First order corrections to the homogenized eigenvalues of a periodic composite medium. The case of Neumann boundary conditions.

Shari Moskow and Michael Vogelius^∗

1. Introduction 2. Error estimates related to homogenization 3. Application of Osborn’s formula 4. Eigenvalue corrections in one dimension 5. The case of convex polygons 6. A simple example 7. Discussion 8. References

1 Introduction

In this paper we study the behavior of the Neumann eigenvalues of an elliptic operator corresponding to a composite medium with periodic microstructure. Initially we assume that Ω ⊂ R^2 is a convex, bounded domain and we analyse the following eigenvalue problem −∇ · a(x/ϵ)∇v_ϵ = λ_ϵv_ϵ in Ω (1) a(x/ϵ)∇v_ϵ · ν = 0 on ∂Ω , where ν is the outward unit normal, a(y) = (a_{ij}(y)) is a symmetric positive definite matrix, and each a_{ij}(y) is a smooth (C^∞) periodic function with period Y . For simplicity we take Y = (0, 1) × (0, 1). Corresponding to (1) is the homogenized eigenvalue problem −∇ · A∇v = λv in Ω (2) A∇v · ν = 0 on ∂Ω where A_{ij} = ∫ Y a_{ik}(y) ( δ_{kj} − ∂χ^j ∂y_k (y) ) dy ∗Department of Mathematics, Rutgers University, New Brunswick, NJ 08903, USA

is a constant, positive definite symmetric matrix and χ^j is the Y -periodic (smooth) solution to ∇ · a(y)∇χ^j = ∂ ∂y_i a_{ij} (y) , (3)

one of the so called “cell functions”. If λ is an eigenvalue for (2) then it is well known (see [3] or [14]) that there exists a family of eigenvalues for (1), λ_ϵ, such that λ_ϵ → λ as ϵ → 0. Formally, we may write an asymptotic expansion for λ_ϵ,

λ_ϵ = λ + ϵλ_1 + ...

If the eigenfunctions for (2) corresponding to λ are in H^2(Ω) then |λ_ϵ − λ| ≤ Cϵ. The main goal of this paper is to characterize the possible first order corrections λ_1, that is, to characterize the limit points of the ratio λ_ϵ − λ ϵ (4) as ϵ → 0. The value 0 is a trivial eigenvalue for (2) (as well as for (1)), we shall only consider corrections to the nontrivial (positive) eigenvalues.

The first attempt to study the asymptotic magnitude of the term λ_ϵ − λ is to the best of our knowledge found in [6] and [7], however this work does not appear to recognize the fact that the ratio (λ_ϵ − λ)/ϵ may possibly have many different limit points (and not just a single limit) as ϵ tends to zero. The problem of characterizing (all possible) first order eigenvalue corrections of Dirichlet eigenvalues was discussed extensively in [15] and [11]. A particular representation formula was given for the limit points of the ratio (4); this formula is valid for any simple eigenvalue λ and for any curvilinear polygonal domain in which the corresponding homogenized eigenvector is in H^{2+ω}(Ω) for some ω > 0. In the case when the domain Ω was a (classical) convex polygon whose sides have rational (or infinite) slopes, it was possible to derive a much more explicit formula for the limit points of (4). This latter formula demonstrates that with Dirichlet boundary conditions there may frequently not just be one correction λ_1, but a whole continuum of corrections. That is, the limit of (4) may depend on the choice of a particular (sub)sequence ϵ_k → 0.

In order to obtain the general representation formula for the first order Dirichlet eigenvalue corrections, it was necessary to first establish certain error estimates for the corresponding elliptic source problem. We then used an error estimate for the convergence of the eigenvalues of a sequence of compact operators (due to Osborn [14]) to obtain the representation formula. In case of Neumann boundary conditions, the same procedure yields a general representation formula for the limit points of (4) similar to the one for Dirichlet boundary conditions. Just as in the Dirichlet case, this formula involves certain boundary corrector functions. In the Dirichlet case the boundary corrector functions could be rather explicitly characterized when the domain was a convex polygon with rational (or infinite) slopes. A similar characterization is possible for the Neumann case but it is somewhat more complicated to establish. To simplify matters as much as possible we make extensive use of the duality between the (two dimensional) Dirichletand Neumann problems and we make use of the analysis already carried out in [11]. In the end we find a quite explicit formula for the possible λ_1 when the domain is a (classical) convex polygon whose sides have rational (or infinite) slopes. This formula reveals the same phenomenon as in the Dirichlet case, namely the possibility of a continuum of corrections depending on the interaction between the periodic microstructure and the domain boundary. This may be viewed as somewhat surprising, since in one dimension the Neumann eigenvalues converge with rate O(ϵ^2); that is, in one dimension the first order Neumann eigenvalue correction is always zero.

The paper is organized as follows. In Section 2 we prove some error estimates for the Neumann source problem. Since we will apply these results to eigenfunctions associated with non-smooth domains, it is necessary to derive these estimates with minimal regularity requirements. In Section 3 we describe Osborn’s eigenvalue approximation estimate and apply it to our problem. Using the error estimates from Section 2, we then obtain a general representation formula for the limit points of (4), valid for any convex domain for which the corresponding homogenized eigenfunction is in H^{2+ω}(Ω), ω > 0. In Section 4 we compare the Neumann case and Dirichlet case in one dimension. We show that the one dimensional first order Neumann eigenvalue correction is always zero, while we know from [15] that this is not so with Dirichlet boundary conditions. In Section 5 we return to two dimensions and thoroughly discuss case where the domain is a convex polygon whose sides have rational (or infinite) slopes. We use the results from [15] and [11] about boundary corrector functions to find the limits of the expression obtained in Section 3. This yields a formula for the possible limit points of (4) that can be computed rather explicitly. In Section 6 we compute these possible limits for a simple example where the domain is a square and the coefficient depends only on one variable. This example shows how the first order correction λ_1 may change depending on the interaction of the microstructure with the domain boundary. Section 7 contains a discussion and some concluding remarks about an open, interesting problem.

2 Error estimates related to homogenization

In this section we establish certain estimates for the Neumann source problem. In the following section we shall use these estimates in the case when the right hand side (the source) is an eigenfunction for the homogenized problem. To be quite precise we estimate the error between the solution to −∇ · a(x/ϵ)∇u_ϵ = f in Ω (5) a(x/ϵ)∇u_ϵ · ν = 0 on ∂Ω and the solution to the corresponding homogenized problem

−∇ · A∇u_0 = f in Ω (6)

A∇u_0 · ν = 0 on ∂Ω

where f is a given function in L^2(Ω) with ∫ Ω f dx = 0. The solutions u_ϵ and u are uniquely determined by the additional requirement that ∫ Ω u_ϵ dx = ∫ Ω u_0 dx = 0. It is well known that u_ϵ → u_0 in L^2(Ω), but we need much more precise estimates of the rate of convergence. Throughout this section we shall assume that the domain Ω is bounded and convex with a boundary that is a curvilinear polygon of class C^∞ in the sense of Definition 1.4.1.5 of [5]. By a slight abuse of notation we shall refer to such a domain as a convex, curvilinear polygon of class C^∞. Since Ω is not assumed to be globally smooth (later we shall restrict our attention to classical convex polygons) it is important that our estimates do not require the homogenized solution to be very regular. The procedure for obtaining these estimates is somewhat analogous to the procedure we used for the Dirichlet problem [11] and represents a nontrivial extension of the method developed in [3]. As in the Dirichlet case, we need a boundary corrector function to appropriately adjust the boundary data. In the Neumann case, however, it is quite a bit more difficult to prove that this boundary corrector exists and is of order O(ϵ) in L^2(Ω). The proof of these facts extensively uses the duality between this Neumann boundary corrector function and a corresponding Dirichlet boundary corrector function.

We rewrite (5) as a first order system and proceed with the same asymptotic expansion as in the proof of Proposition 1 of [11]. We define

u_1(x, y) = −χ^j (y) ∂u_0 ∂x_j

(v_0(x, y))_i = (a_{ij}(y) − a_{ik}(y) ∂χ^j ∂y_k ) ∂u_0 ∂x_j = A_{ij}(y) ∂u_0 ∂x_j ,

v^∗_1 (x, y) = r^j(y)∇^⊥_x ∂u_0 ∂x_j where r^j(y) is Y -periodic and solves

(∇^⊥_y r^j)_i = −A_{ij} + A_{ij}(y) . (7)

We note that the matrix A_{ij} is symmetric, but that this is generally not the case with A_{ij} (y). The symbol ⊥ indicates a 90 degree rotation counter clockwise, i.e. ∇^⊥_x = (−^∂_{∂x2} ,^∂_{∂x1} ). The problem (7) has a periodic (smooth) solution due to the facts that^∂_{∂yi} (−A_{ij} + A_{ij}(y)) = 0 and ∫ Y (−A_{ij} +A_{ij} (y)) dy = −A_{ij} +A_{ij} (y) = 0 . Since Ω is convex it follows from a combination of Theorem 3.1.3.3 and Theorem 3.2.1.3 in [5] that u_0 is in H^2(Ω) with ‖u_0‖_H2_{(Ω)} ≤ C‖f‖_L2_{(Ω)} (the 0th order term in [5] is irrelevant as far as regularity is concerned). For the same reason we also get that u_ϵ ∈ H^2(Ω). If we let

z_ϵ(x) = u_ϵ(x) − u_0(x) − ϵu_1(x, x/ϵ) ∈ H^1(Ω) η_ϵ(x) = a(x/ϵ)∇u_ϵ(x) − v_0(x, x/ϵ) − ϵv^∗_1 (x, x/ϵ) ∈ L^2(Ω) then it follows just as in the proof of Proposition 1 in [11] that

∇ · η_ϵ = 0 in Ω (8) and ‖a(x/ϵ)∇z_ϵ − η_ϵ‖_L2_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)} . (9)

To adjust the Neumann data, we define the boundary corrector function B_ϵ ∈ H^1(Ω) through the variational equation ∫ Ω a(x/ϵ)∇B_ϵ · ∇ϕ dx = ∫ Ω 1 ϵ η_ϵ · ∇ϕ dx for all ϕ ∈ H^1(Ω). (10)

We note that the equation for B_ϵ is the natural weak formulation of

−∇ · a(x/ϵ)∇B_ϵ = 0 in Ω (11) a(x/ϵ)∇B_ϵ · ν = 1 ϵ η_ϵ · ν on ∂Ω. This observation is consistent with the fact that for any field, ζ_ϵ ∈ L^2(Ω), with ∇ · ζ_ϵ = 0 in Ω we may define ζ_ϵ · ν ∈ H^{−1/2}(Ω) in a weak sense by means of the formula ∫ ∂Ω ζ_ϵ · νϕ dσ = ∫ Ω ζ_ϵ · ∇ϕ dx for all ϕ ∈ H^1(Ω) .

Then we also have ‖ζ_ϵ · ν‖_H−1/2_{(∂Ω)} ≤ C‖ζ_ϵ‖_L2_{(Ω)} .

In the particular case of the field a(x/ϵ)∇B_ϵ this estimate becomes ‖a(x/ϵ)∇B_ϵ · ν‖_H−1/2_{(∂Ω)} ≤ C‖B_ϵ‖_H1_{(Ω)} . (12) To make B_ϵ unique we impose the additional requirement that ∫ Ω ϵB_ϵ dx = ∫ Ω z_ϵ dx = −ϵ ∫ Ω u_1 dx . Note that with this “convention” | | | | ∫ Ω ϵB_ϵ dx | | | | ≤ Cϵ‖u^0‖H^1(Ω) . (13)

Proposition 1 Let u_0 denote the solution to (6), let u_1, η_ϵ be defined as above, and let B_ϵ be the solution to (10). There exists a constant C, independent of u_0 and ϵ such that

‖u_ϵ(·) − u_0(·) − ϵu_1(·, ·/ϵ) − ϵB_ϵ(·)‖_H1_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)}

Proof Given g ∈ L^2(Ω) with ∫ Ω g dx = 0, we define ϕ_ϵ ∈ H^1(Ω) to be the solution to ∫ Ω a(x/ϵ)∇ϕ_ϵ · ∇ψ dx = ∫ Ω gψ dx for all ψ ∈ H^1(Ω) . (14)

Using this equation for ϕ_ϵ and the symmetry of the matrix a(x/ϵ), we have ∫ Ω (z_ϵ − ϵB_ϵ)g dx = ∫ Ω a(x/ϵ)∇(z_ϵ − ϵB_ϵ) · ∇ϕ_ϵ dx = ∫ Ω a(x/ϵ)∇z_ϵ · ∇ϕ_ϵ dx − ϵ ∫ Ω a(x/ϵ)∇B_ϵ · ∇ϕ_ϵ dx = ∫ Ω a(x/ϵ)∇z_ϵ · ∇ϕ_ϵ dx − ∫ Ω η_ϵ · ∇ϕ_ϵ dx , where in the last step we also used (10). In combination with (9) these identities yield | | | | ∫ Ω (z_ϵ − ϵB_ϵ)g dx | | | | = | | | | ∫ Ω (a(x/ϵ)∇z_ϵ − η_ϵ)∇ϕ_ϵ dx | | | | ≤ ‖a(x/ϵ)∇z_ϵ − η_ϵ‖_L2_{(Ω)}‖∇ϕ_ϵ‖_L2_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)}‖g‖_H−1_{(Ω)} , (15)

where we use H^{−1} to denote the dual of H^1 , and not of H^1_0 (as is customary). Since ∫ Ω ϵB_ϵ dx = ∫ Ω z_ϵ dx this implies

‖z_ϵ − ϵB_ϵ‖_H1_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)} ,

exactly as desired. 2

Consider the vectorfield a(x/ϵ)∇B_ϵ. This has divergence zero in Ω, and so there exists, for each ϵ, a function C_ϵ ∈ H^1(Ω) such that

∇^⊥C_ϵ = a(x/ϵ)∇B_ϵ in Ω . (16)

Here we used that Ω is simply connected (since it is assumed to be convex). We note that at this point C_ϵ is only defined up to a constant. Let Q denote the matrix Q = ( 0 −1 1 0 ) representing a rotation by 90 degrees counter clockwise. The function C_ϵ then satisfies ∇ · Q^ta^{−1}(x/ϵ)Q∇C_ϵ = 0 in Ω . Define ã(x/ϵ) = Q^ta^{−1}(x/ϵ)Q . (17) Since we are assuming that Ω is a curvilinear polygon of class C^∞, ∂Ω consists of m “corners” and m open smooth curves Γ_1, ...Γ_m connecting these “corners”. Let p be an interior point of Γ_i and suppose for a brief moment that we have f ∈ H^1(Ω). If ω denotes a sufficiently small neighborhood of p, then standard elliptic regularity theory ensures that u_0 is in H^3(Ω ∩ ω). It now follows that η_ϵ is in H^1(Ω ∩ ω), and so its normal component η_ϵ · ν is in H^{1/2}(Γ_i ∩ ω). From standard elliptic regularity theory it now follows that B_ϵ is in H^2(Ω ∩ ω) in any slightly smaller neighborhood, for simplicity also denoted Ω ∩ ω. The identity (16) now immediately givess that C_ϵ is in H^2(Ω ∩ ω). By taking the traces on Γ_i ∩ ω it also follows that C_ϵ ∈ H^{3/2}(Γ_i ∩ ω), ∇B_ϵ ∈ H^{1/2}(Γ_i ∩ ω) and that ∂C_ϵ ∂τ = −a(x/ϵ)∇B_ϵ · ν on Γ_i ∩ ω , where τ = Qν denotes the counter clockwise unit tangent to ∂Ω. On Γ_i ∩ ω we may calculate a(x/ϵ)∇B_ϵ · ν = 1 ϵ η_ϵ · ν = − 1 ϵ v_0 · ν − v^∗_1 · ν = 1 ϵ A∇u_0 · ν − 1 ϵ A(x/ϵ)∇u_0 · ν − r^j∇^⊥_x ∂u_0 ∂x_j · ν = − 1 ϵ ∇^⊥_y r^j · ν ∂u_0 ∂x_j − r^j ∇^⊥_x ∂u_0 ∂x_j · ν = ∂ ∂τ (r^j ∂u_0 ∂x_j ) . The extra regularity of ∇B_ϵ and η_ϵ · ν (which is assured by the extra regularity of f) guarantees that all terms in the above calculation make sense as functions (in H^{1/2}) on Γ_i ∩ ω. By combining the past two identities (for all p ∈ Γ_i) we conclude that there exists some constant d_i such that C_ϵ = −r^j (x/ϵ) ∂u_0 ∂x_j + d_i on Γ_i .

Since we know that C_ϵ ∈ H^1(Ω), its trace is in H^{1/2}(∂Ω); similarly, since r^j is smooth and u_0 is in H^2(Ω), the trace of the function r^j(x/ϵ)^{∂u0}_{∂xj} is also in H^{1/2}(∂Ω). As a consequence the trace of the function C_ϵ + r^j(x/ϵ)^{∂u0}_{∂xj} is in H^{1/2}(∂Ω). This trace equals the constant d_i on Γ_i, and since jump discontinuities are not permitted in H^{1/2}(∂Ω) all the d_i’s must have the same value, d. As noted earlier, C_ϵ has only been determined up to an additive constant. We now make the choice of C_ϵ unique by requiring that ∫ ∂Ω C_ϵ ds = − ∫ ∂Ω r^j(x/ϵ)^{∂u0}_{∂xj} ds, which means that d = 0. In summary we thus have C_ϵ = −r^j(x/ϵ) ∂u_0 ∂x_j on ∂Ω (18)

provided f is in H^1(Ω). The mapping f → u_0 → C_ϵ|_{∂Ω} is continuous

L^2(Ω) ∩ { ∫ Ω f dx = 0} → H^2(Ω) → H^{1/2}(∂Ω) ,

and so is the mapping f → u_0 → −r^j(x/ϵ) ∂u_0 ∂x_j . Since H^1(Ω) ∩ { ∫ Ω f dx = 0} is dense in L^2(Ω) ∩ { ∫ Ω f dx = 0} it follows that (18) holds true even for f that are only in L^2. We now return to assuming that f is an L^2 function. Based on the previous discussion it follows that the function C_ϵ solves ∇ · ã(x/ϵ)∇C_ϵ = 0 in Ω (19) C_ϵ = −r^j(x/ϵ) ∂u_0 ∂x_j on ∂Ω. Note that C_ϵ is a function similar to the boundary corrector for the Dirichlet problem. In fact, if we let χ̃^j (y) j = 1, 2 be the cell functions corresponding to the coefficient matrix ã(y), that is, we let χ̃^j , j = 1, 2 be the periodic solutions to ∇_y · ã(y)∇_yχ̃^j = ∂ ∂y_i ã_{ij} , then the functions r^j are just linear combinations of these cell functions. To prove this we calculate

∇_y · ã(y)∇_yr^j = ∇_y · Q^ta^{−1}Q∇_yr^j = ∇_y · Q^ta^{−1}∇^⊥_y r^j = ∂ ∂y_k [ (Q^ta^{−1})_{ki}(a_{il}(δ_{lj} − ∂χ^j ∂y_l ) − A_{ij} ) ]

= ∂ ∂y_k [ (Q^ta^{−1}a)_{kl}(δ_{lj} − ∂χ^j ∂y_l ) − (Q^ta^{−1}A)_{kj} ] . Since (Q^ta^{−1}a)_{kl}(δ_{lj} − ∂χ^j ∂y_l ) = [−∇^⊥_y (y_j − χ^j)]_k it follows that ∇_y · ã(y)∇_yr^j = − ∂ ∂y_k (Q^ta^{−1}A)_{kj} = ∂ ∂y_k (ãQA)_{kj} , where in the last step we used the fact that Q^{−1} = Q^t = −Q. Hence we obtain ∇_y · ã(y)∇_yr^j = ∂ ∂y_k ã_{ki}(QA)_{ij} , which means that, up to an additive constant,

r^j(y) = χ̃^i(y)(QA)_{ij} . (20)

Lemma 1 Let r^j be defined by (7) and let u_0 ∈ H^2(Ω) be the solution to (6). Then ‖r^j(x/ϵ) ∂u_0 ∂x_j ‖_H1/2_{(∂Ω)} ≤ Cϵ^{−1/2}‖u_0‖_H2_{(Ω)}.

Proof Suppose the vectorfield F = {F_j }^2_{j=1} is in H^1_0 (Γ_i) for i = 1, . . ., m ( F is defined on all of ∂Ω and vanishes at the corners). We then have

‖r^j(x/ϵ)F_j‖_L2_{(Γi)} ≤ C‖F‖_L2_{(Γi)} ,

‖r^j(x/ϵ)F_j‖_H1_{0 (Γi)} ≤ C ϵ ‖F‖_H1_{0 (Γi)} .

By interpolation it now follows that for any F ∈ H^{1/2}_{00} (Γ_i)

‖r^j(x/ϵ)F_j‖_H1/2_{00 (Γi)} ≤ Cϵ^{−1/2}‖F‖_H1/2_{00 (Γi)} . (21)

The space H^{1/2}_{00} (Γ_i) consists roughly speaking of those elements of H^{1/2}(Γ_i) that may be “extended to zero beyond Γ_i and still be of class H^{1/2} ”; we refer to [9] Section 11.5 for the exact definition of this space and for the above interpolation result.

Since the vectorfield A∇u_0 is in H^1(Ω), since A∇u_0 · ν = 0 on ∂Ω it follows from Theorem 1.5.2.3 in [5] that the boundary trace of A∇u_0 is in H^{1/2}_{00} (Γ_i), i = 1, . . ., m, and that it satisfies the estimate m∑ i=1 ‖A∇u_0‖_H1/2_{00 (Γi)} ≤ C‖A∇u_0‖_H1_{(Ω)} .

Due to the fact that A is a constant, invertible matrix we also get that ∇u_0 is in H^{1/2}_{00} (Γ_i), i = 1, . . ., m and that the above estimate holds with ∇u_0 in place of A∇u_0, i.e.,_m ∑ i=1 ‖∇u_0‖_H1/2_{00 (Γi)} ≤ C‖∇u_0‖_H1_{(Ω)} . (22)

From the proof of Theorem 1.5.2.3 in [5] it also follows that ‖ϕ‖_H1/2_{(∂Ω)} ≤ C m∑ i=1 ‖ϕ‖_H1/2_{00 (Γi)}

for any ϕ with ϕ ∈ H^{1/2}_{00} (Γ_i), i = 1, . . ., m.

A combination of this last estimate with ϕ = r^j(x/ϵ)^{∂u0}_{∂xj} , the estimate (21), with F = ∇u_0, and the estimate (22) now yields ‖r^j(x/ϵ) ∂u_0 ∂x_j ‖_H1/2_{(∂Ω)} ≤ C m∑ i=1 ‖r^j(x/ϵ) ∂u_0 ∂x_j ‖_H1/2_{00 (Γi)} ≤ Cϵ^{−1/2} m∑ i=1 ‖∇u_0‖_H1/2_{00 (Γi)} ≤ Cϵ^{−1/2}‖∇u_0‖_H1_{(Ω)} .

This concludes the proof of the lemma. 2

The previous lemma in combination with (19) implies that ‖C_ϵ‖_H1_{(Ω)} ≤ Cϵ^{−1/2}‖u_0‖_H2_{(Ω)}.

Due to (16) (the definition of C_ϵ) and (13) this immediately yields Lemma 2 Let u_0 ∈ H^2(Ω) be the solution to (6) and let B_ϵ be as defined previously. Then ‖ϵB_ϵ||_H1_{(Ω)} ≤ Cϵ^{1/2}‖u_0‖_H2_{(Ω)} .

We use this lemma to prove a corresponding L^2 estimate for ϵB_ϵ. Lemma 3 Let the hypotheses be as in Lemma 2. Then ‖ϵB_ϵ‖_L2_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)} .

Proof Let g be given in L^2(Ω) with integral zero and define ϕ_ϵ by (14). Then ∫ Ω ϵB_ϵg dx = ∫ Ω ϵa(x/ϵ)∇B_ϵ · ∇ϕ_ϵ dx . Now define ϕ_0,ϕ_1, and B^g_ϵ to be analogous to u_0,u_1, and B_ϵ but corresponding to right hand side g (instead of f). Since Ω is convex we know that ϕ_0 is in H^2(Ω), with ‖ϕ_0‖_H2_{(Ω)} ≤ C‖g‖_L2_{(Ω)}. From Proposition 1 ‖ϕ_ϵ − ϕ_0 − ϵϕ_1 − ϵB^g_ϵ ‖_H1_{(Ω)} ≤ Cϵ‖ϕ_0‖_H2_{(Ω)} and hence, by use of Lemma 2, | ∫ Ω ϵB_ϵg dx| ≤ | ∫ Ω ϵa(x/ϵ)∇B_ϵ · ∇(ϕ_0 + ϵϕ_1 + ϵB^g_ϵ ) dx| +Cϵ^{3/2}‖u_0‖_H2_{(Ω)}‖ϕ_0‖_H2_{(Ω)} . (23)

We bound the three terms in the above integral separately, starting with | | | | ∫ Ω ϵa(x/ϵ)∇B_ϵ · ∇ϕ_0 dx | | | | = | | | | ∫ Ω ϵ∇^⊥C_ϵ · ∇ϕ_0 dx | | | | = | | | ∫ ∂Ω ϵC_ϵ ∂ϕ_0 ∂τ ds | | | = | | | | ∫ ∂Ω ϵr^j ∂u_0 ∂x_j ∂ϕ_0 ∂τ ds | | | | ≤ Cϵ‖u_0‖_H2_{(Ω)}‖ϕ_0‖_H2_{(Ω)} . (24)

The second term | | | | ∫ Ω ϵa(x/ϵ)∇B_ϵ · ∇(ϵϕ_1) dx | | | | ≤ | | | | ∫ ∂Ω ϵa(x/ϵ)∇B_ϵ · ν (ϵϕ_1) ds | | | | ≤ ‖ϵa(x/ϵ)∇B_ϵ · ν‖_H−1/2_{(∂Ω)}‖ϵϕ_1‖_H1/2_{(∂Ω)} .(25) Since

ϕ_1 = −χ^j (x/ϵ) ∂ϕ_0 ∂x_j , we get, by the analogue of Lemma 1,

‖ϵϕ_1‖_H1/2_{(∂Ω)} ≤ Cϵ^{1/2}‖ϕ_0‖_H2_{(Ω)} .

Due to Lemma 2 and the inequality (12) ‖ϵa(x/ϵ)∇B_ϵ · ν‖_H−1/2_{(∂Ω)} ≤ Cϵ^{1/2}‖u_0‖_H2_{(Ω)} . In combination with (25) the last two estimates yield the following upper bound

for the second term of the integral in (23) | | | | ∫ Ω ϵa(x/ϵ)∇B_ϵ · ∇(ϵϕ_1) dx | | | | ≤ Cϵ‖u^0‖H^2(Ω)‖ϕ^0‖H^2(Ω). (26)

Finally, concerning the third term, an application of Lemma 2 and its analogue

for ϵB^g_ϵ gives | | | | ∫ Ω ϵa(x/ϵ)∇B_ϵ∇(ϵB^g_ϵ ) dx | | | | ≤ Cϵ‖u^0‖H^2(Ω)‖ϕ^0‖H^2(Ω) . (27)

From (23),(24),(26), and (27) it follows that | | | ∫ Ω ϵB_ϵg dx | | | ≤ Cϵ‖u^0‖H^2(Ω)‖ϕ^0‖H^2(Ω)

≤ Cϵ‖u_0‖_H2_{(Ω)}‖g‖_L2_{(Ω)} and thus ‖ϵB_ϵ‖_L2_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)} .

Note that for this last estimate we also use the fact | ∫ Ω ϵB_ϵ dx| ≤ Cϵ‖u_0‖_H2_{(Ω)} (from (13) it actually follows that this integral is bounded by Cϵ‖u_0‖_H1_{(Ω)}). 2

Corollary 1 Let the hypotheses be as in Proposition 1. Then there exists a constant C, independent of u_0 and ϵ such that ‖u_ϵ − u_0‖_L2_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)} and ‖u_ϵ(·) − u_0(·) − ϵu_1(·, ·/ϵ)‖_H1_{(Ω)} ≤ Cϵ^{1/2}‖u_0‖_H2_{(Ω)} .

Proof This follows directly from Proposition 1, Lemma 2, Lemma 3 and the fact that u_1 is bounded in L^2(Ω) independently of ϵ. 2

We now assume that our solution u_0 of (6) is in H^3(Ω) and proceed with an asymptotic expansion analogous to that in the proof of Proposition 2 of [11]. We maintain the definitions of u_1 and v_0 given earlier in this paper and complement the expansion with u_2 = χ^{ij} (x/ϵ)

∂^2u_0 ∂x_i∂x_j where χ^{ij} is Y -periodic (smooth) and satisfies ∇_y · a(y)∇_yχ^{ij} = A_{ij} − A_{ij}(y) + ∂ ∂y_k (a_{ki}χ^j ) . In place of v^∗_1, we define

(v_1(x, y))_k = c^{ijk}(y)

∂^2u_0 ∂x_i∂x_j where c^{ijk}(y) = −a_{ki}(y)χ^j(y) + a_{kl}(y) ∂χ^{ij} ∂y_l . As in [11] we also define v_2(x, y) = (∇_xp(x, y))^⊥ where p(x, y) is a Y -periodic (smooth) solution to (∇_yp)^⊥ = v_1(x, y) − v^∗_1(x, y) − v_1(x) + v^∗_1(x) .

If we let

ψ_ϵ(x) = u_ϵ(x) − u_0(x) − ϵu_1(x, x/ϵ) − ϵ^2u_2(x, x/ϵ) ∈ H^1(Ω) ξ_ϵ(x) = a(x/ϵ)∇u_ϵ(x) − v_0(x, x/ϵ) − ϵv_1(x, x/ϵ) − ϵ^2v_2(x, x/ϵ) ∈ L^2(Ω) , then it follows just as in [11] that ∇ · ξ_ϵ = 0 in Ω , (28) ‖a(x/ϵ)∇ψ_ϵ − ξ_ϵ‖_L2_{(Ω)} ≤ Cϵ^2‖u_0‖_H3_{(Ω)} . (29) It is again necessary to adjust the boundary data. Let θ_ϵ ∈ H^1(Ω) satisfy ∫ Ω a(x/ϵ)∇θ_ϵ · ∇ϕ dx = 1 ϵ ∫ Ω ξ_ϵ · ∇ϕ dx for all ϕ ∈ H^1(Ω) . (30) Proposition 2 Assume the solution u_0 to (6) is in H^3(Ω), and let u_1,u_2, and ξ_ϵ be as defined earlier. Let θ_ϵ be the solution to (30). There exists a constant C, independent of u_0 and ϵ, such that

‖u_ϵ(·) − u_0(·) − ϵu_1(·, ·/ϵ) − ϵ^2u_2(·, ·/ϵ) − ϵθ_ϵ(·)‖_H1_{(Ω)} ≤ Cϵ^2‖u_0‖_H3_{(Ω)} . Proof The proof is exactly the same as the proof of Proposition 1, with z_ϵ,η_ϵ, B_ϵ replaced by ψ_ϵ,ξ_ϵ, θ_ϵ respectively. 2

Our goal now is to get an estimate, better than that which we could immediately derive from Proposition 1, for the expression ‖u_ϵ(·) − u_0(·) − ϵu_1(·, ·/ϵ) − ϵB_ϵ(·)‖_L2_{(Ω)} when the homogenized solution is in H^3(Ω). Note that θ_ϵ = B_ϵ + R_ϵ where R_ϵ satisfies ∫ Ω a(x/ϵ)∇R_ϵ · ∇ϕ dx = 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇ϕ dx for all ϕ ∈ H^1(Ω) . (31) We make R_ϵ (and therefore θ_ϵ) unique by requiring that ∫ Ω R_ϵ dx = 0.

Lemma 4 Let ξ_ϵ and η_ϵ be as defined previously and let R_ϵ satisfy (31). There exists a constant C, independent of u_0 and ϵ, such that ‖R_ϵ‖_L2_{(Ω)} ≤ Cϵ^{1/2}‖u_0‖_H3_{(Ω)} .

Proof Let g be given in L^2(Ω) with integral zero, and let ϕ_ϵ be the solution to (14). Also define ϕ_0 and ϕ_1 to be the homogenized solution and the first order (interior) corrector corresponding to right hand side g. From Corollary 1 we know that ‖ϕ_ϵ(·)−ϕ_0(·)−ϵϕ_1(·, ·/ϵ)‖_H1/2_{(∂Ω)} ≤ C‖ϕ_ϵ(·)−ϕ_0(·)−ϵϕ_1(·, ·/ϵ)‖_H1_{(Ω)} ≤ Cϵ^{1/2}‖ϕ_0‖_H2_{(Ω)} , and since ‖ϵϕ_1(·, ·/ϵ)‖_H1/2_{(∂Ω)} ≤ Cϵ^{1/2}‖ϕ_0‖_H2_{(Ω)}, (the analogue of Lemma 1) it follows that ‖ϕ_ϵ − ϕ_0‖_H1/2_{(∂Ω)} ≤ Cϵ^{1/2}‖ϕ_0‖_H2_{(Ω)} .

Therefore there exists some ϕ̃_ϵ such that ‖ϕ̃_ϵ‖_H1_{(Ω)} ≤ Cϵ^{1/2}‖ϕ_0‖_H2_{(Ω)} and ϕ̃_ϵ = ϕ_ϵ − ϕ_0 on ∂Ω .

We now calculate | 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇(ϕ_ϵ − ϕ_0) dx| = | 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇ϕ̃_ϵ dx| = | ∫ Ω (v^∗_1 − v_1 − ϵv_2)(x, x/ϵ) · ∇ϕ̃_ϵ dx| ≤ C‖u_0‖_H3_{(Ω)}‖ϕ̃_ϵ‖_H1_{(Ω)} ≤ Cϵ^{1/2}‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H2_{(Ω)} . (32) In order to estimate the L^2 norm of R_ϵ we consider the integral ∫ Ω R_ϵg dx. Use of the equations for ϕ_ϵ and R_ϵ gives ∫ Ω R_ϵg dx = ∫ Ω a(x/ϵ)∇R_ϵ · ∇ϕ_ϵ dx = 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇ϕ_ϵ dx = 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇ϕ_0 dx + 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇(ϕ_ϵ − ϕ_0) dx .

The last term is, due to (32), bounded by Cϵ^{1/2}‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H2_{(Ω)}. The first term equals 1 ϵ ∫ Ω (ξ_ϵ − η_ϵ) · ∇ϕ_0 dx = ∫ Ω (v^∗_1 − v_1 − ϵv_2)(x, x/ϵ) · ∇ϕ_0 dx = ∫ Ω (v^∗_1 − v_1)(x, x/ϵ) · ∇ϕ_0 dx − ϵ ∫ Ω v_2(x, x/ϵ) · ∇ϕ_0 dx where the last integral is bounded by Cϵ‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H1_{(Ω)}. In summary, we have shown that ∫ Ω R_ϵg dx = ∫ Ω (v^∗_1 − v_1)(x, x/ϵ) · ∇ϕ_0 dx + O(ϵ^{1/2}‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H2_{(Ω)}) .(33)

We proceed to estimate the integral on the right hand side of (33) ∫ Ω (v^∗_1 − v_1)(x, x/ϵ)∇ϕ_0 dx = ∫ Ω ( −r^j (x/ϵ) ∂^2u_0 ∂x_j∂x_2 ∂ϕ_0 ∂x_1 + r^j(x/ϵ) ∂^2u_0 ∂x_j∂x_1 ∂ϕ_0 ∂x_2 − c^{ijk}(x/ϵ) ∂^2u_0 ∂x_j∂x_i ∂ϕ_0 ∂x_k ) dx = ∫ Ω ( −r^i(x/ϵ) ∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_1 + r^i(x/ϵ) ∂^2u_0 ∂x_i∂x_1 ∂ϕ_0 ∂x_2 ) dx − ∫ Ω ( c^{i1k}(x/ϵ) ∂^2u_0 ∂x_1∂x_i ∂ϕ_0 ∂x_k + c^{i2k}(x/ϵ) ∂^2u_0 ∂x_2∂x_i ∂ϕ_0 ∂x_k ) dx = ∫ Ω ( (−r^i − c^{i21})(x/ϵ) ∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_1 + (r^i − c^{i12})(x/ϵ)

∂^2u_0 ∂x_i∂x_1 ∂ϕ_0 ∂x_2 ) dx − ∫ Ω ( c^{i11}(x/ϵ) ∂^2u_0 ∂x_i∂x_1 ∂ϕ_0 ∂x_1 + c^{i22}(x/ϵ) ∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_2 ) dx . (34) The periodic functions r^i were defined, by (7), only up to additive constants. We now choose these constants such that

r^i = −c^{i21}.

A simple computation (see pp. 9-10 of [11]) yields c^{ijk} = −c^{ikj} so that r^i = c^{i12} and c^{ikk} = 0 .

In the last identity there is no summation. We now define a (smooth) Y -periodic function H_i by Δ_yH_i = −r^i − c^{i21} We substitute this into the first term in the above integral, (34), and integrate by parts once ∫ Ω (−r^i − c^{i21})(x/ϵ) ∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_1 dx = ∫ Ω ϵ^2Δ_xH_i(x/ϵ)

∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_1 dx = −ϵ ∫ Ω ϵ∇_xH_i(x/ϵ) · ∇ ( ∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_1 ) dx +ϵ ∫ ∂Ω ϵ∇_xH_i(x/ϵ) · ν ∂^2u_0 ∂x_i∂x_2 ∂ϕ_0 ∂x_1 ds = O(ϵ‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H2_{(Ω)}) .

Since the periodic function in each term of (34) has cell average zero, we can bound these terms similarly to obtain | ∫ Ω (v^∗_1 − v_1)∇ϕ_0 dx| ≤ Cϵ‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H2_{(Ω)} .

Combining this with (33) we get | ∫ Ω R_ϵg dx| ≤ Cϵ^{1/2}‖u_0‖_H3_{(Ω)}‖ϕ_0‖_H2_{(Ω)} ≤ Cϵ^{1/2}‖u_0‖_H3_{(Ω)}‖g‖_L2_{(Ω)} , which immediately gives the desired estimate . 2

For u_0 ∈ H^3(Ω) a combination of Proposition 2 and Lemma 4 gives ‖u_ϵ − u_0 − ϵu_1 − ϵB_ϵ‖_L2_{(Ω)} ≤ Cϵ^2‖u_0‖_H3_{(Ω)} + ϵ^2‖u_2‖_L2_{(Ω)} + ϵ‖R_ϵ‖_L2_{(Ω)} ≤ Cϵ^{3/2}‖u_0‖_H3_{(Ω)} . (35) Consider the bounded linear operator Λ_ϵ(u_0) = u_ϵ − u_0 − ϵu_1 − ϵB_ϵ , from H^2(Ω) ∩ {A∇u_0 · ν = 0 on ∂Ω} into L^2(Ω) . Observe that even the terms u_ϵ and B_ϵ depend linearly (and continuously) on the homogenized function u_0. From Proposition 1 and the previous estimate ‖Λ_ϵ(u_0)‖_L2_{(Ω)} ≤ Cϵ‖u_0‖_H2_{(Ω)} and ‖Λ_ϵ(u_0)‖_L2_{(Ω)} ≤ Cϵ^{3/2}‖u_0‖_H3_{(Ω)} .

By interpolating between the spaces H^2(Ω)∩{A∇u_0 ·ν = 0 on ∂Ω} and H^3(Ω)∩ {A∇u_0 · ν = 0 on ∂Ω} using the subspace interpolation result in Section 14.3 of [9] we arrive at the estimate ‖Λ_ϵ(u_0)‖_L2_{(Ω)} ≤ Cϵ^{1+ ω}2 ‖u_0‖_H2+ω_{(Ω)} for u_0 ∈ H^{2+ω}(Ω) ∩ {A∇u_0 · ν = 0 on ∂Ω}, 0 < ω < 1. We have thus verified Theorem 1 Let Ω ⊂ IR^2 be a bounded, convex curvilinear polygon of class C^∞ and let u_0 denote the solution to (6). Suppose u_0 ∈ H^{2+ω}(Ω) for some 0 ≤ ω ≤ 1. Set u_1(x, y) = −χ^j (y)^{∂u0}_{∂xj} (x) and let B_ϵ ∈ H^1(Ω) denote the solution to (10). There exists a constant C_ω, independent of u_0 and ϵ, such that

‖u_ϵ(·) − u_0(·) − ϵu_1(·, ·/ϵ) − ϵB_ϵ(·)‖_L2_{(Ω)} ≤ C_ωϵ^{1+ ω}2 ‖u_0‖_H2+ω_{(Ω)} .

Remark

We note that if Ω is a bounded, convex classical polygon (with sides that are line segments) and if f ∈ H^1(Ω) then it follows from Theorem 5.1.3.5 in [5] that u_0 ∈ H^{2+ω}(Ω) for some ω > 0. Here we use that all the interior angles satisfy 0 < α_i < π. Theorem 1 therefore automatically guarantees that

‖u_ϵ(·) − u_0(·) − ϵu_1(·, ·/ϵ) − ϵB_ϵ(·)‖_L2_{(Ω)} = o(ϵ) .

We expect that an analysis very similar to that in [5] would give u_0 ∈ H^{2+ω}(Ω), for some ω > 0, even when Ω is a bounded, convex curvilinear polygon. As a consequence we expect that the above estimate would remain valid (for f ∈ H^1(Ω) without any explicit assumptions on u_0). 2

3 Application of Osborn’s Formula

We will first state an eigenvalue approximation result due to Osborn [14], and then we proceed to use this result to derive a representation formula for the first order eigenvalue correction. The procedure here is virtually identical to that for the Dirichlet problem, and we refer to [11] for more details.

Suppose X is a Banach space and T_n : X → X is a sequence of compact linear operators such that T_n → T pointwise, where T is also a compact linear operator from X to itself. Suppose furthermore that the sequence {T_n} is collectively compact in the sense that the set {T_nf : ‖f‖ ≤ 1 n = 1, 2, ...} is precompact. Finally, suppose that the adjoints T^∗_n → T^∗ pointwise and that the sequence {T^∗_n} is also collectively compact.

Let μ be a nonzero eigenvalue of T of algebraic multiplicity m. Under the above assumptions it is well known that, for n large enough, there exist m eigenvalues of T_n, μ^n_1 , ...μ^n_m (counted according to algebraic multiplicity) such that μ^n_j → μ as n → ∞, for each 1 ≤ j ≤ m .

Let E be the spectral projection onto the generalized eigenspace of T corresponding to the eigenvalue μ. The space X can be decomposed in terms of the range and the null space of E: X = R(E) ◯+N(E), i.e. any f ∈ X can uniquely be written as f = g + h, g ∈ R(E), h ∈ N(E). For ϕ^∗ ∈ R(E)^∗ (the dual space of R(E)) we extend ϕ^∗ to all of X by ϕ^∗f = ϕ^∗Ef.

Theorem 2 (Osborn) Let ϕ_1, ϕ_2, ...ϕ_m be a basis for R(E) and let ϕ^∗_1, ϕ^∗_2, ...ϕ^∗_m denote the corresponding dual basis (each ϕ^∗_j extended as above). There exists a constant C such that |μ − 1 m Σ^m_{j=1}μ^n_j − 1 m Σ^m_{j=1} < (T − T_n)ϕ_j, ϕ^∗_j > | ≤ C‖(T − T_n)|_{R(E)}‖ · ‖(T^∗ − T^∗_n)|_{R(E}∗_)‖ (36)

We now use this theorem to derive a formula for the first order eigenvalue corrections. Let X be the real Hilbert space L̃^2(Ω) = {f ∈ L^2(Ω) : ∫ Ω f dx = 0}. For a given f ∈ X, we define T_ϵf = u_ϵ ∈ H^1(Ω) to be the variational solution to −∇ · a(x/ϵ)∇u_ϵ = f in Ω , a(x/ϵ)∇u_ϵ · ν = 0 on ∂Ω , (37) normalized by ∫ Ω u_ϵ dx = 0. Similarly, we define T f = u_0 to be the variational solution to the homogenized problem

−∇ · A∇u_0 = f in Ω , A∇u_0 · ν = 0 on ∂Ω , (38)

normalized by ∫ Ω u_0 dx = 0. The operators T_ϵ and their limit T are compact, self adjoint operators and they satisfy all of the hypotheses of the theorem for any sequence ϵ_n → 0 (according to Corollary 1, and the fact that ‖u_0‖_H2_{(Ω)} ≤ C‖f‖_L2_{(Ω)}, we actually have that T_ϵ converge to T in the operator norm). It is easy to see that λ is a nonzero eigenvalue for (2) if and only if 1/λ is an eigenvalue of T . Similarly, λ_ϵ is a nonzero eigenvalue for (1) if and only if 1/λ_ϵ is an eigenvalue of T_ϵ.

For the remainder of this section we assume that λ is a simple, nonzero eigenvalue for (2) and we assume that the corresponding eigenfunction v is in H^{2+ω}(Ω) for some 0 < ω ≤ 1. Let v be normalized by the requirement that ‖v‖_L2_{(Ω)} = 1. We use the same notation as above, only with f replaced by v, so that u_0 = T v and u_ϵ = T_ϵv; since T v =^1_λ v we note that u_0 =^1_λ v. Osborn’s formula yields | 1 λ − 1 λ_ϵ − < u_0 − u_ϵ, v > | ≤ C‖u_0 − u_ϵ‖^2_L2_{(Ω)} , (39)

where λ_ϵ is the family of eigenvalues of T_ϵ that converge towards λ (it makes no difference that T_ϵ is parametrized by a continuous parameter). From Corollary 1 it immediately follows that | 1 λ − 1 λ_ϵ − < u_0 − u_ϵ, v > | ≤ Cϵ^2 . (40)

Since we assume that u_0 is in H^{2+ω}(Ω) for some 0 < ω ≤ 1, we may use Theorem 1 to estimate the term < u_0 − u_ϵ, v > < u_0 − u_ϵ, v > = ∫ Ω (u_0 − u_ϵ + ϵu_1 + ϵB_ϵ)v dx − ∫ Ω (ϵu_1 + ϵB_ϵ)v dx = − ∫ Ω (ϵu_1 + ϵB_ϵ)v dx + O(ϵ^{1+ ω}2 ) .

The cell functions χ^j (y) have only been determined up to an additive constant; for simplicity let us now select them to have integral zero over a period cell. In this case one may find (smooth) Y -periodic functions b^j(y) that satisfy Δ_yb^j(y) = χ^j (y), and therefore ∫ Ω u_1v dx = − ∫ Ω χ^j (x/ϵ) ∂u_0 ∂x_j v dx

= − ∫ Ω ϵ^2Δ_xb^j(x/ϵ) ∂u_0 ∂x_j v dx = ϵ ∫ Ω ϵ∇_xb^j(x/ϵ) · ∇ ( ∂u_0 ∂x_j v ) dx − ϵ ∫ ∂Ω ϵ∇_xb^j(x/ϵ) · ν ∂u_0 ∂x_j v ds . It follows that < u_0 − u_ϵ, v >= − ∫ Ω ϵB_ϵv dx + O(ϵ^{1+ ω2} ) . In combination with (40) this gives 1 λ − 1 λ_ϵ + ϵ ∫ Ω B_ϵv dx = O(ϵ^{1+ ω}2 )

that is λ_ϵ − λ = −ϵλ_ϵλ ∫ Ω B_ϵv dx + O(ϵ^{1+ ω2} ) .

From Lemma 3 it now follows that |λ_ϵ − λ| ≤ Cϵ . Inserting this into the previous identity and using Lemma 3 once more we get λ_ϵ − λ ϵ = −λ^2 ∫ Ω B_ϵv dx + O(ϵ^ω2 ) . (41)

The first order corrections, that we seek to determine, are therefore simply all the possible limit points of the expression −λ^2 ∫ Ω B_ϵv dx. Remember that u_0 =^1_λ v and that u_0 was used to define B_ϵ. Notice also that the above formula is similar to that derived for the case of Dirichlet eigenvalues (cf. [11]).

4 Eigenvalue Corrections in One Dimension

In [15] we started our study of the first order corrections to the Dirichlet eigenvalues with a detailed analysis of the one dimensional case (with Ω = (0, 1)). This case served as a simple illustration of what occured in two dimensions for a convex polygon (see [15] and [11]). Given a sequence ϵ_k → 0 with 1 ϵ_k = M_k + δ_k , M_k integer , 0 ≤ δ_k < 1 and δ_k → δ_0 .

we showed that the first order correction to any Dirichlet eigenvalue λ has the form λ_1 = lim_{ϵk→0} λ_{ϵk} − λ ϵ_k = 2λ[χ(δ_0) − χ(0)] , where χ is the (single) periodic cell function defined by (3). Generically this correction depends on the sequence ϵ_k (more specifically it depends on the value of δ_0). There is not a single correction, but a multitude of limit points.

We shall now consider the first order corrections to the nontrivial, homogenized Neumann eigenvalues in the one dimensional case. The problem (1) reduces to −(a(x/ϵ)v^′_ϵ)^′ = λ_ϵv_ϵ in Ω = (0, 1)

v^′_ϵ(0) = v^′_ϵ(1) = 0 , with the corresponding homogenized problem

−a^{−1−1}v^{′′} = λv in Ω = (0, 1)

v^′(0) = v^′(1) = 0 .

Any nontrivial, homogenized eigenvalue has the form λ = a^{−1−1}n^2π^2 for some integer n ≥ 1, and as a corresponding eigenfunction we have v = √ 2 cos nπx . In line with our earlier notation we let u_ϵ denote the solution to

−(a(x/ϵ)u^′_ϵ)^′ = v in Ω = (0, 1)

u^′_ϵ(0) = u^′_ϵ(1) = 0 , with

∫_1 0 u_ϵ dx = 0. We are able to compute u_ϵ explicitly (a(x/ϵ)u^′_ϵ)^′ = − √ 2 cos nπx a(x/ϵ)u^′_ϵ = − √ 2 nπ sin nπx + c_ϵ . The boundary conditions u^′_ϵ(0) = u^′_ϵ(1) = 0 imply c_ϵ = 0, so

u_ϵ(z) = − √ 2 nπ ∫ z 0 sin nπx a(x/ϵ) dx + d_ϵ . For u_0 (the limit of u_ϵ) we correspondingly have

u_0(z) = − √ 2 nπ a^{−1} ∫ z 0 sin nπx dx + d_0 . Using Osborn’s eigenvalue estimate (Theorem 2) we get | 1 λ − 1 λ_ϵ | ≤ | < u_0 − u_ϵ, v > | + C‖u_0 − u_ϵ‖^2_L2_{(0,1)} . (42)

According to our previous calculations

u_0(z) − u_ϵ(z) = − √ 2 nπ a^{−1} ∫ z 0 sin nπx dx + √ 2 nπ ∫ z 0 sin nπx a(x/ϵ) dx + d_0 − d_ϵ = √ 2 nπ ∫ z 0 [ a^{−1}(x/ϵ) − a^{−1} ] sin nπx dx + d_0 − d_ϵ . Define d^2b dy^2 (y) = a^{−1}(y) − a^{−1} ,

so that ϵ^2 d^2 dx^2 b(x/ϵ) = a^{−1}(x/ϵ) − a^{−1} , and therefore < u_0 − u_ϵ, v > = 2 nπ ∫_1 0 ∫ z 0 ϵ^2 d^2 dx^2 b(x/ϵ) sin nπx dx cos nπz dz = 2 nπ ∫_1 0 ϵ^2 d^2 dx^2 b(x/ϵ) sin nπx ∫_1 x cos nπz dz dx = − 2 n^2π^2

∫_1 0 ϵ^2 d^2 dx^2 b(x/ϵ) sin^2 nπx dx . After integration by parts twice < u_0 − u_ϵ, v >= − 2 nπ ∫_1 0 ϵ^2b(x/ϵ) d dx [2 sin nπx cos nπx] dx , (43)

since all the boundary terms vanish. We thus have

< u_0 − u_ϵ, v >= O(ϵ^2) .

Noting that Corollary 1 also holds in one dimension, we conclude by a combination of (42) and (43) that | 1 λ − 1 λ_ϵ | = O(ϵ^2) ,

and hence |λ_ϵ − λ| = O(ϵ^2) . This implies that the first order corrections to all Neumann eigenvalues are zero, independent of the sequence ϵ_k → 0. The phenomenon that occured for the Dirichlet eigenvalues does not occur for the one dimensional Neumann eigenvalues. Numerical computations demonstrate this difference. We used a shooting method to compute the eigenvalues for the two problems for a specific choice of a(·) (Figures 1 and 2). Our coefficient, a(·), is defined as the periodic extension of the step function a(y) = { 1 0 ≤ y < 1/2 3 1/2 ≤ y < 1

The small dots in the figures represent a “generic” sequence ϵ_k, that is, one for which δ_k does not have a limit. The other symbols each represent a sequence with fixed δ_k = δ_0 (for different values of δ_0). In Figure 1 one clearly sees the different slopes of the lines (the different values of the first order correction) for different values of δ_0.

Figure 1

By contrast, we see the quadratic convergence of the Neumann eigenvalues in Figure 2.

Figure 2

One might expect that the first order Neumann eigenvalue corrections are somehow always zero, also in higher dimensions, but this is not the case. In the following section we show that, for a two dimensional convex polygon with sides of rational (or infinite) slope, the Neumann corrections display a behaviour much like that of the Dirichlet eigenvalue corrections. That is, the values of the corrections depend crucially on the interaction of the microstructure with the boundary.

5 The Case of Convex Polygons

In this section we obtain an explicit formula for the first order eigenvalue correction when the domain Ω ⊂ IR^2 is a classical, convex polygon with sides that have rational (or infinite) slopes. We exploit the duality between the Neumannand the Dirichlet boundary corrector functions, and then we we use a theorem from [11] (and [15]) about the L^2 limit points of the Dirichlet boundary corrector functions.

Since we are restricting attention to convex polygons in two dimensions, it is well known that the eigenfunctions of (2) are more regular than H^2. It follows from Theorem 5.1.3.5 of [5] with homogeneous Neumann boundary data and right hand side λv that any Neumann eigenfunction of (2) is in H^{2+ω}(Ω) for some 0 < ω ≤ 1. It is absolutely essential here that the polygon be convex; ω depends on the interior angles of the domain, and in general it approaches zero if any angle approaches π. Suppose now the homogenized eigenvalue λ is simple. The above type of regularity is exactly what is required for the formula (41) to hold, therefore we have λ_ϵ − λ ϵ = −λ^2 ∫ Ω B_ϵv dx + O(ϵ^{ω2} ) , where B_ϵ is the solution to the Neumann boundary value problem (11) with u_0 =^1_λ v (f = v).

We wish to obtain a quite explicit formula for the limit points of these ratios. At this point it becomes essential for our analysis that we assume that the sides of the polygon have rational (or infinite) slopes. Consider the functions C_ϵ defined by the Dirichlet boundary value problems (19) with u_0 =^1_λv. These functions are quite similar to the the boundary corrector functions for the Dirichlet eigenvalue problem. Indeed, it follows directly from the proof of Proposition 3.1 in [15] that, given any arbitrary sequence, one may always extract a subsequence ϵ_k so that the funtions C_{ϵk} converge in L^2(Ω) to a function C_∗, which (is in H^1(Ω) and) solves a boundary value problem of the form

∇ · Ã∇C_∗ = 0 in Ω (44) C_∗ = −r^j_∗ ∂u_0 ∂x_j = − 1 λ r^j_∗ ∂v ∂x_j on ∂Ω . (45)

We also refer the reader to Theorem 5 in [11]. Going back to (19) and (20) we can rewrite the boundary condition for C_ϵ C_ϵ = −r^j (x/ϵ) ∂u_0 ∂x_j = −χ̃^i(x/ϵ)Q_{il}A_{lj} ∂u_0 ∂x_j = −χ̃^i(x/ϵ)Q_{il} τ_l(A∇u_0) · τ = χ̃^i(x/ϵ)ν_i(A∇u_0) · τ on ∂Ω , (46) where χ̃^i are the standard cell functions corresponding to the coefficient ã(y) = Q^ta^{−1}(y)Q. In the second equality we have used that A∇u_0 · ν = 0 on ∂Ω. The boundary condition for the limit C_∗ = lim_{ϵk→0} C_{ϵk} may now also be written

C_∗ = χ̃_∗(A∇u_0) · τ on ∂Ω , (47)

a form which is very similar to that of Theorem 5 in [11]. We should note that in the results in [15] and [11] the function u_0 =^1_λ v is a Dirichlet eigenfunction, whereas here it is a Neumann eigenfunction, but that is of absolute no relevance to the proofs. The constant matrix Ã is the homogenized matrix corresponding to coefficient ã(y). The r^j_∗’s and χ̃_∗ are constant on each side of the boundary of Ω. In order to describe the exact values of the constants associated with the r^j_∗’s and χ̃_∗ we need some more notation, which we now briefly introduce. This notation is completely identical to that of section 4 in [11], the reader may consult that paper for more background material.

Let Γ be a particular side of ∂Ω with unit outward normal ν, and let N = (p, q) denote the minimal outward normal with integer entries. Such a normal exists since Γ has rational (or infinite) slope. Functions that are periodic in x with period ϵ are periodic with period ϵ(p^2 + q^2)^{1/2} = ϵT in the rotated coordinate system with basis vector ν and ν^⊥, in particular they are periodic with period ϵT on Γ. Suppose the line on which Γ lies is given by ν · x = s, and let the fractional part of a number t be defined by δ(t) = t − [t], where we briefly have used [·] to denote the integer part. The remainders δ_ϵ = T δ(^s_{ϵT} ) will play a special role in determining r^j_∗. Namely, suppose that the subsequence ϵ_k is such that, for each side of ∂Ω, there exists a 0 ≤ δ_0 ≤ T such that

δ_{ϵk} → δ_0 as ϵ_k → 0 . (48)

The value of δ_0 changes from one side of ∂Ω to another. We note that, given any arbitrary sequence, this kind of limiting behaviour may be obtained by extraction of a subsequence. Let P denote the halfplane P = {y : −ν · y > 0 } , with boundary ∂P = {y : −ν · y = 0 } , and let G denote the semi infinite strip G = {y : −ν · y > 0 , 0 < −ν^⊥ · y < T } . Corresponding to each side Γ we define functions w_j, j = 1, 2, by the requirements that w_j be periodic, with period T , in the ν^⊥ direction and satisfy

∇_y · ã(y + δ_0ν)∇_yw_j = 0 in P , (49)

w_j = r^j(y + δ_0ν) on ∂P , (50) and e^{γ(−ν·y)} ∂w_j ∂y_i ∈ L^2(G) i = 1, 2 , (51) for some γ > 0. The existence and uniqueness of such solutions w_j is well known [8]; it is also known that the w_j has a constant limit as −ν · y approaches +∞ [11]. The value of r^j_∗ on the side Γ is exactly that constant

r^j_∗|_Γ = lim −ν·y→+∞ wj(y) . The value of χ̃_∗ on the side Γ is given by

χ̃_∗|_Γ = lim −ν·y→+∞ w(y) , where w is the solution to (49)–(51) when r^j(·) is replaced by χ̃^i(·)ν_i. Since the functions r^j(·) and χ̃^i(·) are related by r^j(·) = χ̃^i(·)(QA)_{ij} it is not difficult to see that χ̃_∗|_Γ = r^j_∗|_Γξ_j ,

where ξ_j are the coordinates of the vector ξ = −A^{−1}τ. The r^j_∗|_Γ’s and χ̃_∗|_Γ may be expressed as integrals over G and its vertical boundary, cf. the appendix in [11]. For χ̃_∗|_Γ one obtains for example

χ̃_∗|_Γ = 1 < Ãν, ν > ( 1 T ∫ T 0 [ χ̃^iã_{jm}(δ_{ml} − ∂χ̃^l ∂y_m )ν_iν_jν_l|_y′_{1=−δ0} ] dy^′_2 + 1 T ∫ G ã(y + δ_0ν)∇w · ∇w dy ) , (52)

where w again is the y^′_2 periodic solution to (49)–(51) when r^j(·) is replaced by χ̃^i(·)ν_i. Here we have used the notation y^′_1 = −ν · y, y^′_2 = −ν^⊥ · y for a new set of rotated coordinates. When χ̃_∗|_Γ is decomposed as (52) the first term may also be written as

weak lim_{ϵk→0} [ χ̃^iã_{jm}(δ_{ml} − ∂χ̃^l ∂y_m )ν_iν_jν_l ] (x/ϵ_k)|_Γ . The boundary value problem (44), (45) (or (44), (47)) with all possible r^j_∗ (or χ_∗) inserted, characterizes the limit points of the functions C_ϵ (taking different subsequences ϵ_k → 0). We shall devote the rest of this section to finding a simple expression for the first order eigenvalue correction

λ_1 = lim_{ϵk→0} λ_{ϵk} − λ ϵ_k = −λ^2 lim_{ϵk →0} ∫ Ω B_{ϵk} v dx (53) in terms of C_∗ and the eigenfunction (or rather in terms of their Dirichlet boundary data). In doing so we shall always assume that (48) is satisfied for all sides of Ω. As a first step in this direction we prove the following lemma

Lemma 5 Suppose Ω is a convex polygon with sides of rational (or infinite) slopes. Let C_{ϵk} be a convergent sequence of solutions to the boundary value problem (19), and let C_∗ be the solution to the corresponding boundary value problem (44), (45). Then ã(x/ϵ)∇C_ϵ → Ã∇C_∗ in [ H^{−1}(Ω)

]_2 . Proof Let F be given in [ H^1_0 (Ω)

]_2

and let χ̃^j be the cell functions for the coefficient ã(·), then ∫ Ω ã(x/ϵ)∇C_ϵ · F dx = ∫ Ω (ã_{ij} − ã_{jk} ∂χ̃^i ∂y_k )(x/ϵ) ∂C_ϵ ∂x_j F_i dx + ∫ Ω ã_{jk} ∂χ̃^i ∂y_k (x/ϵ) ∂C_ϵ ∂x_j F_i dx . (54)

Since ∂ ∂x_j ( (ã_{ij} − ã_{jk} ∂χ̃^i ∂y_k )(x/ϵ) ) = 0 for each i, integration by parts yields ∫ Ω (ã_{ij} − ã_{jk} ∂χ̃^i ∂y_k )(x/ϵ) ∂C_ϵ ∂x_j F_i dx = − ∫ Ω (ã_{ij} − ã_{jk} ∂χ̃^i ∂y_k )(x/ϵ)C_ϵ ∂F_i ∂x_j dx . (55) The boundary terms disappear since F is zero on ∂Ω. We know that (ã_{ij} − ã_{jk} ∂χ̃^i ∂y_k )(x/ϵ) ⇀ Ã_{ij} weak* in L^∞(Ω) as ϵ → 0, and we also know that C_{ϵk} → C_∗ (strongly) in L^2(Ω). The integral (55), which is exactly the first term on the right hand side of (54), therefore converges to − ∫ Ω Ã_{ij}C_∗ ∂F^i ∂x_j dx = ∫ Ω Ã∇C_∗ · F dx , along the sequence ϵ_k. In order to complete the proof of this lemma it only remains to prove that the second term on the right hand side of (54) goes to zero as ϵ_k → 0. Towards this end we have ∫ Ω ã_{jk}(x/ϵ) ∂χ̃^i ∂y_k (x/ϵ) ∂C_ϵ ∂x_j F_i dx = ϵ ∫ Ω ã_{jk}(x/ϵ) ∂ ∂x_k χ̃^i(x/ϵ) ∂C_ϵ ∂x_j F_i dx = ϵ ∫ Ω ã_{jk}(x/ϵ) ∂C_ϵ ∂x_j ∂ ∂x_k ( χ̃^i(x/ϵ)F_i ) dx −ϵ ∫ Ω ã_{jk}(x/ϵ) ∂C_ϵ ∂x_j χ̃^i(x/ϵ) ∂F_i ∂x_k dx = −ϵ ∫ Ω ã_{jk}(x/ϵ) ∂C_ϵ ∂x_j χ̃^i(x/ϵ) ∂F_i ∂x_k dx , where we have used the equation for C_ϵ and the fact that F_i = 0 on ∂Ω to derive the last identity. Recall that ‖C_ϵ‖_H1_{(Ω)} ≤ Cϵ^{−1/2}, and so the second term on the right hand side of (54) is clearly bounded by Cϵ^{1/2}, in particular it goes to zero with ϵ. 2

As stated previously the first order corrections to the Neumann eigenvalues are the limit points of the expression −λ^2 ∫ Ω B_ϵv dx , as ϵ → 0. As before u_0 = T v(=^1_λv) is the solution to (6) with right hand side f = v, and thus ∫ Ω B_ϵv dx = ∫ Ω ∇B_ϵ · (A∇u_0) dx . (56) We now use a result from [1] to give us the existence of a vector field G ∈ [ H^1(Ω)

]_2 satisfying ∇ · G = 0 in Ω

G = A∇u_0 on ∂Ω .

The existence of G follows immediately from Theorem 6.2 in [1] (with s = 2 and p = 2) since A∇u_0 ∈ [ H^{1/2}(∂Ω)

]_2

and A∇u_0 · ν = 0 on ∂Ω. Note that since G has divergence zero and G · ν is zero on the boundary, G is orthogonal to any gradient (in L^2). This, in combination with (16) and (56), now gives ∫ Ω B_ϵv dx = ∫ Ω ∇B_ϵ · (A∇u_0 − G) dx = ∫ Ω a^{−1}(x/ϵ)∇^⊥C_ϵ · (A∇u_0 − G) dx . From the definition of ã a^{−1}(x/ϵ)∇^⊥C_ϵ = (ã(x/ϵ)∇C_ϵ)^⊥ and since (A∇u_0 − G) is in [ H^1_0 (Ω)

]_2 , we can now use the previous lemma to get lim_{ϵk→0} ∫ Ω B_{ϵk} v dx = ∫ Ω (Ã∇C_∗)^⊥ · (A∇u_0 − G) dx = ∫ Ω (Ã∇C_∗)^⊥ · (A∇u_0) dx − ∫ Ω (Ã∇C_∗)^⊥ · G dx . (57)

Since ∇ · Ã∇C_∗ = 0 in Ω , there exists some function D ∈ H^1(Ω) with (Ã∇C_∗)^⊥ = ∇D . This implies that the second integral in (57) is zero, and hence lim_{ϵk →0} λ_{ϵk} − λ ϵ_k = −λ^2 lim_{ϵk→0} ∫ Ω B_{ϵk} v dx = −λ^2 ∫ Ω (Ã∇C_∗)^⊥ · A∇u_0 dx . (58)

Lemma 6 Let Q be the rotation matrix Q = ( 0 −1 1 0 ) and let A and Ã be the homogenized matrices for a(x/ϵ) and ã(x/ϵ) respectively. Then AQÃ = Q. Proof From the definition (7) of r^j(y) and (20) we know that [ ∇^⊥_y (χ̃^i(y)(QA)_{ij}) ] k = A_{kj} (y) − A_{kj} or Q_{kp} ∂χ̃^i ∂y_p (QA)_{ij} = A_{kj} (y) − A_{kj}. Multiplying both sides by Q^ta^{−1}(y) we get ã_{mp}(y) ∂χ̃^i ∂y_p (QA)_{ij} = Q_{lm}(a^{−1})_{lk}(y)(A_{kj}(y) − A_{kj} ) , which gives us −ã_{mi}(y)(QA)_{ij} + ã_{mp}(y) ∂χ̃^i ∂y_p (QA)_{ij} = −ã_{mi}(y)(QA)_{ij} + Q_{lm}(a^{−1})_{lk}(y)(A_{kj}(y) − A_{kj} ) , or −Ã_{mi}(y)(QA)_{ij} = −(Q^ta^{−1}(y)Q)_{mi}(QA)_{ij} − (Q^ta^{−1}(y)A)_{mj} +Q_{lm}(a^{−1})_{lk}(y)A_{kj}(y) . The first two terms on the right hand side cancel, so −Ã_{mi}(y)(QA)_{ij} = Q_{lm}(a^{−1})_{lk}(y) [ a_{kp}(y)δ_{pj} − a_{kp}(y) ∂χ^j ∂y_p ]

= Q_{lm}δ_{lp}δ_{pj} − Q_{lm}δ_{lp} ∂χ^j ∂y_p , and consequently −Ã_{mi}(y)(QA)_{ij} = Q_{jm} − Q_{pm} ∂χ^j ∂y_p . By taking Y -averages of both sides we get −ÃQA = Q^t . Transposition of this identity finally leads to AQÃ = −A^tQ^tÃ^t = (−ÃQA)^t = Q , as desired. 2

From the above lemma, A(Ã∇C_∗)^⊥ = AQÃ∇C_∗ = ∇^⊥C_∗ , which in combination with (58) and (45) gives λ_1 = lim_{ϵk→0} λ_{ϵk} − λ ϵ_k = −λ^2 ∫ Ω ∇^⊥C_∗ · ∇u_0 dx = −λ^2 ∫ ∂Ω C_∗ ∂u_0 ∂τ ds = λ^2 ∫ ∂Ω r^j_∗ ∂u_0 ∂x_j ∂u_0 ∂τ ds = ∫ ∂Ω r^j_∗ ∂v ∂x_j ∂v ∂τ ds . (59) If we take the alternate form, (47), of the boundary condition for C_∗ and insert this into (58) we arrive at λ_1 = −λ^2 ∫ ∂Ω C_∗ ∂u_0 ∂τ ds = −λ^2 ∫ ∂Ω χ̃_∗A∇u_0 · τ ∂u_0 ∂τ ds = − ∫ ∂Ω χ̃_∗A∇v · τ ∂v ∂τ ds . (60) Simple algebraic manipulations give that A∇v · τ = α(τ, ν) ∂v ∂τ , with α(τ, ν) = < Aτ, τ >< Aν, ν > − < Aν, τ >^2 < Aν, ν > .

In combination with (60) this yields

λ_1 = lim_{ϵk→0} λ_{ϵk} − λ ϵ_k = − ∫ ∂Ω χ̃_∗ α(τ, ν) [ ∂v ∂τ ]_2 ds . (61) This clearly demonstrates the similarity between the first order Dirichlet and first order Neumann eigenvalue corrections. For the first order corrections, λ^D_1 , to a simple Dirichlet eigenvalue we proved in [11] that

λ^D_1 = ∫ ∂Ω χ_∗ < Aν, ν > [ ∂v^D ∂ν ]_2 ds , where v^D is the (normalized) homogenized Dirichlet eigenfunction, and χ_∗ is defined exactly as χ̃_∗ only with ã(y) replaced by a(y) and χ̃^i(y) replaced by χ^i(y).

6 A Simple Example

In this section we present a simple example which demonstrates that the first order Neumann eigenvalue correction is not always zero. In fact, we observe the same phenomenon as in the Dirichlet problem, namely that (for a polygon with sides of rational or infinite slope) the correction depends on the interaction of the periodic microstructure with the boundary. We choose as our domain

Ω = (0, 1) × (0, 1)

and take our periodic coefficient matrix to be isotropic and to depend only on one variable, i.e., a is a scalar function of the form

a = a(y_1) .

Clearly, χ^2 = 0, χ^1 = χ^1(y_1), and A(y) = ( a^{−1−1} 0 0 a(y_1) )

so that the homogenized eigenvalue problem becomes a^{−1−1} ∂^2v ∂x^2_1 + a ∂^2v ∂x^2 = −λv , with the boundary condition a^{−1−1} ∂v ∂x_1 ν_1 + a ∂v ∂x_2 ν_2 = 0 .

In view of the special form of Ω these boundary conditions translate into ∂v ∂x_1 (0, x_2) = ∂v ∂x_1 (1, x_2) = 0 and ∂v ∂x_2 (x_1, 0) = ∂v ∂x_2 (x_1, 1) = 0 .

Consider v = 2 cos πx_1 cos πx_2.

One easily checks that v satisfies the equation and the boundary conditions, and hence is a Neumann eigenfunction, corresponding to λ = a^{−1−1}π^2 + aπ^2. Indeed λ is the smallest eigenvalue with a corresponding eigenfunction that is truly a function of two variables. It is not difficult to see that that if a ≠ (k^2−1)a^{−1−1}, for all integer k, then λ is simple. For the remainder of this section we suppose that this assumption holds true. Note that we have chosen v so that ‖v‖_L2_{(Ω)} = 1. We now use the formula (59) to compute the possible corrections λ_1 = lim_{ϵk →0}^{λϵk −λ}_{ϵk} . Denote the right edge of Ω by S_1, and label the other edges S_2, S_3, S_4 in the counter clockwise direction. Each r^j_∗ is constant on any edge of ∂Ω; we denote the constant on the edge S_l by r^j_{∗l}.

λ_1 = r^j_{∗l} ∫ S_l ∂v ∂x_j ∂v ∂τ ds . We know that^{∂v}_{∂x1} = 0 on S_1 ,S_3 and^{∂v}_{∂x2} = 0 on S_2,S_4. We also know that τ_1 = 0 on S_1 ,S_3 and τ_2 = 0 on S_2,S_4. The expression for λ_1 simplifies to

λ_1 = r^2_{∗1} ∫ S_1 ( ∂v ∂x_2 )^2 ds − r^2_{∗3} ∫ S_3 ( ∂v ∂x_2 )^2 ds

− r^1_{∗2} ∫ S_2 ( ∂v ∂x_1 )^2 ds + r^1_{∗4} ∫ S_4 ( ∂v ∂x_1 )^2 ds . (62)

We may compute ∫ S_1 ( ∂v ∂x_2 )^2 ds = 4π^2 ∫ S_1

cos^2 πx_1 sin^2 πx_2 dx_2

= 4π^2

∫_1 0 sin^2 πx_2 dx_2 = 2π^2 .

In fact, each edge integral in (62) has this same value, and thus

λ_1 = (r^2_{∗1} − r^2_{∗3} − r^1_{∗2} + r^1_{∗4})2π^2 . (63)

From the definition of r^j, (7), it is in this case easy to see that r^1 =const, and that r^2 = r(y_1) is a function of y_1 alone, satisfying d dy_1 r = a(y_1) − a .

Suppose now that^1_{ϵk} = M_k + δ_k, M_k integer, 0 ≤ δ_k < 1 with δ_k → δ_0 as ϵ_k → 0. Since r^1 =const it follows immediately that r^1_{∗2} = r^1_{∗4}. Let us consider r^2_{∗1}. The function w_2 defined by (49)-(51) is now simply w_2 ≡ r(δ_0) and therefore r^2_{∗1} = r(δ_0). For the case of r^2_{∗3} the corresponding function, w_2, is also constant, namely w_2 ≡ r(0), and so r^2_{∗3} = r(0). Inserting these values of r^j_{∗l} into (63) we finally arrive at λ_1 = lim_{ϵk →0} λ_{ϵk} − λ ϵ_k = (r(δ_0) − r(0))2π^2 .

This correction clearly depends on δ_0, that is, it depends on the interaction between the microstructure and the macroscopic boundary (more specifically, the piece {x_1 = 1, 0 ≤ x_2 ≤ 1} ).

7 Discussion

We have derived formulas for the first order corrections to the (simple) homogenized Neumann eigenvalues in two dimensions ((53), (59) and (61)). Whereas the first order Neumann eigenvalue corrections are always zero in one dimension, our formulas clearly show that this is not (always) the case in two dimensions: if the domain is a convex polygon with sides of rational (or infinite) slope then one encounters the same phenomenon as for the Dirichlet eigenvalue corrections. That is, one discovers that the exact value of the first order correction to any simple eigenvalue depends on the interaction between the microstructure and the macroscopic boundary. We refer to [10] for a heuristic explanation of the difference between the behavior of the Neumann corrections in one dimension and in two dimensions. Such a difference is not seen for the Dirichlet eigenvalue corrections. We also refer to [15] and [10] for numerical computations of the boundary corrector functions associated with the eigenvalue corrections. That part of our work which leads to the most explicit formulas for the first order eigenvalue corrections, (59) and (61), is currently limited to polygonal domains whose sides have rational or infinite slopes (integer normals). It would be very intersting to investigate to what extent this work may carry over to polygons with sides of irrational slope and to more general (smooth) domains. In particular it would be very interesting to see if it is still possible to have many different first order corrections when the domain is smooth and without any straight boundary parts of rational slope. There are some heuristic arguments that might suggest this is not the case, and that the first order correction is unique (i.e., independent of the sequence ϵ_k) for such domains. However, it should be emphasized that nothing rigorous is known to this effect.

Acknowledgments

This research was partially supported by NSF grant DMS-9202042, AFOSR contract 89NM605 and URI-RIP grant 93-NA206.

References

[1] Arnold, D.N., Scott, L.R., and Vogelius, M., Regular inversion of the divergence operator with Dirichlet boundary conditions on a polygon, Annali Scuola Norm. Sup. Pisa, Serie 4, 15 (1988), pp. 169–192.

[2] Bensoussan, A., Lions, J.L., and Papanicolaou, G., Boundary layer analysis in homogenization of diffusion equations with Dirichlet conditions in the half space, in Proceedings of the International Symposium on Stochastic Differential Equations, Kyoto 1976, K. Ito, ed., Wiley 1978.

[3] Bensoussan, A., Lions, J.L., and Papanicolaou, G., Asymptotic Analysis of Periodic Structures, North-Holland, Amsterdam 1980.

[4] Bergh, J., and Löfström, J., Interpolation Spaces, Springer-Verlag, New York, 1976.

[5] Grisvard, P., Elliptic Problems in Nonsmooth Domains, Pitman Publications, Boston, 1985.

[6] Kesavan, S., Homogenization of elliptic eigenvalue problems: Part 1, Appl.

Math. Optim., 5 (1979), 153-167.

[7] Kesavan, S., Homogenization of elliptic eigenvalue problems: Part 2, Appl.

Math. Optim., 5 (1979), 197-216.

[8] Lions, J.L., Some Methods for the Mathematical Analysis of Systems , Science Press, Beijing, and Gordon Breach, New York, 1981.

[9] Lions, J.L., and Magenes, E., Non-Homogeneous Boundary Value Problems and Applications, Springer-Verlag, New York, 1972.

[10] Moskow, S., An analysis of eigenvalue problems for periodic composites, Ph.D. thesis, Rutgers University, 1996.

[11] Moskow, S., and Vogelius, M. First order corrections to the homogenized eigenvalues of a periodic composite medium. A convergence proof. To appear, Proc. Roy. Soc. Edinburgh.

[12] Murat, F. and Tartar, L., Calcul des variations et homogénéisation, in Les Méthodes D’Homogénéisation: Théorie et Applications en Physique, Colléction de la Direction des Etudes et Recherches d’Electricité de France, Eyrolles, Paris, 1985.

[13] Oleinik, O.A. and Iosif’jan, G.A., On the behavior at infinity of solutions of second order elliptic equations in domains with noncompact boundary, Math. SSSR Sbornik, 40 (1981), 527-548.

[14] Osborn, J., Spectral approximation for compact operators, Math. Comp., 29 (1975), 712-725.

[15] Santosa, F. and Vogelius, M., First-order corrections to the homogenized eigenvalues of a periodic composite medium, SIAM J. Appl. Math., 53 (1993), 1636-1668. Erratum to same: 55 (1995), p. 864.