CONTINUOUS VS. BOREL REDUCTIONS

SIMON THOMAS

ABSTRACT. We present some natural examples of countable Borel equivalence
relations E, F with E <p F such that there does not exist a continuous

reduction from E to F'.

1. INTRODUCTION

If E, E' are Borel equivalence relations on the standard Borel spaces X, X',
then F is said to be Borel reducible to E’, written E <p E’, if there exists a Borel
map 6 : X — Y such that x Ey < 6(z) E' 0(y). If there exists a continuous
reduction 0 : X — Y from E to E’, then we write £ <., E’. It has often been
noted that it is difficult to find natural examples of Borel equivalence relations F,
E’ such that E <p E' but E £, E’. (For example, see Kanovei [6, Question 5.3.2].)
In this paper, we shall use the following theorem to present some countable Borel
equivalence relations with this property.

Throughout this paper, =1 denotes the Turing equivalence relation on P(N),
which is identified with the Cantor space 2" by identifying subsets of N with their

characteristic functions.

Theorem 1.1. Suppose that G is a countable subgroup of Sym(N) and that Eq is
the orbit equivalence relation of the action of G on 2Y. Then whenever 0 : 2N — 2N
is a continuous homomorphism from =1 to Egq, there exists a cone D C 2N such

that @ maps D into a single Eg-class.

Let =; be the recursive isomorphism relation on 2V, defined by x = y iff there
exist a recursive permutation 7 of N such that 7(z) = y. For each x € 2V, let 2/
be the Turing jump of x. Then it is well-known that the map z — 2’ is a Borel
reduction from =7 to =;. (For example, see Rogers [10, Theorem 13.1].) Clearly
the following result is an immediate consequence of Theorem 1.1.
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Corollary 1.2. =7 £, =;.

Let Fy be the free group on two generators and let F., be the orbit equivalence
relation arising from the shift action of Fy on 2F2. Then E, is a universal countable
Borel equivalence relation and hence =7 <p FE,,. Of course, the conclusion of

Theorem 1.1 continues to hold if N is replaced by any other countably infinite set.

Corollary 1.3. =7 £, E.

~

Finally we consider the isomorphism relation = on the standard Borel space
G of finitely generated groups. By Thomas-Velickovic [14], & is also a universal
countable Borel equivalence relation and hence =1 <p =. Following Champetier
[1], the space G can be defined as follows. Let F, be the free group on countably
many generators X = {x; | ¢ € N}. Suppose that G is a finitely generated group
and that (go,...,gn) is a finite sequence of generators. Then by considering the
homomorphism 7 : F, — G defined by

g ifo<i<n
m(x;) =
1 otherwise,
we see that G can be realized as a quotient F, /N, where N is a normal subgroup
which contains all but finitely many elements of the basis X. (Of course, choosing
a different generating sequence usually results in a different realization.) Thus we
can identify G with the set of all such normal subgroups N of F,,. With this
identification, G is a Borel subset of the standard Borel space P(Fs ) and hence G
is a standard Borel space. The isomorphism relation = on G is the orbit equivalence
relation of the action of a suitable countable subgroup of Aut(F.,). More precisely,
let Aut;(Fs) be the subgroup of Aut(F) generated by the elementary Nielsen
transformations
{ai [ie NYU{B;; |i#j €N},

where o; is the automorphism sending z; to z; ! and leaving X ~ {z;} fixed; and
Bi; is the automorphism sending x; to x;z; and leaving X \ {z;} fixed. Then the
natural action of Auty(F.) on F induces a corresponding action on the space

G of normal subgroups of F, which contain all but finitely many elements of the

basis X; and if N, M € G are two such normal subgroups, then Fo,/N = F., /M iff
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there exists ¢ € Auty(Fs) such that ¢[N] = M. (For example, see Champetier [1]
and Lyndon-Schupp [9].) Hence, applying Theorem 1.1 once more, we obtain the

following result.
Corollary 1.4. =7 £, =

Remark 1.5. If G is a countable group acting continuously on a 0-dimensional
Polish space X and EX is the corresponding orbit equivalence relation, then the
proof of Dougherty-Jackson-Kechris [3, Proposition 1.8] shows that Eé{ <¢ Fy.
In particular, it follows that =; <. Fo and that = <. F.,. Also the proof of
Thomas-Velickovic [14, Theorem 3] shows that E. <. 2. These seem to be the
only cases where it is currently known that a continuous reduction exists between
distinct E # F amongst the equivalence relations =7, =1, F and = considered in
this section. In fact, it is not even known whether there exist Borel reductions from
E to =1 or =1. (Of course, these questions are equivalent to asking whether =1
or = is countable universal. For a discussion of these very interesting questions, see
Dougherty-Kechris [4].) Tt is also not known whether there exists a Borel reduction

from =1 to =7.

The remainder of this paper is organized as follows. In Section 2, we shall recall
some basic notions from the theory of countable Borel equivalence relations and
recursion theory. In Section 3, we shall prove Theorem 1.1. In Section 4, we shall
prove that the recursive isomorphism relation =; is not a normal subrelation of the
Turing equivalence relation =p. Finally, in Section 5, we shall mention an open

problem which is related to Martin’s Conjecture on degree invariant Borel maps.

2. PRELIMINARIES

In this section, we shall recall some basic notions from the theory of Borel equiv-

alence relations and recursion theory.

2.1. Borel equivalence relations. In this paper, we shall only be concerned with
countable Borel equivalence relations; i.e. those Borel equivalence relations E such
that every FE-class is countable. By Feldman-Moore [5], if E is a countable Borel

equivalence relation on the standard Borel space X, then there exists a Borel action
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of a countable group G on X such that E = E&, where EZ is the orbit equivalence

relation defined by
tEy <= (3geG)g-z=y.

It follows easily that if A C X is a Borel subset, then the corresponding E-saturation
[Ale={2z€X|(Ja€A)aFEx}is also a Borel subset.

Suppose that E, E’ are countable Borel equivalence relations on the standard
Borel spaces X, X’. Then the Borel map 6 : X — X’ is a Borel homomorphism
from E to E' if e Ey = 0(x) E'0(y). If the Borel homomorphism 6 : X — X’ from E
to £’ is countable-to -one, then we say that 6 is a weak Borel reduction and we write
E <% E’. In this case, since E’ is a countable Borel equivalence relation, it follows
that the preimage 07 '([z']g/ ) of every E’-class [2/]g: is countable. A countable
Borel equivalence relation E is said to be weakly universal iff F* <} E for every
countable Borel equivalence relation F. For example, Kechris [12, Corollary 4.9]
has shown that the Turing equivalence relation = is weakly universal; and since
=rp <p =1, it follows that =; is also weakly universal. (The material in Thomas
[12, Section 4] is entirely due to Kechris and Miller.)

The countable Borel equivalence relation E on the standard Borel space X is
said to be smooth iff E <p A(Z) for some standard Borel space Z, where A(Z)
is the identity relation on Z. Equivalently, E is smooth iff there exists a Borel E-
tranversal T C X; i.e. a Borel subset T which meets every E-class [z ]g in exactly

one point. We shall make use of the following easy observation in Section 4.

Lemma 2.1. Suppose that E, E' are countable Borel equivalence relations on the
standard Borel spaces X, X' respectively and that E <% E'. If E' is smooth, then

FE is also smooth.

Proof. Suppose that E’ is smooth. Let 6 : X — X’ be a weak Borel reduction from
E to E' and let F' = 0~(E’). Then F is a countable Borel equivalence relation on
X such that FF D E and F ~g E’. In particular, it follows that F' is also smooth.
Let T C X be a Borel F-transversal. By Feldman-Moore [5], there exists a Borel
action of a countable group I' = {7, | n € N} on X such that F = EX. Hence we
can define a Borel reduction ¢ : X — X from E to A(X) by ¥(z) = v, - t, where
t € TN[z]r and n is minimal such that v, -t F x. O
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2.2. Recursion theory. If T C 2<N is a tree, then [T'] C 2V denotes the set of
infinite branches of T'. The tree T is said to be pointed iff T is perfect and T < x
for all x € [T]. It is easily seen that if T is pointed and T <7 z € 2N, then
there exists a branch « € [T'] such that « =¢ 2. Thus [T'] is a complete Borel
= p-section for the cone C' = {z € 2V | T <1 z}. Conversely, suppose that A C 2N
is a < p-cofinal Borel subset. Then a remarkable theorem of Martin says that there
exists a pointed tree T such that [T'] C A. (A proof of this theorem can be found
in Kechris [7].) In particular, it follows that if A C 2N ig a < p-cofinal = p-invariant
Borel subset, then A contains a cone.

If s, t € 2<N, then their concatenation is denoted by s xt. If 2, y € 2N, then
their disjoint sum 2 ® y € 2V is defined by

(%), if n is even;

(z @ y)(n) =

y(%51), ifnis odd.

Throughout this paper, ¢,, denotes the nth partial recursive function in some stan-

dard enumeration and 0’ = {n | p,(n) | }.

3. THE PROOF OF THEOREM 1.1

In this section, we shall present the proof of Theorem 1.1. For each countable
subgroup H of Sym(N), let Ex be the orbit equivalence relation of the action of H
on 2N, Notice that there exists a cone C' C 2" such that (Eg | C) C (=7] C).

Definition 3.1. If £ C F are countable Borel equivalence relations on the standard
Borel space X, then F' is smooth over E iff there exists a Borel homomorphism
f:X — X from F to E such that 6(z) F z for all z € X. (Of course, this implies
that 6 is actually a Borel reduction from F' to E.)

Theorem 1.1 is a straightforward consequence of the following result, together

with a deep result of Slaman-Steel [11].

Theorem 3.2. Suppose that H is a countable subgroup of Sym(N) and that D C 2N
is a cone such that (Eg | D) C (=7| D). Then=r! D is not smooth over Ex | D.

Proof of Theorem 1.1. Let G be a countable subgroup of Sym(N) and suppose that

§ : 2N — 2N i5 a continuous homomorphism from = to Eq. Let » € 2Y be a real
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such that g <7 r for all ¢ € G. For each g € G, let § € Sym(N) be the permutation
defined by

2g(n/2), if nis even;
n, if n is odd.

Let H={g|geG}and C ={z€ 2" |r <g z}. Then (Ey | C) C (=] C).
Let 7 : 2 — C be the continuous reduction from Eg to Ey | C defined by
m(x) = x®r and let ) = wo 6. Then 1 is a continuous homomorphism from =
to (Eg | C). Hence there exists a cone D C 2" such that ¢(z) <7 z for all z € D.
Applying Martin’s Theorem, there exists a cone D’ C D such that either:

(i) Y(x) =7 x for all x € D'; or

(i) Y(z) <pz for all x € D',
First suppose that (i) holds. Then D' C C and =7 | D’ is smooth over Ey [ D,
which contradicts Theorem 3.2. Thus (ii) holds. Since (Ey | C) C (=r[ C), we
can also regard ¢ as a Borel homomorphism from =7 to =¢. Hence by Slaman-
Steel [11, Theorem 2], there exists a cone D” C D’ such that ¢ maps D" to a
single = 7-class; say, [y]=,. Let A =n"1([y]=,). Then A is countable and hence
there exists an element a € A such that §7!(a) is <p-cofinal. Applying Martin’s
Theorem once more, it follows that there exists a cone D"’ C D” such that 6 maps

D" to [a]gg- O

Thus it only remains to prove Theorem 3.2. Suppose that H is a countable
subgroup of Sym(N) and that D C 2V is a cone such that (Ex | D) C (=7 D)
and = 7| D is smooth over Eg [ D. Let 8 : D — D be a Borel homomorphism from
=r| D to Eg | D such that 8(x) =1 x for all x € D. Since 6 is countable-to-one,
it follows that 6(D) is a Borel subset of 2V. Clearly (D) is < p-cofinal and hence
there exists a pointed tree T such that [T'] C (D). In particular, it follows that if

x,y € [T], then

r=ry <<= zFpy.
Let H = {h, | n €N} and let s € 2 code the sequence (h, | n € N) € (NV)N,
Then after replacing T by a suitable pointed subtree if necessary, we can suppose

that s <p T. Let « € [T] be the leftmost branch of T. Then & =1 T. Define an

increasing sequence of nodes y,, € T as follows:
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e yo=0.
e Suppose that y, has been defined and that y, C y& € T is the next
branching node. Let |y, | = £,. If h,,(¢,,) & x, let Y11 = y;7 * 1. Otherwise,
let Y11 =y, % 0.
Let y =limy, € [T]. Then T <7y <rT@®axPs=r T and so y =7 x. But by
construction, we have that (z,y) ¢ Ep, which is a contradiction. This completes

the proof of Theorem 3.2.

4. NORMAL SUBRELATIONS

By Theorem 3.2, the Turing equivalence relation =7 is not smooth over the
recursive isomorphism relation =;. In this section, we shall continue our study of
the relationship between =1 and =, from the perspective of the theory of countable

Borel equivalence relations.

Definition 4.1. If £ C F are countable Borel equivalence relations on the standard
Borel space X, then Endp(FE) denotes the set of all Borel maps ¢ from a Borel
subset dom 1 C X to X such that for all z, y € dom,

(a) Y(z) F x; and

(b) ¥(z) Ev(y) iff z Ey.

Definition 4.2. If E C F are countable Borel equivalence relations on the standard
Borel space X, then F is said to be a normal subrelation of F, written E < F, iff

there exists a countable family {1, | n € N} C Endp(E) such that
eFy < (3n) u(z) =y

Remark 4.3. In this case, we can suppose that dom),, is F-invariant for each
n € N. To see this, let D,, = [dom, |g be the E-saturation of dom,. Then
there exists a Borel map ¢,, : D,, — dom1,, such that:

(i) en(z) =z for all x € dom,,; and

(ii) cp(z)Ex for all x € D,,.
Thus we can extend 1, to the Borel map ¥} = 4, o ¢, € Endp(F) such that

D,, = dom 1 is E-invariant.
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Example 4.4. If E C F are countable Borel equivalence relations on the standard
Borel space X and F is smooth, then £ < F. To see this, let T" be a Borel
E-transversal and let ¢ : X — T be the Borel map such that c(xz) E z for all
r € X. Let I' = {7, | n € N} be a countable group such that F | T = EL for
a suitable Borel action of T on T; and let A = {4,, | m € N} be a countable
group such that E = EX for a suitable Borel action of A on X. Then the family

{0m oy oc|n,méeN} witnesses that E < F.

The remainder of this section is devoted to the proof of the following result.
Theorem 4.5. = is not a normal subrelation of =.

Our proof is based upon the following observations.

Lemma 4.6. Suppose that E C F are countable Borel equivalence relations on the
standard Borel space X and that E I F. If Y C X is a complete Borel F-section,
then E <% (E1Y).

Proof. Let {1, | n € N} C Endp(FE) witness that £ < F. Then we can suppose
that dom ), is E-invariant for each n € N. Let Z = [Y |g be the E-saturation of
Y and let ¢ : Z — Y be a Borel map such that ¢(z) E z and ¢(z) € Y for each
z € Z. Consider the Borel map 6 : X — Y defined by

0(x) = (cotn)(x),

where n is least such that € domw,, and 9, (x) € Z. Then 6 is a Borel homo-
morphism from E to E [ Y. Since 6(z) F « for all € X, it follows that 0 is

countable-to-one and hence is a weak Borel reduction. O

Lemma 4.7. Let E be a countable Borel equivalence relation such that E C=r.
Suppose that there exists a pointed tree T such that:

(a) E [ [T] is the identity relation; and

(b) E | C is not smooth, where C = {x €2V | (Jye [T])y=raz}.

Then E is not a normal subrelation of =r.

Proof. Suppose that F is a normal subrelation of =1. Then it follows easily that
E | C is a normal subrelation of =¢| C and hence (E [ C) <% (E | [T]). But

then Lemma 2.1 implies that F | C is smooth, which is a contradiction. (]
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Before proving Theorem 4.5, we shall illustrate the use of Lemma 4.7 by means of
the following simple application. Let Ey be the Vitali equivalence relation defined

on 2V by = Ey y iff 2(n) = y(n) for all but finitely many n. Then clearly Ey C =7.
Proposition 4.8. Ey is not a normal subrelation of =r.

Proof. For each s € 2<N let u, € 2<N be the binary sequence defined inductively
by up = 0 and ug; = us * i * us. Then T = {t € 2<N | (Is)t C uy } is a perfect
recursive tree such that Ey [ [T'] is the identity relation. Since Ey is not smooth

and [T] is a complete Borel =p-section, the result follows from Lemma 4.7. (]

Theorem 4.5 is an easy consequence of the following result.

Theorem 4.9. There exists a pointed tree T such that:
(i) T=r0; and
(ii) =11 [T'] is the identity relation.

Proof of Theorem 4.5. Let C = {x € 2Y | 0/ <7 x}. Then the map z — 2’ is a
Borel reduction from =7 to =;[ C and so =[] C is weakly universal. Hence the

result follows by Lemma 4.7 and Theorem 4.9. O

Thus it only remains to prove Theorem 4.9. Recall that ¢, denotes the nth
partial recursive function in some standard enumeration. For each s € 2<N, let
as € 2<N be the binary sequence defined inductively as follows. First let ag = (.
Now suppose that as € 2 has been defined for each s € 2" and that a,(2i) = 0'(3)
for each 2i < 4,,.

(i) If it exists, let p = 2j be the least even integer such that ¢,(p) | and
Ly < @n(p) is odd. For each s € 2™, define by = a, *x a5 € 2¢n(P)+2  where

for each £,, <r < ¢,(p) + 1,
0'(r/2)  if ris even;
as(r)=q1-0(j) ifr=e,(p);
1 otherwise.

If no such p exists, then we define by = a,.
(ii) Next if it exists, let ¢ > |bs| be the least odd integer such that ¢, (¢) | and

©n(q) = 2k is even. As above, extend each b, to a sequence cs = bg * 35 of
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odd length such that 85(¢) =1 — 0’(k). If no such ¢ exists, then we define
cs = by.

(i) Next if it exists, let m > |cg| be the least odd integer such that o, (m) |
is odd and |cs] < ¢n(m) # m. As above, extend each ¢, to a sequence
ds = cg %7, of odd length such that vy5(m) = 1 and vs(¢n(m)) = 0. If no
such m exists, then we define ds = c;.

(iv) Finally for each i € {0,1}, let assi = ds * i x d5, where the odd values of
ds mimic those of as. (We have included 5 to ensure that Fy [ [T'] is the
identity relation.)

Clearly T = {t € 2<N | (3s)t C a,} is a pointed tree such that T =7 0. To
see that =] [T'] is the identity relation, suppose that € [T'] and that 7 is a
recursive permutation such that m(x) € [T']. Since there are infinitely many n such
that ¢, = 7, clauses (i) and (ii) ensure that the symmetric difference 7(E) A E is
finite, where E is the set of even natural numbers. Similarly, clause (iii) ensures that
the set {k € N | k is odd and 7 (k) # k } is finite. It follows easily that 7(z) Ey .
Since Ey | [T'] is the identity relation, it follows that 7(z) = . This completes the
proof of Theorem 4.9.

5. CONCLUDING REMARKS

In this section, we shall sketch an alternative approach to Theorem 4.5, which
relies on a consequence of Martin’s Conjecture on degree invariant Borel maps.
Here, by Martin’s Conjecture, we mean the following special case of a more general
conjecture (also known as the 5th Victoria Delfino Problem) which was formulated

by Martin in Kechris-Moschovakis [8].

Martin’s Conjecture. If f : 2V — 2N is a Borel homomorphism from =7 to =7,

then exactly one of the following conditions holds:

(i) There ezists a cone C C 2N such that f maps C into a single = p-class.

(ii) There exists a cone C C 2V such that x <t f(z) for all z € C.

Martin’s Conjecture has many interesting consequences for the class of weakly
universal countable Borel equivalence relations. For example, it implies that =1 is
not countable universal and it implies the existence of uncountably many weakly

universal countable Borel equivalence relations up to Borel bireducibility. (It is
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currently not known whether there are any weakly universal relations which are
not countable universal. For a fuller discussion, see Dougherty-Kechris [4] and
Thomas [13].)

My original approach to Theorem 4.5 depended upon an appeal to Martin’s
Conjecture. More specifically, let M = {2 € 2V | [z]=, is a minimal degree } and
let & : M — 2 be the Borel map defined by 6(2) = 2. Then by the Cooper
Jump Inversion Theorem [2], for every 0’ <p x € 2V, there exists z € M such
that 6(z) =7 x. Thus, letting C = {z € 2V | 0/ <7 x} and Y = (M), it
follows that Y is a complete Borel section for =1 C. Hence, by Lemma 4.6, in
order to show that =; is not a normal subrelation of =p, it is enough to prove
that (=11 C) £% (=11 Y). As we noted in Section 4, (=] C) is weakly universal.
Hence, since 6 witnesses that (=7 M) ~p (=1] Y), it is enough to prove the

following conjecture.
Conjecture 5.1. =p[ M is not weakly universal.

As pointed out in Thomas [13, Corollary 2.4], Martin’s Conjecture implies that
if A C 2V is a =gp-invariant Borel subset, then =7 A is weakly universal iff A
contains a cone. In particular, Conjecture 5.1 follows from Martin’s Conjecture.
Unfortunately, there are currently no naturally occurring classes D C 2N of degrees

for which it is known that =[ D is not weakly universal.
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