjo.

The constant c(a, 3) can be taken to be uniform in o in the following sense: If aq satisfies Defini-
tion 11.9, then there exists § > 0 so that 1. and 2. above hold for all |a—ag| < § with c(a, B) > c(ag, B).

Proof. Consider the minimization problems

(11.41) (L_f, ) subject to constraints || fll2 =1, f L 0a¢, f L 0j¢

inf

feH!

(11.42) irg1<L+g, g) subject to constraints |[|glla=1, g L ¢, g L ;6.
g€

As usual, one would like to establish the existence of minimizers by means of passing to weak limits in
minimizing sequences. While such sequences are bounded in H!(R"), this is not enough to guarantee
strong convergence in L?(R") because some (or all) of the L2-mass might escape to infinity. Using the
fact that the quadratic forms in question are perturbations of ||V f||3 + %QH flI3 by a potential that
decays at infinity, one can easily exclude that all the L?-mass escapes to infinity. One then proceeds
to show that the remaining piece of the limit, normalized to have L?-norm one, is a minimizer. This,
however, is a simple consequence of the nonnegativity of L_ and L, the latter under the constraint
f L ¢, see Lemma 11.11 above. This argument is presented in all details in [Wel], page 478 for the case
of power nonlinearities. But the same argument also applies to the general nonlinearities considered
here, and we do not write it out.

Assume therefore that fy is a minimizer of (11.41) with || foll2 = 1, fo L 0a¢, fo L 0;¢. Then

n
(11.43) L-fo=ofo+ codad+ ) ;00
j=1
for some Lagrange mulitpliers g, cg, . . ., ¢,,. Clearly, Ag agrees with the minimum sought, and therefore

it suffices to show that A\g > 0. If Ay = 0, then taking the scalar product of (11.43) with ¢ implies
that ¢ = 0 (using that (940, @) > 0). Taking scalar products with xy¢ shows that also ¢ = 0 for
1 <k <n. Thus L_fy = 0, which would imply that fo = ~¢ for some v # 0. However, this is
impossible because of fy L J,¢.

Proceeding in the same manner for L, one arrives at the Euler-Lagrange equation

n
Ligo = Aogo + cod + Z CjT -
j=1
As before, \g is the minimum on the left-hand side of (11.42) and thus Ag > 0 by Lemma 11.11. If
Ao = 0, then taking scalar products with 0x¢ leads to ¢y = 0 for all 1 < k < n. Hence L,gg = coo

which implies that
¢

9o = ——0at+ Y beds

(07
(=1
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Taking scalar products of this line with ¢ and z;¢ shows that cg = 0 and b, = 0 for all 1 < £ < n,
respectively. But then gy = 0 which is impossible.

Since the constants ¢(«, 3) > 0 were obtained by contradiction, one has no control on their depen-
dence on a. However, let |a — g < § be as in Definition 11.9. Suppose || f||2 = 1 satisfies f L ¢(-, «),
f L zjo(-, ). Then there is

h e span{6(-, ), 6(:, a0), 2j0(-, ), 0 a0) : 1<j<n}

so that f+h L ¢(-,a0) and f +h L 2;¢(-,0). Moreover, since [|0ad|l girny + 1020 prigny < 00
one can take ||h|| g1 (gn) as small as desired provided § is chosen small enough. One can therefore use
inequality 2. from this lemma at ag for f + h to obtain a similar bound for f at a. O

The following corollary proves the crucial linear stability assumption contingent upon the spectral
assumptions on L., L_ from above (and thus, in particular, contingent upon the nonlinear stability
assumption). Strictly speaking, the following corollary gives a stronger statement than (11.3), since
the range of P; is potentially smaller than needed for the stability to hold.

Corollary 11.13. Impose the spectral assumptions on Ly, L_ from Definition 11.9. Then there exist
constants C = C(a, 3) < oo so that for all 1y € H'(R™)

(11.44) le™“A4holl g1 ny < Cllbollzriny provided ¥ € M.

Here M, is the A*-invariant subspace from (11.39). Moreover, the same bound holds for H*(R"™)-norms
for any real s with s-dependent constants (and thus in particular for L>(R™)). Analogous statements

hold for e"4”. Finally, the constants C(a, B) can be taken to be uniform in o in the following sense:
If oy satisfies Definition 11.9, then there exists 6 > 0 so that (11.44) holds for all |o — a| < & with

Cla, B) < 2C(ay, B).
Proof. Let 9(t) = e*44)y. By Lemma 11.12 one has
Q(tho) = Q((t) > ¢ HJ(t)H%?(R”)
provided that v € M. Since clearly Q(¢) < C|[tfo[|}1 g one concludes that (11.44) holds with
L2(R™) on the left-hand side. In order to pass to H!(R™) write
(L-f, f) = (A—e)fL-f, )+ %IIWII% +6%2||f||§ - 6/Rnﬁ(¢2(w))|f(w)l2dw
(11.45) > gllvflli +e(L—e)|[f115 +e@®/2 = 1Bl I £13,

where the constant ¢ in (11.45) is the one from Lemma 11.12. Taking ¢ small enough, one sees that
the third term can be absorbed into the second. Thus the entire right-hand side of (11.45) admits
the lower bound §|| f||§11(Rn). The same argument applies to L, and (11.44) follows. The uniformity
statement concerning the constants C(«, 3) is an immediate consequence of the analogous statement
in Lemma 11.12. To obtain (11.44) for all H® spaces note first that

(11.46) Oy 1Ml my < A+ M) |2 < Co |9l r2e ey
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for all integers ¢ and sufficiently large M = M (¢). Indeed, to check the lower bound for £ = 1 one can
-1
use (A+iM)™t = (B+iM)™! [1 +V(B+ Z'M)*l} . The inverse of the operator in brackets exists

provided M is large and it is a bounded operator on L?(R™). Taking powers of this relation allows
one to deal with all # > 1 (in our case V' is C'* which is needed here). Since M, is A*-invariant and
therefore M- is A-invariant, inserting (11.46) into (11.44) allows one to pass to all odd integers s.
The case of general s then follows by interpolation. Finally, since all arguments in this section apply
equally well to A* as A, the corollary follows. O

This corollary has an important implication concerning the structure of the root spaces as required
in Proposition 4.1.

Corollary 11.14. Impose the spectral assumptions on Ly, L_ from Definition 11.9. Then equality
holds in the relation concerning the root spaces (11.38) and (11.39). In particular, one has ker(A?) =
ker(A3) and ker((A*)?) = ker((4%)3).

Proof. Suppose dim(NV(A)) > 2n + 2. Then there exists 1y € N(A) such that ¥y € M. This is
because a system of 2n + 2 equations in 2n + 3 variables always has a nonzero solution. Since 0,¢ [ ¢
and 0j¢ [ x;¢, one checks that Yo & ker(A). Therefore, Uy € ker(A¥) \ ker(4*1) for some k > 2.
Expanding €4 into a series implies that || |2 > ¢ ¥~ for some constant ¢ > 0, which contradicts
Corollary 11.13. Therefore, dim(N(A4)) < 2n + 2. Since moreover ¢ > 0 and (a9, ¢) > 0 imply that
the 2n + 2 vectors on the right-hand side of (11.38) are linearly independent, equality must hold as

claimed. Analogously for (11.39). O

Next, we need to show that resonances for A do not occur at :I:% up to finitely many choices of a.
[perhaps that’s too ambitious??].

First, we need to recall from [RSS| what is meant by a resonance in this particular case. From now
on, we restrict ourselves to odd dimensions n > 3, since only that case was presented in [RSS]. We
shall also revert to writing systems in the form

B:<H 0 ),A:B+V,V:<U _W>

0 —-H W U
where U, W are real-valued and exponentially decaying and H = %A — %2 The operator E. stands
for multiplication with e~”(*) with p(x) = |z| for large x. It is shown in [RSS], based on work of

Rauch [Rau], that the weighted resolvents
F.(2):= E.(iB—2)'E. and G.(2):= E.(iA—2)"'E.,

can be continued meromorphically across the boundary of their orginal domain of definition Rz > 0.
See Lemmas 7.7 and Corollary 7.8 of that paper. Moreover, F.(ia?/2 —i¢?) and F.(—ia?/2 +i(?) are
analytic on |[(| < /4. By the analytic continuation of the resolvent identity,

(11.47) G.(ia?)2 —i?) = [1 + F.(ia?/2 —iC*)EZ2V 71F€(m2/2 —ic?).
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The analytic Fredholm alternative applies to the operator in brackets on the region || < €/4.

[This needs to be finished; I want to argue then that no resonance at +u implies that the eigenvalues
can’t accumulate at the edges. This has not been ruled out yet, but I had rather do this w/o bringing
in absence of resonances. |.

12 Generalized decay estimates for the charge transfer model
Consider the time-dependent matrix charge transfer problem
i) + H(o,t)) = F

where the matrix charge transfer Hamiltonian H (o, ) is of the form
N0 3
—( 2 (.
o= (% 3, ) DIEELY
J:

where ¥ are distinct vectors in R3, and V; are matrix potentials of the form

R G 7O L 1)
Vi(t,x) = < e—10; (t,z) W;(z) ~Uj(x) ’

where 0;(t,z) = (|7;|* + a?)t + 22 - U + 4, aj,7 € R, oj # 0. Our goal is to extend the dispersive
estimate

(121) 1021 S (1 4+ 0% (Wollseze + 11|+ B)
with

t n
(12.2) I1F|] := igg/o IF ()|l prdr + (1+8) 2 TH|F(t, )] 2

to the corresponding estimates for the derivatives of (). The estimate (12.1) holds only for the
solutions ¥ (t) which are scattering states, i.e., for ¢ obeying the a priori condition that

| P, (1) 2 < B(L+ )73

for all j = 1,..,v. Our first lemma shows that the functions

—

Uk(t) = V() ke Zy
are scattering states as well.

Lemma 12.1. The functions Uy, (t) obey the estimates

(12.3) 1Py (Hj, )0k (t) | 2 S Cr(1+8) 7%
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Proof. Let 7j(x) be an arbitrary C° exponentially localized function. Then for any y € R"”
A Ui(t, z) - if(x — y) do = (~1) 5 G(t, )V (& = y) do S [0 2roe VT a2 S (14672

Now recall that the projection
Py(Hj, t) == Ga, (1) M;(t) ' Po(Hy) M;i(t)Gas, (1)

with the P,(H; is given exlicitly
Py(Hj)f = captialf, vp)
af

where ¢, are given constants and u,, vg are exponentially localized functions. The result now follows.
O

Proposition 12.2. The functions Jk = V’W_f satisfy the L? + L™ dispersive estimate

k

(12.4) 1960242 < (14675 (190 ) inze + 1IV°F| + B)
=0

Proof. We have already shown that V¥ is a scattering state. Moreover, differentiating the equation

k times we obtain
k—1

0, V*) + H(t,0)V*) = F =Y Gy(t,z)V' + VFF
/=0

where Gy(t, r) are smooth exponentially localized potentials uniformly bounded in time. Therefore V*
is a scattering state solving an inhomogeneous charge transfer problem. Using the estimate (12.1) we
then have

(12.5) [VH Oz 2 5 (0 + 075 (19l inse + [1Fe(] | + B)
We use that for any p € [1, 2]
G e(t, 2) V| Lo S VD L2

Proceeding by induction on k& we conclude that for any ¢ < k

t t ¢
[ G0Vl 5 [ a+nEar 3 (197 ollnse + 1197 1)

m=0
1

(V"™ oll a2 + IV FI])

m=0
and that ,
1+ 821Gt ) VPO l2 S D IV ™ol rnre + IV E])
m=0
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The result now follows from (12.5) and the inequality

k—1
IEIT < NVEEN 4D NGe(t, 2) V]|
/=0

We recall the definition of the Banach spaces X and Y of functions of (¢, z) from (5.6), (5.7)

(12.6) ol = sup (0l + 0+ 0F S IT(0 ) 21 )
= k=
- ! k 0 241wk
(12.7) 1Flly, = stggg:oj( /0 IVFE(r, )l dr + (14 OF [ VFF(E, )12

We can summarize our estimates for the charge transfer model in the following proposition.

Proposition 12.3. Let 1/_; be a solution of the matrixz charge transfer problem
O+ H(t,o)p = F

satisfying the condition that for every j =1,..,v

(12.8) 1Py(H (o, 1))l 2 S B(1+1) 72

Then for any integer s > 0

S
(12.9) 1], S D VR0, )iz + [ Flly, + B
k=0

13 Existence of a ground state and the nonlinear stability condition
The existence of a ground state for the problem

1 a?
(13.1) —500 = B[)o+ 56 =0

for @ # 0 had been establsihed by Berestycki and Lions under the following conditions on the function

G-
1. 0> msﬂj%oﬁ(s)s*% > 400

2. There exists 5o > 0 such that G(sg) = [;° B(s*)sds — %233 >0
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Moreover, in the case when the function (3(s) satisfies a stronger condition that

2
(13.2) lim fB(s)s »2 =0
§—+00
a ground state can be constructed from a solution of the constrained minimization problem for the
following functional:

(13.3) J[u]:{/Rn|Vu|2 Wi = [ 6w =1}

If w is a minimum it solves the equation

—%Aw —MB(w?)w — %210) =0

where the Lagrange multiplier A is determined from the condition that W[w] = 1. We can then find a
ground state via rescaling

(13.4) o(z) = w(\ "2z

Observe that it is possible to choose w a positive spherically symmetric function. We now consider the
42
n2-
McLeod-Serrin, and Kwong there exists a unique positive radial solution of the equation (13.1) for

a # 0. Let w denote the corresponding minimumizer of the functional J.

case of the monomial subcritical nonlinearity 3(s) = s" with p < By the results of Coffman,

”Uniqueness of a minimizer”

Definition 13.1. Given v > 0 and w the minimizer of J corresponding to the unique ground state ¢

define
0(v) = inf {9 . for any positive non-increasing radial function u with the
(13.5) property that |lu — w|| g > 6 we have that J[u] > J[w] +~}
We now make the following claim

Lemma 13.2. Function () — 0 as v — 0.

Proof. We argue by contradiction. Assume that there exists a sequence v, — 0, a positive constant 6,
and positive radial functions u., such that |lu,, —w| g1 > 6 but J{u., ] < J{w]+~x. Then the sequence
U, ¢ 1s minimizing for the functional J. This implies that

VU2 = [Vwl| 2

Using the constraint Wu,,] = 1 it is not difficult to show that the sequence u., is uniformly bounded
in H', see [BL]. Thus without loss of generality we assume that u,, — u weakly in H' for some
radial non-increasing function u. Therefore, u is another minimizer of the functional J and its rescaled
version is a non-increasing radial solution of the equation (13.1). By the strong maximum principle
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it is positive? and therefore a ground state. Since the ground state is unique, after rescaling back we
conclude that u = w. Therefore, we have constructed a sequence u., with the properties that

(13.6) Uy, —w weakly in  H',
(13.7) Vu,, — Vw in L2

OZ2
(13.8) /R [P =14 % /]R oy
(13.9) [ty — w1 =0

Since 2 < p+ 1 < 2% conditions (13.6) and (13.7) imply that

L/‘|qup+1—ah/" ot
R R

Thus from (13.8)

and with the help of (13.6) and (13.7) we conclude that u,, — w in H'. This contradicts (13.9). O

We now consider the ground state problem

1 9 a?
(gre) _§A¢e - ﬁe(|¢e| )¢e + ?(ﬁﬁ =0
for the nonlinearities
3—p
2y p-1_9
(13.10) Be(s*) = —s P
for any € > 0 and any p € (1, 3). Define
T OZ2
(13.11) Ge(r) = / B(s?)sds — ZT2,
0
(13.12) Welu] = Ge(u(x)) dx
Rn
Lemma 13.3. We have the following estimate
(13.13) Welal = Wolull S % [ (Jul + fu*)
RTL

Proof. Estimate (13.13) immediately follows from the inequality

3—p
_ pr1_ € _opa T 7
(13.14) (Ge(T) = Go(N)| = 777 g = em™

2The minimizer u cannot be identically zero since one can show that the minimum is attained on the function satisfying
the constraint Wu] =1, see [BL].
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since the above expression can ne bounded by
min {67’2;074, Tp+1}

Thus using the first term for the values of 7 > e% so that 7P73 < 6%3 (since p < 3), and the second
-1
term when 7 < €2 so that 771 < €7, we obtain (13.14). O

”Continuity of ground states”
We now consider the variational problem
(13.15) Jelu) = { |Vul?: W lu] = 1}
R

Proposition 13.4. Let ¢ be the ground state of the problem (gry). Then for any sufficiently small
€ > 0 there exists a positive constant 6’ = 0'(¢) — 0 as € — 0, and a ground state ¢ of (gre) such that

||¢e - ¢||H1 <d.

Proof. We start by choosing a sufficiently large constant M such that for all sufficiently small € any
minimizer of J is contained in a ball By;/, of radius M /2 in the space H!. In particular, using (13.13)
we will assume that for u € By,

(13.16) (Welu] = Wolul] < "2
We now observe the following trivial property of the contraint functionals We[u|: for any € > 0 and
an arbitrary u # 0

(13.17) Welu(@)] = " Welu())

We now fix a sufficiently small of ¢ > 0. Let w be the minimizer of the variational problem J = Jj
corresponding to the unique ground state ¢. The function w satisfies the constraint Wylw] = 1.
Therefore, using the rescaling property (13.17) and (13.16) we can show that there exists u = u(w)
with the property that

Welw()] =1,
(13.18) =1l < e
Moreover,
(13.19) T (o) = w2 ol (@) = Jofu] + O('5)

We now claim that there exists a small positive § = d(¢) — 0 as € — 0, such that for any positive
non-increasing radial function u satisfying the constraint W,[u] = 1 and the property that

(13.20) ||u—w(§)||H1 > 6
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we have

(13.21) Jeu] > Je[w(=)] +e2m

Assume for the moment that the claim holds. Then (13.20) and (13.21) imply that J. has a minimizer
in the J neighborhood of the function w(%) We denote this minimizer by we. Then (13.18) implies
that

We — W1 < ||lwe —w 1+ ||lw—w 1 <6+ ||lw—w 1

| I < |l (M)HH I (M)HH | (M)HH

Observe that [w —w(%)||m1 — 0 as p — 1, which follows by the density argument and the fact that
it is easily satisfied on functlons of compact support®. Define the function a,(e):

(13.22) ayp(€e):= sup |lw— w( M g1 ayp(e) =0 as e—0
bt [
lu—1|<e
Therefore,
(13.23) |lwe — w1 <0+ aw(e)

The functions we, w are the solutions of the Euler-Lagrange equations

1 2
(13.24) — 50w = Ac(Be(wd)we - %wﬁ) — 0,
1 9 o?
(13.25) - §Aw — ABo(w)H)w — 7w) =0,
where the lagrange multipliers A, A are determined from the conditions that W.[w] = Wylw] = 1.

We multiply the equations (13.24) and (13.25) by w,. and w correspondingly, integrate by parts, and
subtract one from another. Using the estimate

| 18iwdtyu? - uwgtyu?| < 5

which is essentially the same as the estimate (13.16), and the estimate (13.23) we obtain that

2
(13.26) (=2 [ (Bo(w)® = Gu?) = 0(3) + O(e*) + (o)

Recall that Bg(w?) = wP~!. The condition that W[w] = 1 implies that
1 a?
— |wlPHt = wl?) =1
/n(p+1|w| 4|w|)

g —1
[ oty - Gty =2+ 21 [ a2 2

Thus,

3In fact, the minimizer w is smooth and localized in space and thus one could even give the precise dependence on p
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This allows us to conclude that
-1

(13.27) A=A <6467 4 ay(e)

Finally, recall that the ground states ¢. and ¢ are obtained by the rescaling of the minimizers w, and
w.

be(@) = w\ Tx),  B(z) = w(\7a)
Thus

1
2

e — Dl S lwelAhe 2x) — w(A~"7) |10

= 2 () — (39 22)
< M o) = w (@)l s + o) — w((55)22) 1

By (13.27) the constants A, are uniformly bounded in terms of the absolute constant A, which depends

only on w. Noreover, A\c — X as € — 0. We appeal again to the H' modulus of continuity of the

minimizer w and define the function 4

(13.28) b (e, 8) = sup lw(z) — w(p 2z)| g
—1]<8+¢ 2T +au (6)

The function by, (€,5) — 0 as €, — 0. Therefore, since we have already proved in (13.23) that w, is
close to w in H', we obtain

(13.29) be — Ol <5+ €5 + aw(e) + bule, 8)

Since by the claim § = §(e) — 0 as € — 0 and the functions a,,(€), by (€, d) also have this property we
obtain the desired conclusion.

It remains to prove the claim (13.20), (13.21). Let u be as in the claim, i.e., u € By; and W[u] = 1,
and

(13.30) ||u—w(§)||H1 > 4.

for some § to be chosen below. Similar to (13.18) we can find a constant v = v(u) such that

(13.31) Wolu(D =1, Jolu(S)] = Jlul + O 7 ™),
(13.32) v—1| <

4One can show that o # 0 the Lagrange multiplier A # 0. This follows from the following argument. By interpolation
for p < Z—fg

1 nbk=L pt+l-—nk=Ll
/w < IVll2T )7

Thus for n > 2 the power p+ 1 — np2;1 < 2 and using Cauchy-Schwarz, constraint W[w] = 1 and the assumption that
a # 0, we can show that ||Vw| 2 > ¢ for some positive constant c¢. Repeating argument determining the Lagrange
multiplier we verify that A # 0
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Using (13.18), (13.30), (13.32), and defini tion (13.22) we infer that

(13.33) [[u(3) —wllm 2 () = w0l = w0 = w(e) i 2 156 = au(e) 2 6= 56 —au(d

We now use Lemma 13.2 for the variational problem J = .Jy. This gives a function 6(v), with the
property that #(v) — 0 as v — 0, such that for any radial non-increasing positive v with the property
that [|[v — w|| g1 > 6(y) and Wy[v] =1 we have Jy[v] > Jo[w] + v. We set

p—1

v =bhezm, 6:9(’7)—1—6%-1—&10(6)

It follows from Definition 13.1 of 6(y) and (13.33) that with these choices, function u(%) verifies the

inequality - -
Jo[u(;)] > Jolw] + 5e 2

Finally, using (13.19) and (13.31) we obtain

Tl 2 Jefw () + 365

It remains to note that the constant ¢ in (13.20) has been chosen
§ = 0(eT ) + €3 + ayle)
and by Lemma 13.2 and (13.22) it goes to zero as € — 0, as claimed. O

From now on we restric the values of p to the subcritical case

4
(13.34) p<1+-

Recall definition of the operator L associated with the ground state ¢..

1 o?
(13.35) LS = =5 = Be(@?) — 28:(6) 07 + =
Denote
(13.36) Ve = Be(62) + 26.(¢2) 67
Uisng the definition of 8. we compute V. explicitly

3—p PP \2
13.37 Ve=3¢ ' ——— - B-p)# ' (——==

(13.37) % e+ ” =) <6+¢‘Z’p>

Uniform properties of ground states ¢, guaranteed by the Proposition 13.4 imply the following result.

Lemma 13.5. For any p € (1,1 + 2] there exists a ¢ = q(p) in the interval q € [, 00) such that

(13.38) Ve = Vollpa — 0, €—0
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Proof. We have a pointwise bound

€

~ _ . - 4 -1-
Ve =0 M| S 00— < min{o? e} < T
€ €

2 2n
In addition, since ¢ — ¢ in H' we have that qu*l — ¢P~1 in the space L»—1 N L™-2-1 . Since

Ve = Vol < |Ve = pg? | + plg? ™ — 27|

we obtain the desired conclusion for any ¢ in the interval ¢ € (p%l, M%] The existence of the

Lebesque exponent ¢ in the desired interval now follows from the restrictions (13.34) on p. O
Corollary 13.6. The operators

(LS — Ly)(-A+1)7t: LP — L

(-A+ 1) YLy —Ly): [P — HY
with the norm converging to 0 as € — 0.

Proof. The difference L —L; = V.—Vj. The result now follows from Lemma 13.5, Sobolev embeddings,
and Holder inequality. O

”Everything follows from perturbation theory”

Theorem 13.7. Let ¢, be ground states constructed in Proposition 13.4. Assume that the ground state
g is stable then for all sufficiently small € the ground states ¢. are also stable.

Proof. The nonlinear stability condition for the a ground state ¢.(«) requires that

(13.39) (Pe (Li)71¢6> <0

where the operators L are obtained by linearizing at ¢.. Condition (13.39) is meaningful provided
that ¢, is othogonal to the kernel of L. We start by examining the spectrum of the operator L.
As we know (?) LT has a unique negative eigenvalue, the zero eigenvalue has multiplicity n and the
corresponding eiegenspace is spanned by the function 6%(;5. The rest of the spectrum is contained

in the set [%2, 00). Therefore, in the case o # 0 the spectrum Y (L;) of L has an isolated discrete
component (in fact two components). We can construct an eigenspace projector Py of an isolated
component of the discrete spectrum

_ 1 -1
(13.40) Py = 57 L(L+ —z) " dz

with an arbitrary curve v encircling the desired spectral set and such that v N ¥(L;) = 0. Consider
now the resolvent of LY at z such that dist(z,X(Ly)) > C for some sufficiently small constant C,
which only depends on L. We have

(13.41) (L5 —2) = (Ly — )" = (LS —2) (L5 — Ly)(Ly —2) !
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It is not difficult to show that for such z
1Ly = 2)" fllz S I flle
Therefore, using Corollary 13.6 we can conclude from (13.41) that
I(LS = 2)7H < 20I(Ls = 2) 7
and thus z ¢ X(LS ). Moreover,
(13.42) ILS =27 = (Ly = 2) 7Y < efe)

for any z : dist(z,3(Ly)) > C. By Corollary 13.6 the constant c¢(¢) — 0 as e — 0. Therefore, for the
same path 7 as in (13.40) we can define

1
13.4 P.=— [(Lf —2)!
(13.43) 2771'/7“ ) lds

Moreover, for all sufficiently small ¢ > 0 the rank of P, remains constant. Thus, for any sufficiently
small e the operator LG has a unique simple negative eigenvalue and a zero eigenspace of dimension n.
Since we know that the functions é%,qﬁe are contained in that subspace, they, in fact, span it. Therefore,
¢ is orthogonal to the kernel of LS and the expression (13.39) is well defined.

For any sufficiently small € > 0 we set (). to be a projection on the orthogonal complement of the
null eiegnespace of LS. Let A ¢ U.X(LS). Define the operators

(13.44) K(\) = Qo(LS — N 7'Qc — (L+ — N)'Qo

It follows from (13.42) and the properties of the spectrum of L that for all small e > 0 and all ( such
that [(| < C

1 <c

(13.45) 125 =27l < (A 2L\ {0}) ~

for some universal constant C’, determined by the operator L. Also note that

(13.46) Qe — Qoll < c(e)
This is a consequence of (13.42) and the definition
1
e=1—— [(L¢ —2)tay
Q i L( f—7) z

with a short path v around the origin. Using the resolvent identity
(L = 2™ = (Ly = ) 4 (L = 2) 7 (IS — L) (LS — 2)7
we obtain that for any A & U:3(LS)
K(A) =Qo(Ly —N)7'Qc— (Lt —N) 7 'Qo + Qo(Ly — N) ML — Li) (LG — N) Qe =
(Lt = A)7'Qo(Qc — Qo) + (Ly — N)'Qo(LG — Li)(Ly — M) 7'Q.
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Using Corollary 13.6, (13.45), and (13.46) we infer that for any A < c and A\ ¢ U X(LS)
(13.47) [N < ele) (L + (L4 = N) 7' Qo(=A + 1)) < cfe)

uniformly in A. The last inequality follows since the operator norm of (Ly — A\)'Qo(—A + 1) is
bounded by a universal constant dependent on L, only. This can be seen as follows. Since Vj is a
smooth ponetial and (L, —\)~!Qp is bounded on L? we can replace the operator (—A+1) by (L —\)
and the result follows immediately.

We now test the operator K¢(\) on the ground state ¢..

Kc(Nde = Qo(L§ = N)"de = (Ly = N)7'd+ (L = N) 7' Qo — ¢e)
Coupling the above identity with ¢.
(Bes (LS = M) e) = (0, (L = A)719) = (6, Ke(N)obe) + ((de — P0), (LG — N) ™ oe)
+ (6, (L — X)'Qo(¢ — ¢e)) = O(c(e))

where we have used that Q.¢. = ¢., the bound (13.45), and the estimate ||¢. — ¢|| g1, which follows
from Proposition 13.4. The above holds uniformly for all [A\| < ¢ and A € UX(LS ). Passing to the
limit A — 0, say from the upper half-plane, we obtain that for all sufficiently small € > 0

(be; (LS) " e) = (&, LT 9) + O(e(e)) < 0

The last inequality follows since by the assumption ¢ is a stable ground state, i.e., (¢, Ljrl<;5> <0. O
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