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Taylor series (with radii of convergence given):

11z:1+:(:+$2+~--=§:$", lz| <1
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sinx::c—g;j—l—x;—'~'=§(_(217inf217;17 |lz| < oo

The Gamma function. For z >0, I'(z) = [t le ! dt.

If x is not 0 or a negative integer, I'(z + 1) = zT'(z).

If n is a non-negative integer, I'(n+1) =n!l. T(1/2) = /7.
The Method of Frobenius—solution forms:

oo
yi(z): a™ Z anz"

n=0

ya(x): 2™ Z bpz"™  or  yi(r)(lnz)+ 2" Z ez or  Cyi(x)(Inz) + 2™ Z cnx”.
n=0 n=1 n=0

The Method of Frobenious—useful formula:
1 ! C /
u”’ +pla)u’ +q(@)u = — [yi(2) —ap(@)yi(z) - 2e9:(2)]-
Bessel Functions.

A. The Bessel equation of order v: 22y +ay + (2 — 1)y = 0.

B. Bessel functions:

T\Y (=1)* %k
2 =(3) ;OMQ)

[T\ (—1)k x\ 2k
T-u(@) = (5) kzzo Rk —v+1) (5)
Y, (z) = = ”)‘]S”ir(lxy)ﬁ_ (@) ifv#£0,1,2,.. ..
Y, (z) = lim Y, (x), ifn=0,1,2,....

v—n

The Fourier transform:

Fh = [ gweran Fe) - & [ ferao

d’Alembert’s solution:

xr+ct
u(z,t) = Flx —ct) + Gz + ct) = %(f(xfct)+f(x+ct)+2ic/7 t g(z)dz
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Various Fourier-type expansions:

FALL 2016

We write f(z) ~ series to indicate that the given series is some Fourier-type expansion of f(z).

All the formulas for coefficients come from the formula

<f7 SD’VL>
(@n, on)

with o1, ¢2,... a complete orthogonal set for C,[—(, (] or C,[0, L].

Cp —

f(z Nao—l—Z[ancos 7 + by, smn—gq;

1 ¢ %
aozﬁﬁzf(x)dx, an g/f cos—d:z: bn g/f sm—dw.

oo ' 1 ¢ By
Z Cneznﬂ'x/ﬁ; Cp = ﬁ [z f(ll?)e inwx /L dr.

n—=—oo

z)~a0+2ancos? (0 <z <L)

n=1

I 2 [*
ap = z/o f@)dz, a,= 7/, f(x) cosn—zx dz.
f(z) ib sin L 0<z <L) b _2 Lf(:t)sm—dx
n=1 ! L ’ "L
nmwT 2 [k nwT
f(z) ~ anpcos — (0 <z < L); an = — f(z) cos — dux.
neias, 2L L J, 2L
9 L
flz) ~ by, sin o (0<z< L) by, = — f(z)sin — dz
oL L J,
n=1,3,5,
Some antiderivatives:
e~ gin(bx) dx = _agi—l—b? (asin(bzx) + bceos(bzx)) + C

e*ﬂ.fL’

T2

——

e~ cos(bz) dx (—acos(bzx) + bsin(bzx)) + C

cos(bz) = wsin(bx) sin(bz)  x cos(bx)

/xCOS(b:c) dr = T +C /xsin(bx) dx = T g

Some trig identities:

1 5(2 1— 5(2
cos? g = LT cos(22) sin? g — L= cos(22)

2 2
cos(A) cos(B) = (1/2) [cos(A + B) + cos(A — B)]
sin(A) cos(B) = (1/2) [sin(A + B) + sin(A — B)]
sin(A)sin(B) = (1/2) [cos(A — B) — cos(A + B)]

Sturm-Liouville problem:

L
[p(x)y']" + q(x)y + Aw(x)y =0, (f(x),y(x))w = /0 f(x)g(x)w(z) de



