ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE oc;-YAMABE EQUATION NEAR ISOLATED
SINGULARITIES

ZHENG-CHAO HAN, YANYAN LI, AND EDUARDO V. TEIXEIRA

ABSTRACT. O-Yamabe equations are conformally invariant equations generalizing the classical Yamabe equation. In
[38] YanYan Li proved that an admissible solution with an isolated singularity at 0 € R" to the o;-Yamabe equation
is asymptotically radially symmetric. In this work we prove that such a solution is asymptotic to a radial solution
to the same equation on R”\ {0}. These results generalize earlier pioneering work in this direction on the classical
Yamabe equation by Caffarelli, Gidas, and Spruck. In extending the work of Caffarelli et al, we formulate and prove
a general asymptotic approximation result for solutions to certain ODEs which include the case for scalar curvature
and oy, curvature cases. An alternative proof is also provided using analysis of the linearized operators at the radial
solutions, along the lines of approach in a work by Korevaar, Mazzeo, Pacard, and Schoen.

1. DESCRIPTION OF THE RESULTS

In a classic paper [4] Caffarelli, Gidas, and Spruck proved the asymptotic radial symmetry of positive singular
solutions u to the conformal scalar curvature equation

(1) Au(x) + ——un2(x) =0

on a punctured ball, and further proved that such solutions are asymptotic to radial singular solutions to (1)) on
R\ {0}. To describe the results of [4] more precisely, we first describe the radial solutions to (1) on Bg(0)\ {0}
for 0 < R < eo. A positive solution u to (I)) corresponds to a conformal metric

g = ui? (x)|dx]?

with scalar curvature n(n — 1). Using the polar coordinates x = @, with » = |x|, and 8 € S"~!, we can introduce
cylindrical variable t = —Inr, so that

—2

4
(2) g= iz (x)|dx|* = [r"T u(re)] " (rfzdr2 +d92) =y (¢,0) (dt2 +d92) ,
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where U (t,0) = r'z u(r@). Computing the scalar curvature of g in terms of U and the background cylindrical

metric df® + d 62, we can transform into

(n—2)2 n(n—2)

4

n42

Unr-2(1,0)=0.

3) U (t,0)+Agu1U(2,0) — U(t,0)+

If u(x) = u(|x|) is a radial positive solution to (I)) in some Bg(0)\ {0}, then y(¢) :=U(z,0) = r%u(re) is a
positive solution to the ODE

n— 2 nn— n+2
@) wn(t) "=+ Oy ) =0,

fort > —InR. Solutions to (@) has a first integral:

(n — 2)2 2n

H:= (1) + — y-2(t) — l//z(t)} = const.

along any positive solution y(#). In fact, positive solutions U to (@) globally defined on the entire cylinder

R x §"~! (thus positive solutions u to (T) on R\ {0}) are classified in [4].

Theorem A. ([4]) Let U(t,0) be any positive solution to defined on the entire cylinder R x "', If 0 is a
non-removable singularity of u in the sense that

liminf min U(z,0) >0,
t—oo geS§n—1

then U is independent of 6. Moreover U (t) is a periodic solution of @) with 0 < U(t) <1 for all t € R and the
first integral H < 0. We refer to these solutions as global singular positive solutions to (3). If 0 is a removable
singularity of u in the sense that

liminf min U(¢,0) =0,

t—oo  gcSn—1
n—2
then the corresponding u(x) = e%’U(t 0) = |x|_%U(—ln |x|, i) is identically equal to 2 )7
’ 7 1+ a?|x—x|?
in R" for some X € R" and a > 0.
Thus global singular positive solutions U (¢, 8) to (3) defined on the entire cylinder R x S"~! can be parametrized

by two parameters: its minimum value € > 0 and a moment 7 when it attains this minimum value. It turns out
that the minimum value € > 0 of global singular positive solutions to has the restriction 0 < € < gy, where
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n-2 /
g = (”n;z) * . For any such &, let y(¢) denote the solution to (@) such that W (0) = € and y,(0) = 0. Then any

global singular positive solution to (3)) can be represented as W (f + 7) for some 0 < € < & and 7.

The main results in [4] on the asymptotic behavior of a positive solution to (T) in Bg \ {0} can be stated as

Theorem B. ([4]]) Suppose that u(x) is a positive solution to (1)) in Bg \ {0} and does not extend to a smooth
solution to (1)) over 0, then

(5) ulx)=da(jx]) (1+0(|x])) asx—0,

with
) = |, u(lxle)do

being the spherical average of u over the sphere 8B‘x‘ (0); furthermore, there exists a radial singular solution

u*(|x]) to (1) on R\ {0} and some a > 0, 0 < € < & and 7 such that
(©) u(x) =u*(x) (1+0(]x[*)) ~ as |x| — 0.

and

-2

w () = |2 We(=Inlx|+7)  as|x| —0.

A key ingredient in the proof in [4] of Theorem B uses a “measure theoretic” variation of the moving plane
technique, which had been developed by Alexandrov [1]], Serrin [49], and Gidas-Ni-Nirenberg [17] to prove
symmetries of solutions to certain elliptic PDEs. Subsequent to [4] there have been many papers related to the
theme of Theorem B, including [13]], [37]], [32]l, and [50], among others. In particular [32]] gives a proof of (6)
and provides an expansion of u after the order u*(|x|) using rescaling analysis, classification of global singular
solutions as given by Theorem A, and analysis of linearized operators at these global singular solutions.

Our objective in this paper is to study similar problems for singular solutions in a punctured ball to a family
of conformally invariant equations which include (I)). More specifically, we consider singular solutions to the
equation

(7 or(g ' 0A,) = constant,

on a punctured ball {x € R": 0 < |[x| < R}, where

I R,
Ag = E{R’Cg - mg},

is the Weyl-Schouten tensor of the conformal metric

S

(x) x|,

I
<
3
b

8
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Ricg and R, denote respectively the Ricci and scalar curvature of g, and oy ( g ! 0A,) denotes the k-th elementary
symmetric function of the eigenvalues of A, with respect to g, and 0 < R < eo. Due to the transformation law, see
e.g. [52],

1
Ag =Ag + |VPWHdw@dw — E|Vw|2g0 )

when g = e 72" go, and

Gk(g_1 0Ay) = ezkwck(ggl 0A,),
is equivalent to

1
8) or(gy ' o {Aqg, +Viw+dw@dw— §|VW\2g0}) = ce v,

for some constant ¢, where we will often take gg to be the round cylindrical metric dr> +d6% on R x S"~!, which
is pointwise conformal to the flat metric |dx|> on R" as seen through (2). For ease of reference, we also record an
equivalent formulation of (8) in terms of u(x) through the transformation (2)):

2%¢ o

@) o1 (—(n—2)u(x)V2u(x) +nVu(x) @ Vu(x) — |Vu(x)[*1d) = mun—z (x).

The study of singular solutions of equations of the above type is related to the characterization of the size of
the limit set of the image domain in S” of the developing map of a locally conformally flat n-manifold. More
specifically, one is led to looking for necessary/sufficient conditions on a domain Q C S” so that it admits a metric
g which is pointwise conformal to the standard metric on S", complete, and with its Weyl-Schouten tensor A in

the l"ki class, i.e., the eigenvalues, A; < --- <A, of A, at eachx € Q satisfy 6;(A41,--- ,4,) >0forall j,1 < j <k,
in the case of F,’:; and (—1)/'0']-(),17 =+, Ay) >0forall j,1 < j<k,inthe case of I', . For k > 2, itis often restricted

to metrics whose Weyl-Schouten tensor is in the l“ki class, because, for a metric in such a class, @]) becomes a
fully nonlinear PDE in w that is elliptic. In the case of k = 1, 01(A,) is simply a positive constant multiple of

the scalar curvature of g; so A, in the sz class is a generalization of the notion that the scalar curvature R, of g
having a fixed + sign. For the positive scalar curvature case, Schoen and Yau proved in [48] that if a complete
conformal metric g exists on a domain Q C S" with 01(A,) having a positive lower bound, then the Hausdorff
dimension of dQ has to be < (n—2)/2. In [47] Schoen constructed complete conformal metrics on S" \ A when
A is either a finite discrete set on S” containing at least two points or a set arising as the limit set of a Kleinian
group action. Later Mazzeo and Pacard [41] proved that if Q C S” is a domain such that S" \ Q consists a finite
number of disjoint smooth submanifolds of dimension 1 < k < (n—2)/2, then one can find a complete conformal
metric g on Q with its scalar curvature identical to +1. For the negative scalar curvature case, the results of
Loewner-Nirenberg [39]), Aviles [2], and Veron [51]] imply that if Q C S"” admits a complete, conformal metric
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with negative constant scalar curvature, then the Hausdorff dimension of dQ > (n —2)/2. Loewner-Nirenberg
[39] also proved that if Q C S" is a domain with smooth boundary dQ of dimension > (n —2)/2, then there
exists a complete conformal metric g on Q with o1(A,) = —1. This result was later generalized by D. Finn [[16]
to the case of dQ consisting of smooth submanifolds of dimension > (n —2)/2 and with boundary. For more
recent development related to the negative scalar curvature case, see [33], [34], [40] and the references therein.
The consideration of singular solutions of equations of type (8) can be considered as a natural generalization of
these known results. In fact, in [11], Chang, Hang, and Yang proved that if Q C §" (n > 5) admits a complete,
conformal metric g with

o] (Ag) >c >0, Gg(Ag) >0, and
) [Rg| +[VgR|g < co,

then dim(S"\ Q) < (n—4)/2. This has been generalized by M. Gonzalez [19] and Guan, Lin and Wang [21]] to
the case of 2 < k < n/2: if Q@ C S" admits a complete, conformal metric g with

O (Ag) >c > Oa 62(A8)7 aGk(Ag) > Oa and
@), then dim(S"\ Q) < (n — 24) /2.

We restrict our attention in this paper to singular solutions with isolated singularity. We say a solution to (8]
or is in the F,j class in some region if its associated Weyl-Schouten tensor is in the F,j there; for a positive

solution u to this means that the matrix (—(n —2)u(x)V2u(x) +nVu(x) ® Vu(x) — |Vu(x)|*1d) belongs to

l",j. Our main result is

Theorem 1. Let w(t,0) be a smooth solution to (8) on {t > to} x S*™ 1 in the F,j class, where n >3, 2 <k <n,

and the constant ¢ > 0. Then there exist a radial solution w*(t) to (8) on R x S"~! in the F,j class, and constants
o >0, C > 0 such that

(10) [w(t,0) —w*(t)| < Ce ™ fort>to+1.

We can formulate Theorem|1]in terms of the variable u(x) defined on Bg \ {0} through (2):

Theorem 1. Let u(x) be a positive smooth solution to on Bgr\ {0} in the FI‘: class, wheren > 3,2 <k <n,

R >0, and ¢ > 0, then there exist a positive radial smooth solution u*(|x|) to @) on R\ {0} in the T} class, and
constants o¢ > 0, C > 0 such that

(11) Ju(x) = (Ix))] < Clx|%u*(|x])  for [x| <R/2.

Remark. As a consequence of Theorem 2| below, the o in Theorem|l|and|l| can be any number in (0, 1), while
the constant C depends also on «.

Remark. The k = 1 case of Theorems |I| and |l was proved in [4], as remarked earlier. In the situation of
Theorem’ , the asymptotic symmetry of u(x), a positive solution to on B\ {0} in the T'}" class, was proved
in (38|, namely, for some constant C > 0,

Ju(x) —(|x])] < Clxfa(|x]),

where ii(|x|) is the spherical average of u(x). This is a generalization of the result (3)) in [4] for solutions to (I)),
and will be a starting point for our proof of Theorem
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We can describe the asymptotic behavior of solutions in Theorems [1| and |1{ in more explicit terms after de-
scribing the classification results from [8] on the radial solutions to (8) for k > 1 in the F,j class globally defined

on R x §""!. Let us first work out (§) more explicitly in the case of radial solutions.

To fix our notations, we introduce new variables v(¢, 0) and w(z, ) such that

@) g = ui2 (x)|dx|? = v=2(x)|dx? = U2 (1,0)(d* +d62) = =270 (dr® + d6?),
where t = —In x| and 6 = x/|x|. Thus
AN
n—2 X n—2
12 2 = =L —U(t.0) = ¢~ "7 W(1,0)
(12) 7 = () T —ve.0) =

Following the notation in [8]], the Schouten tensor of g can be computed as, when v = v(|x|),

A — V,‘j |VV|2
YTy 2

XiXj
x>’

5,'1- = 15,']'+IJ

vy

with A = 2 (1—%5%) and p = Y= — Xz The eigenvalues of A with respect to |dx|? are A with multiplicity (n — 1),
and A + u with multiplicity 1. The formula for o} (g~! 0A,) can be found easily by the binomial expansion of

(e A" (r— A —p):

(13) k(g™ 0Ag) = casv AN (nA + kp),
—1)!
where ¢ = it = 7 (7)-
Remark. The convention t = —Inr here is off by a sign with the convention in [8|, and the transformation from

v to w is adjusted from [8|| accordingly.

vr(x) = 0 (—wy, (1,0) +1) = (—wi (2, 0) + 1)v(x)/r,
and
Vir(x) = O Dy (1,0) — wy (1,0) (—wi (1,0) 4+ 1)] = [wy (1,0) — wy (1,0) (—w; (1, 0) + 1)]v(x)e?.

Thus when v = v(|x|), we find w(z,0) =t +Inv(e™") =: £(¢) is a function of ¢, and

1
A=a(1-8),  and  p=e(GtE 1),
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Using (T3), (8) in the radial case then becomes

Cc= O'k(Ag) = Cnk

2\k—1 2 2
2k(E+t (1_‘;) l_ét étt+§t_1
¢ ( )zk—lez(k—l)r n 2e2t +k 2t

1 k&

(14 — -8 [ G- - e

where ¢, , = nc, 2" % = 2'"¥(%). Thus (T4) is the radial case of (7), written in cylindrical coordinate ¢ and the
variable w(t, 0) = &(r). In general, we will allow ourselves the flexibility of treating (7)) either as an equation for
u(x) on Bg \ {0} or as an equation for U(z,0) or w(t,0) on a cylinder {(t,68) : t > —InR, 8 € S"~'} with respect

to the background metric dr* + d6?.

Now we record the relevant part of the results in [8] regarding radial solutions of (T4) in the F,j class on the

entire R x S"~!, when k > 1 and Oy 1s a positive constant, normalized to be 2k (Z)

Theorem C. ([8]) Any radial solution &(t) := w(t,0) of (8) in the I}’ class on the entire R x "', when k > 1
and c is a positive constant, normalized to be 2% (Z), has the property that 1 —E? > 0 for all t. Furthermore,

h = ek=mEW) (1 — E2(1))k — e s a nonnegative constant. Moreover

4 2
(1) If h =0, then un2(|x|) = (\x\%;ﬂ) for some positive parameter p. So these solutions give rise to the

round spherical metric on R" U{eo} = S".
(2) If h > 0, then the behavior of u is classified according to the relation between 2k and n:

(a) If 2k < n, then h has the further restriction h < h* := %c ("_Tzk) * and &(t) is a periodic function

o2& (nfx))
|2

of t, giving rise to a metric g = |dx|? on R"\ {0} which is complete. Note that the case

2
h = h* gives rise to the cylindrical metric % on R"\ {0}.
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4

(b) If 2k = n, then h satisfies the further restriction h < 1 and as |x| — 0, g = un—2(|x|)|dx|? has the
asymptotic

/ k
g~ |x| 207V 17‘%)|a’x|2:e7(2 lfﬂ)[(dtz—&-dez),
and as |x| — o0, g = iz (|x|)|dx|? has the asymptotic

g ~ x| 20V g2 — 2V1=Vie g2 4 g2y,

Thus g gives rise to a metric on R"\ {0} singular at 0 and at = which behaves like the cone metric,
is incomplete with finite volume.

(c) If 2k > n, then i (|x]) has an asymptotic expansion of the form

- B LN A
otz () =p 21 - Vi (B T

as |x| — 0, where p > 0 is a positive parameter, thus u(|x|) has a positive, finite limit, but u,,(|x|)
blows up at |x| — 0. The behavior of u as |x| — oo can be described similarly. Putting together, we

conclude that uw= (x])|dx|? extends to a C*~ & metric on S".

We can parametrize the global singular radial solutions to (8)) in a similar way as before: for each 0 < h, subject
to any further constraints depending on 2k < or = n, as given in Theorem C, let &,(¢) denote the solution to (8)
with its first integral equal to & and such that &,(0) equals ming &,(r). We can now reformulate Theorem [1| with
more explicit information as

Theorem 1”. Let w(t,0) be a smooth solution to () on {t > to} x S"Vin the T’} class, where n > 3,2 <k <n,
and ¢ > 0. Then there exist & >0, h > 0, T and C > 0 such that

(15) [w(t,0) =& (t+1)| <Ce™ ™  fort>ty+1.

As mentioned earlier, the o in the above theorem can be taken as any number in (0, 1), while the constant C
then depends on o as well.

Using the transformation m and our knowledge of &,(t + 7) as given in Theorem C, we can also formulate
the result in Theorem|[I]" in terms of the variable u(x) defined on Bg \ {0}.

Corollary. Let u(x) be a positive smooth solution to on B\ {0} in the T} class, where the constant c is

normalized to be 27 (). If

(16) limi(1)1f|x|%u(x) >0,
X—
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then 2k < n, furthermore, there exist o >0, h* > h > 0, T and C > 0 such that

(17 u(x) = (1+o([x*)) |2 =27 ¢~ & nkl+0)
as x — 0;

If 2k > n, or 2k < n and
(18) liminf|x|%u(x) =0,
x—0

then lim,_o u(x) exists and equals some a > 0, and there exist some o > 0 and C > 0 such that

(19) lu(x) —al < Clx|%;

If 2k = n, then there exist some O < h < 1 and o > 0 such that

P-VI=Vhy ()

x|
extends to a C* positive function over Bg.

Remark. In the case 2k > n Gursky and Viaclovsky [29), YanYan Li |38|| had obtained (]EI) earlier, with ot =2 — %
In the case 2k < n, M. Gonzalez [20] proved that if u is a solution to (13) in Bg \ {0} in the I'}| class such that

u*/"=2)|dx|? has finite volume over Bg \ {0} , then u is bounded in Bg \ {0}.

As in [32]], we also obtain higher order expansions for solutions to (]E[) in the case 2k < n.

Theorem 2. Let w(t,0) be a solution to (B) on {t > to} x S"" ! in the I';" class, where n >3, 2 <k <n/2, and
the constant c is normalized to be 2% (), and let w*(t) = &,(t + ) be the radial solution to (8) on R x S"~! in

the T class for which (I0) holds. Let {Y;(0): j=0,1,---} denote the set of normalized spherical harmonics,
and p be the infimum of the positive characteristic exponents defined through Floquet theory to the linearized
equation of ([8) at w*(t) corresponding to higher order spherical harmonics Y;(0), j > n — see the paragraph
before Lemmam in Section 4 for more detail. Then p > 1, and when h > 0, there is a

wi(1,0) = iajelr (1+&(+7)¥,6),
f=

which is a solution fo the linearized equation of (8) at w*(t), such that

(20) w(t,0) —w* (1) —wi(t,0)| < Ce™™™2PY fori >y +1,



10 ZHENG-CHAO HAN, YANYAN LI, AND EDUARDO V. TEIXEIRA

provided p # 2; when p =2, continues to hold if the right hand side is modified into Cte .

Theorem [2] requires some knowledge on the spectrum of the linearized operator to (8). We are able to provide
the needed analysis, and will state them as Propositions [2]and [3]in section 4. Such analysis will also be needed
in constructing solutions to (§) on "\ A, and in analysing the moduli space of solutions to () on S” \ A, when
A is a finite set. Our knowledge of the spectrum of the linearized operator to immediately yields Fredholm
mapping properties of these operators on appropriately defined weighted spaces, as those in [44], [43]], and [32].
We will pursue these problems in a different paper.

It turns out that either of the approaches in [4] and [32] can be adapted to prove the main part of Theorom [I]
We will provide proofs along both lines.

The approach in [4] first proves that the radial average of the solution is a good approximation to the solution,
and satisfies an ODE which is an approximation to the ODE (@) satisfied by a radial solution to (@)); from this
approximate ODE one proves that the radial average is approximated by a (translated) radial solution to (3. More
specifically, [4] first proves (@) for a positive solution to (I in the punctured ball B,(0) \ {0}.

Interms of U(z,0) = r%u(re), t=—Inr=—In|x|, and

By =15 [ Ute)de,

(@) is reformulated as
@21 U(t,0)—B(1)] <CB(t)e .
Using gradient estimates and (3)), [4] further deduces that for some constant C > 0
19 (u(x) — a(lx)))] < Ca(l]),
which, in terms of U(¢,0),7 = —Inr = —In|x|, and B(¢), is reformulated as
(22) Vio(U(1,0) =B (1) < CB(t)e "

It follows from (3], (ZI) and a version of (22) for derivatives up to order 2 that

(23) B(t) = —Bt)+ =——B2 (1) = 0(B(1)e™).

It is then routine to deduce from the following approximate first integral, which, up to a constant, is referred
to as (7.14) in [4]: for some constant D..,

24) B2 () =" [B20) - B2 ()] + D+ (B2(0)+ 87 (1) 07,
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Since f(¢) remains positive for all large ¢, demands that 0 > D., > D*, where

. (n—2)? ) o 2n n—2(n—2>2
D" =— sup (B7—fn2 | =—
1L R

is determined so that for 0 > D., > D*,

Sup<(n—42)2 {ﬁz_ﬁ,}”z]_i_Dm) >0.

B>0

Then [4]] indicates that when 0 > D., > D*, B(r) is asymptotic to a translated solution y(z) to @) whose first
integral is the same as D... When D.. = 0, [4] gives a detailed argument that 0 is a removable singularity.

We will formulate and prove a general asymptotic approximation result for solutions to certain ODEs which
include the case for scalar curvature and o}, curvature cases.

Consider a solution () to

25) B'()=1(B'0).B(0) +er(t), 120,
where f is locally Lipschitz, and e (¢) is considered as a perturbation term with e; () — 0 as ¢ — oo at a sufficiently

fast rate to be specified later. Suppose that |3(z)| + |B(¢)| is bounded over 7 € [0,0). Then by a compactness
argument there exist a sequence of #; — oo and a solution Y(7) to

(26) v (1) =f(y' (1), p(1)
which exists for all # € R such that
27 BEti+)—wy in Clloc(—oo,oo) as i — oo,

Theorem 3. Suppose that, for the B(t), y(t) and {t;} above, y(t) is a periodic solution to (26) with (minimal)
period T > 0. Thus for some finite m < M,

(28) V(R) = [m,M].

We may do a time translation for y(t) so that y(0) = m, y'(0) = 0, then the approximation property can be
reformulated as, for some s,

(29) Blii+-)) = y(=s+:) =0, in Clp.(—o0,), asi— oo
Suppose that y(t) has a first integral in the form of

(30) H(y'(t),w(t)) =0, for some continuous function H(x,y),
where H satisfies the following non-degeneracy condition, depending on

case (). (y(¢t) = m is a constant): there exist some € >0, A>0,1>0,

GD) H(x,y) = A (' +ly—ml'), for any (x,y) with |x| +|y = m| < &1;
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case (ii).(y/(t) is non-constant): there exist some € >0, A > 0 and [ > 0,

(32) |H(0,y)| = [H(0,y) — H(0,m)| > Aly—ml|", for any y with |y —m| < €.

Suppose also that B(t) has H as an approximate first integral

(33) H(B'(1).B(1))| < ex(t), fort>0,

where e,(t) — 0 as t — co. Without loss of generality, we may suppose that e;(t) is monotone non-increasing in
t. Finally suppose that

(34) /Ow <(62(l‘))1/l +sup el(r)|) di < oo.

>t

Then, there exist some s.. and C > 0 such that,

B(r) = (t — )| + B (£) = W (1 —5)]

(35)
<C <(ez(t,))1/l—|—sup|el(f)|> dt —0, ast— oo

t—1 >

In the case of (T)), we can take

(n—2)? [y 2

H(x,y) =x"+ , m—yz} — Do,

according to (24). Then f(r) and H satisfy the conditions in Theorem [3] We will indicate how Theorem [3|can be
applied to prove Theorem 1] after we provide more background information on solutions to (8] and

Some comments on Theorem [3|are appropriate here.

Remark. (a). (32) would be satisfied with | = 1 if Hy(0,m) # 0, for instance. Assumptions (30), (32), and
(33) are used only near (0,m), and need not be posed near the minimum m of y(t): the argument would go
through if they are posed near any critical value of y(t). (b). Our proof gives an exponential decay rate for

1B(t) = W(t — 520)| + |B' — W (t — 5..)| when |ey (t)| and e;(t) have exponential decay rates.

Here is a brief description of our plan for the remaining part of the paper. We will first summarize some needed
preliminary properties for solutions to (8) and in section 2, then provide a proof for Theorem [1|in section
3, using Theorem [3] and several other ingredients, the proof for which we supply in this section. In section 4,
we provide the analysis for the linearized operator for (8) at entire radial solutions, and use them to provide an
alternative proof for Theorem [T] along the approach of [32]. We will also provide a proof for Theorem [2] here.
Finally in section 5 we provide a proof for Theorem 3]
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2. SEVERAL PRELIMINARY PROPERTIES OF SOLUTIONS TO

To adapt either of the approaches in [4] or [32] to our situation, we will need several key properties of solutions
derived in [38]]. The following is a special case of Theorem 1.2 in [38]].

Theorem D. ([38]) Let U(t,0) be any positive solution to ({T) defined on the entire cylinder R x S"~\. Suppose

that U= (t,0)(dt> +d6?) is in the T} class, and

u(x) = x|~ U(=In|x], ﬁ)
X

can not be extended as a C* positive function near 0, then U is independent of 6.

Remark. Theorem D is an analogue of Theorem A. In the setting of Theorem D, it follows from Theorem
1.3 in [35]] that if u(x) can be extended as a C? positive function near 0, then u(x) is a constant multiple of

a

n—2
ﬁ)% in R" for some x € R" and a > 0.
1+a?|x—x|

(

When a solution « in Theorem D can not be extended as a C2 positive function near 0, we refer to the corre-
sponding U (¢,0) = U (t) as a global singular positive solution to (7). Using Theorem C above, when 2k < n, U(r)
is a periodic solution of (7) with 0 < U () < 1 for all # € R and the first integral 2 > 0.

Another needed estimate, generalizing estimate (3 from solutions to (I)) to solutions to (7), is drawn from
Theorems 1.1’ and 1.3 of [38]:

Theorem E. ([38]]) Suppose that u € C*(B, \ {0}) is a positive solution to Then

(36) limsup |x| 7 u(x) < oo;

x—0

and there exists some constant C > 0 such that
(37 |u(x) — i (|x])| < Clxfa(|x]),
Sfor0 < |x| <1, where

o] .
M(|X|)— |aB‘x‘(0)‘ aBM(O) (y)da(y)

is the spherical average of u(x) over dB|y/(0).

As in the previous section, in terms of f = —Inr = —In|x],

Ut,0)= r%u(re) = 67%W<t’9),
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By :=Is"!" [ Uit.0)as.

JSn=

and the spherical average

(38) Y= 18 [ wiee)ae,

sn—1

of w(t,0), (36) is reformulated as

(39) Ut,0)<C and e 209 <.
We also derive from (37) that

(40) U(,0) =) <CB(t)e™",
and

1) |W(t,0)| = |w(t,0) —y(t)| < Ce".

(@0) is simply a reformulation of (37)) in terms of U (z,0) and B(¢). In terms of w(z, 0), @0) becomes

e~ "0 -B() _ 1| < cpt

I

from which it follows that, for some C > 0,

2

1 <Ce™".
——InB(r)| < Ce

(42) lw(t,0)+

Integrating over 8 € S"~!, we obtain

(43) |7(1) +

Zzlnﬁ(t)| <Ce.

n—

(@2) and (@3) imply @I).

We also have a counterpart to (22) for positive singular solutions u(x) in the I’ class to (§)]on Bg(0) \ {0}.

Proposition 1. Let u(x) be a positive singular solution to on By(0)\ {0} in the T} class, U(t,0), B(¢),
w(t,0), and y(t) be defined above. Then for any 0 < 8 small, there exists a constant C > 0 depending on 8 such
that

(44) IVio(U(1,0)—B(1)| < CB(t)e” "%, forallt >0and1<1<2,
and

(45) V! o(w(t,8) —¥(1))| <Ce™ """ forallt >0and 1 <1<2.
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We now provide an argument for (@3). First, (39) and the gradient estimates for solutions to (8), see [23], give
a bound B > 0 depending on / > 0 and C in (39), such that

(46) |V gw(t,0)| < B.

This obviously leads to

|V£,GY(I)| < Ba
which, together with (6), implies that

Vi (w(1,8) = ¥(1))| < 2B.

This estimate, together with (1)) and interpolation, proves (@3).

3. FIRST PROOF OF THEOREM I} EXPLOITING THE ODE SATISFIED BY THE RADIAL AVERAGE

Let u(x) be a positive solution to (§)on Bg \ {0} in the I';" class, where the constant ¢ is normalized to be

27k(7), and ¥(r) is defined as in (38). We first make

Claim 1.

@) - B 220 s mio per =1 mo,
and

(48) (1) ma(r) b — T ma(0)} =

for some constant h, where 1;(t), for i = 1,--- 4, have the decay rate 1n;(t) = O(e 2179 as t — oo, and § > 0
can be made as small as one needs, as in [@3).

We will postpone a proof for (7)) and @8) to the end of this section. We can think of 4 as a numerical
characteristic to each potential isolated singularity. We make another claim relating the asymptotic behavior of u
with that of y(¢), &, and k.

Claim 2. Let u be a positive solution to {§)|in the T'}" class in a punctured ball Bg \ {0}.

G If @ holds, namely

1iminf|x|n;22u(x) >0,
x—0
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then 2k < n and h > 0. Furthermore, for some € > 0,

(49) 1—p(1)>¢

for all sufficiently large t.
(ii) In the case 2k < n, condition (18) holds, namely

. n=2
liminf|x| 2 u(x) =0
x—0
iff h = 0; in such cases, we furthermore have,

(50) liII(l) |x\%2u(x) =0, %(t)>0 fortlarge and tlim Y(t) = oo.
x— —00

Combining (i) and (ii), we see that in the case 2k < n, we always have h > 0, with h = 0 iff (I8)) holds.

Proof. (49) is proved by noting that (I6) and (39) imply that
(51) -C<y@)<C

for some C, which, together with @), implies that, for large 7, 1 — %2 never changes sign, which, in turn with

(5T), @6) and (@7), implies that, for some € > 0, 1 — ¥ > ¢ for all sufficiently large ¢.

The part & > 0 in (i) can be proved in one of two ways. The first proof uses rescaling and compactness
arguments on the translations to y(¢), with the help of (31), [@6) and {8)) to produce a limiting ¥(r) which exists
and is bounded for all # € R and satisfies (T4) with

e(2k7n)?(t)(1 _ %Z(I))k _ e*”?@) —h

for the same /. But the classification result, Theorem C, says that no bounded solution of (]E[) exists forall r € R
with 2 < 0. Since no bounded solution exists to (T4) for all € R when 2k > n according to Theorem C, this
argument also shows that (T6)) implies that 2k < n; equivalently, (I8) must hold in the case 2k > n.

The second proof regards (7)) as a perturbation of (T4), and makes a continuous dependence argument, with
the help of @), @9), and (51) to prove that, when & < 0, either 1 — ¥?(¢) — 0 as  — o, which contradicts @#9),

or 1 —y*(t) — —oo as t — oo in the case 1 — ¥?(t) < 0 and k is odd, which contradicts (#6). The case & = 0 can
also be ruled out along similar lines by a more careful argument.

(I8) is equivalent to
(52) limsup y(t) = oo.

[—o0

So when (I8) holds and 2k < n, it follows from (52)), (8) and (46) directly that » = 0. For the converse in (ii),
when i = 0, it follows from (i) that (]E[) must hold, thus proving (ii). In addition, it follows from @) that, for
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sufficiently large z, % (¢) = 0 can occur only near ¥(r) = 0. Together with (32), we see that ¥;(¢) > 0 for sufficiently
large 7 and lim, o, Y(t) = co. O

We now proceed to prove (T3). Our proof will handle four cases slightly differently: Case (a). h = 0; Case
(b). h >0 and 2k < n; Case (c). 2k > n and h # 0; and Case (d). 2k = n and h # 0. Cases (a), (c) and (d) are
proved by finding the asymptotics of y(¢) directly using (@8), while Case (b) will need the help of Theorem

Case (a). h=0. Using lim;_.., ¥(¢) = o back into 8], which now takes the form
(1= 4y |~ {1+ ()} =0,

we see that 1 —?(¢) =:1(t) — 0 ast — . Since % (¢) > 0 for sufficiently large ¢, we conclude that 1 — %(¢) — 0
as t — oo. As a consequence, Y(t) > (1 — €)¢ + Y for large ¢ and some € > 0 small and }p. This would imply
through (@3)) that

2(1;5)t

()| < Ce”

for some constant C > 0 and for large ¢. Finally, we have

) — 1] = [/ T=n@) — 1] <Ce 7,

from which we conclude that

2(1-8)

yit)—t=1+0( " F 1),

for some 7T ast — oo,

Note that &(¢), the solution to (T4) with # = 0, to which is a perturbation, satisfies (1) =1 —In2 +

O(e™?"). Therefore, using also (@I,

2(1-8)

w(t,0) =y(t)+w(t,0) =& +1+In2)+0(e” F '),
as t — oo, which is (T3). Furthermore

2(1-8)
—52 (& t+T+In2)—14+0(e” k)

— (e = () (1 0 )
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where

u*(|x]) = e~ "2 Golr+eHin2)—1)

is a positive radial solution to (§}Jon R"\ {0}. We also find in this case that

limu(x) = e T = u(0)>0

x—0

exists, with

2(1-8)

%(w(;,e)-i-o(e* k t)) 2(1-8)
u(x) — u(0)] < u(0)] | -ljsceE

2(1-8)
<Clx|~ % .

Case (b). 2k < n and h > 0. Here h is subject to the further bound

2k [n—2k\ %
h<h*—=
- n—2k( n ) ’

with 4* determined by

h* ;= sup{h: m;n (672k7+he(”72k)7) <1}.

Set

H(x,y) =h+e ™ — (1 — )k,
For 0 < h < h*, H(0,&) = 0 has two simple roots & < &, and H satisfies the conditions in case (ii) of Theorem|3]
withm=£&_and [ = 1; for h = h*, H(0,&) = 0 has a double root m = §_ = &, H(0,m) =0 and H(x,y) >0
satisfies the conditions in case (i) of Theorem 3]as well with / = 2. Thus, thanks to 7)) and (@8], we can apply
Theorem 3] to conclude Theorem [Iin this case. O

Case (c). 2k > nand h # 0. As remarked earlier, (I8) holds, which implies (52)). (@8) implies that, for large 1,
¥ () = 0 can occur only when 7(¢) is near certain finite value. Together with (32)), this implies (30), which,

together with (@8)), implies that (1 —?())* — 0 as t — co. Then the conclusions (T5) and (T9) are proved in
almost identical way as was done above for the 7 = 0 case. ]

Case (d). 2k = n and h # 0. We first make
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Claim 3. [fe= 209 (dr? +d6?) € T forall 8 € "' at some t, then
(53) 1—2() +)( V(020 >0,
Sr=

where y(t) and w(t,0) are defined as before.

Assuming (53) now, then (53), (@3) and (48)) imply that 0 < < 1. The case & = 1 can be ruled out after further
analysis of (#8). We can again argue as above that (50) holds. Then (@8] implies that (1 — y?(t))* — has t — oo;

and e ") = O(e~*) as t — oo for some o > 0 depending on 0 < 2 < 1. Now with n(¢) := 1 — %(t), we find

n4(t) = h+e ™ (1+n4(t)) —n3(t) = h+ O0(e™ ™)

ast — oo, and

%) =1-n()=\1-Vh+0(e™),

which implies that y(r) = /1 — V/ht + Y + O(e~*), for some }. Similarly, &,(¢) satisfies &,(z) = /1 — v/ht +

&0+ O(e™ ), for some &y. Thus for some T, we have
Y1) =&t +17)+0(e ™),

and

u(x) = o~ "2 (wt,0)—1) _ 87%(}'0)*!“?(!79))7
from which we find that
n=2(1_ _k _n=2 _ _k ~
x| (1 1 \/E) u(x) = &2 (y(t) V1 \/Et+w(z,9)) ’
extends to a C%(Bg) positive function for some o > 0. O

We now provide proofs for (@7), (@8) and (53)) in Claims 1 and 3.

Proof of @&T). @7) is derived from (14), @I} and @3) as follows. First, with w(z, 0) := w(z, 0) — y(¢), it follows
from (1) and (@3) that

(54) Ok (Aw(r,0)) = Ok(Ay(r) + Ly [W(t,0)] +1:1(2,6),

ghere Ly denotes the linearized operator for oi(Ay) at ¥(r), and 1 (z,6) satisfies [ (z,0)| = O(e 20290,
ext,

(55) eka(t,e) _ eZky(z) .esz(z,e)

)

and

(56) e 2KW00) — 1 _2kii(r,0) + M2 (1,0),
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where

[M2(1,6) = O(e ).

Putting (54), (53), and (56)) into (8], integrating over 8 € S"~!, and noting that

(57) / (1,6)d0 =0,
Sﬂ*
and
(59 L, Lo li(e.0)]d0 o,
we arrive at @7). O

Proof of (48). A crude variant of (48) in the case 2k < n can be derived from by elementary means as

follows. Multiplying both sides of by ne "")y(t), one has
[T (1 — 2 (0)F = e D)y = ne "y (1) | 7m (1) — 712([)] :

the right hand of which is of the order O(e’z(l"s)’) as t — oo in the case of 2k < n, from @, the gradient
estimates, and the decay rates of 1 (¢), 12(¢). It then follows that for some constant 4, we have

(59) e(Zk—n)y(t)(l _ ﬁ(l))k —e () — h+ 0(672(176)@_

The more precise version, @), is needed only to handle the case 2k > n, or the & = 0 case when 2k < n. It is
derived from a Pohozaev type identity for solutions w(z, 6) to (8) when o is a constant, which takes the form

2koy,

a=1

(60) / I[ne(Zk”)W(”G)ZTal[w(t,G)}wa,(t,O)—e"w(”e) 40 =h
N

for some constant /1 independent of 7, where T,[w(z,0)] are the components of the Newton tensor associated
with 6 (A,,(;,0))- Identities of the form for solutions to (8) were first derived by Viaclovsky in [53]]. (60) is a
version from [3T]]. We assume now and postpone a proof to the end of this section. Using (#1)) and @3)), we
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find that
n
Y T [w(t, 0)wal(t, 6)
a=1

=T11[Y(t)] % + Ly [W(2, 0)] + O(e 21700

_ Zka

n

(=% 'y "‘Zy(t) w(t,0)]+ 0(e72(1’5)’),

where Zy<,) stands for the linearization at w(z,0) = y(¢) to Y0 T,i[w(z,0)|wa(t,0), and we have used that
T [Y(t)] = 2koy 841 (1 — ¥2(¢))*! /n. Using @) to solve for (1 —2(¢))*~!%,, we find that

(1= 2O 5 = =" S0 ROF 4 e 001 1a(0)) (e,

Using these in (60), and with estimates like (36), (57) and (38), we arrive at @8), in the case 2k # n, with

2k—n

h=
2k

St

When 2k = n, (@8) is covered by (39). O

Proof of (33). (53) is proved by noting that, if A,(t,0) € I'y forall 6 € S""!, then
)(S’HAg(t,G) 46 €T3,

due to the convexity of F;r . In our case the matrix for the Schouten tensor of the metric g = e~ 2"*(:6) (dl2 +d 92)
is

1 1
wi +wi — 3 |Vw]* — 3 Wie; Wi, }
2 .
WG,-t + W@,'Wt WG,—Gj +W9,'W9j + j(] - |VW‘ )6’/

61) Ay = {
Using w(t,0) = y(t) +w(,0) and fg.—1 w(7,0) d6 =0, we find

=R 1-20) | 1-70)

2 2 2 ]_z’””[b,-l(r) bij(1)

I, Ae(t.6) d6 = dingl (1) -
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where
alt) :)(SH Vin(z,0)[2 de,
bu() =), [7(0.0) .
bui(t) = bi (1) :)[SH :(1,0)06,(1,0) B, fori> 1,
bij (1) :)én_l (1, 0)e, (1,0) 40, fori,j> 1.
But

(1) — |:bl‘1(f) b]j(t)] >0

as a matrix, so

1—9y2() 1—72(¢ 1—y2(¢ t
dlag[%z* ;/t()a ;/t()aa Jz/tz()}Jr%IanF;

Computing the o] and 6, of this tensor as in (T3) it follows that

elt) + ”;2 (1- () —a(t)) >0,

and
(1-70) +a) [1 =70 +al) + - () + @)~ 1)| >0,

Simple algebra from these two inequalities implies (33).

Finally we sketch a proof for (]E_U[) It follows from equation (3) in [31]] that V,Y¢ = 0, where

Y¢ = TV (diveX) + 2ko X,
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for any conformal Killing vector field X on (M, g) with 0} (A,) = constant on M. We will take M = R x S"1,

g=e 200 (dr> + d6?), and X = d;. Thus

(62) / 1 Y'(t,0)\/g(t,0)d6 = constant,
S

independent of ¢. In addition, div,X = —nw,(t,6), and (62)) would take the form

/ | <—n Z Tipwip(t, G)eZkW(“e) +2k0'k> e ™19 g0 = constant,
s b=1

which gives (60).

4. PROOF OF THEOREM 2] AND SECOND PROOF OF THEOREM [I]

We can now present our second proof for the main part of Theorem the case 2k < nand h > 0. Let w(¢,0)

be a solution to 0 (g~ 0A,) =27%(}), with

g = ui2 (x)]dx? = e 200 (4 4 d6?)

for x to be over the punctured unit ball x € B"\ {0}. It is assumed that g is in the I’} class over B"\ {0}. Then

w(t,0) is defined for (t,0) € Rt x S"~!, as t = —In|x|. It follows from Theorem E that (39) holds, i.e., for some
constant C > 0,

efzw(l,e) S C2

for all (t,6) € R* x §"~!. It follows from our discussion in the beginning of the previous section that 4 > 0
implies (T6), i.e., for some C; > 0

e*2W(l,9) Z Cl

for (t,0) € RT x S"~!, namely, w(t, 0) is bounded over (¢,0) € R* x S"~!. As in [32], We make the following
assertions about the behavior of w(t,0) as r — oo.

(a) Lett; — oo be any sequence tending to oo, then {w;(t,0) := w(r +1;,0)} has a subsequence converging
to a bounded limiting solution & (¢) of (T4) defined for (,0) € R x S"~!. The convergence is uniform on

any compact subset of R* x §"~1,
(b) Any angular derivative dgw(z,0) of w converges to 0 as t — oo,
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(¢) There exists S > 0 such that for any infinitesimal rotation dy of S"~1, and for any t; — oo, if we set
Aj = sup,q|dew;(r,0)], and if [dgw;(s;,0;)| = A; for some (s;,6;) € RT x S"~!, then s; < S.

(d) dgw(r,0) converges to 0 at an exponential rate as t — oo, and

wie.0) =[5 [ wit.w)do
Sn=

converges to 0 at an exponential rate as t — oo.
(e) There exists a bounded (periodic) solution & (¢) of (I4) and 7 > 0 such that w(z, 0) converges to & (7 + 1)
at an exponential rate as t — oo,

(a)—(e) are proved along almost identical lines as in the proof for Proposition 5 in [32], provided some an-
alytical preparations are established. In our case here, proofs for (a) and (b) can be provided using the local
derivative estimates of [23]] for solutions of and the classification result in [38]], reformulated as Theorem D
above; proofs for (¢) , (d) and (€) will need an analysis of the linearized operator of (8) at a radial solution & (),
as characterized by Proposition [2]below. We remark that an alternative proof for (d) without using the analysis of
the linearized operator is in fact already contained in {T]) and {@3).

To compute the linearized operator of (§)) at a radial solution & (), we use (6I). When w(r,0) = &(1), A,
becomes a block diagonal matrix

&t 3 (& —1) 0
0 s(1=1&17)8;]

When we linearize oy (A,) at such a block diagonal matrix, the coefficient matrix consisting of the coefficients of
the Newton tensor

1 i1
Tij = (k — 1)' 8j1 ...jk,leil.fl A

ik—1Jk—1

is also diagonal:

while for i > 2,

T;

(',Z_ i) (n —;‘Z(f(ﬁll;)kl i <k‘§)<1—2|flj>“ {@, g 1)}

n— — &[22 n—
(ki)wle)l) [(k—l)én+22k+l (1 —|§,|2)} :
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So the linearization of oy (Ag) at g = e 280 (dr* 4+ d6?) is

Le () = Tur(¢) [@u(r,0) + & (1)1 (1, )] + ) Tii(1) [9e,6,(1,8) — & (1) 91 (2,0)]

i>2

=Ti1(t)9u(t,0) +[T11(t) — (n— 1)Ta(2)] & (1) 91 (,0) + Toa (1) Ag 9 (2, 0),

(- & @P (nl

k=2 k— 1) [A(t) ¢ (t,0) +B(t) i (1,0) +C(t)Ag 9 (,0)],

where

(©3) alp) = U108,

(64) B() = —&() | (k=D& () + =K - g 0P|,
(©5) cl) = =t - 12 LIS

When & (#) is a solution to oy (g~ ! 0A,) = const., normalized to be 2~ (2) the linearization of the nonlinear

PDE (8) at &(¢) is then
Le(¢)+2" "k (Z) e g (r,0) =0.

If we take the projections of ¢(z,-) into spherical harmonics:

0(1,0) = Z(l)j(t)Yj(G), where ¥;(8) are the normalized eigenfunctions of Ag on L*(S"™!).
J

then ¢;(r) satisfies the ODE

o B / C(I) ne_Zkf’ () .
(66) Liloj)i= 0] (1) + = 26)(1) + {%@ O eI } (1) =0,
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where A; are the eigenvalues of Ag on L?(S"~!) associated with ¥;(9), thus
M=0, A== =n—1, A;>2n, forj>n.

Similar to properties of the linearized operator to the scalar curvature operator used in [32], we have the following
properties for the L;’s.

Proposition 2. For all solutions & (t) to with h > 0, k <n, and j > 1, the following holds:
(i) L;j[¢] =0 has a pair of linearly independent solution basis on R, one of which grows unbounded and the
other one decays exponentially ast — oo;
(ii) Any solution of L;[¢] = 0 which is bounded for RT must decay exponentially;

(iii) Any solution of Lj[¢] = 0 which is bounded for all of R must be identically 0;
(iv) Any solution of Lj[@] = 0 which is bounded for all of R™ must be unbounded on R~

These conclusions remain true for solutions &,(t) to with h =0 and A; > 2n.

While Proposition 2]is sufficient for providing a proof for Theorem [T} Theorem [2]requires some more detailed
knowledge about the linearized operator to (8)). More specifically, the decay rates of bounded solutions to L;[¢] =
0 on R need to be faster than e~* when A; > 2n. L; is an ordinary differential operator with period coefficient,
s0, by Floquet theory, has a set of well defined characteristic roots which give the exponential decay/grow rates
to solutions ¢ of L; [#] = 0 on R, see, for instance, Theorem 5.1 in Chapter 3 of [15]. In fact, Theorem 5.1
in Chapter 3 of [15] and (5.11) on p. 81 of [15] applied to L; implies that L;[¢] = O has a set of fundamental

solutions in the form of P/ pi () and e P/ p(t) for some periodic functions p;(¢) and p»(r), when p; # 0. We
have the following

Lemma 1. When 2k < n and h > 0, there is a B. > /2 such that for all Aj > 2n, the associated p; satisfies
pj = P

We can also formulate and prove a version that does not need L; to have the structure to apply the Floquet
theory.

Lemma 2. Define

k—1

V(1) = ellm )50 (e*"é“) +h) D

Then
(67) V(OL; [V () w(0)] = yu (1) + E(0) w(1),

where we can estimate E(t) < —C, < —2 when A; > 2n and 2k < n. As a consequence, when B> <C,, e Pry-1 (1)
satisfies

Lile Pv (@) = [B*+E@)] e PV (1)
is a supersolution to Lj[§] =0 on R*, therefore when 2k < n and h > 0, for any B < B := /Cy, and for all

Aj > 2n, any bounded solution ¢ of L;[¢] = 0 on R satisfies |¢(t)| S e P,
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Remark. Lemma [I|is an immediate consequence of (67) in Lemma [2} It is not immediately clear that the
characteristic roots p;j of L; are monotone increasing as the A;j increases. But in the case 2k < n and h > 0,
(©7) allows a variational construction of a bounded (in fact, decaying) fundamental solution to L;[¢] =0 on R
which is positive. Thus in such cases comparison theorems show that the p; indeed is monotone increasing as A;
increases.

With such knowledge, we can now establish

Proposition 3. Suppose that §(z,0) satisfies
(68) Le(9)+2' %k (Z) ek Wo(1,0) =r(t,0), fort>19and 6 €S".

Suppose that for some 0 < B < B. and B # 1, |r(t,0)| < e P'. Then there exist constants ajforj=1,---,n, such
that

(69) Zaj (1+&(0)Y;(0) S e P,
In fact, when B, < B < ppt1, 69) continues to hold, and when B > p,1, we will have
(70) Z aje”! (14 §(0)Y;(0)] S e P,

When B = 1, (69) continues to hold if the right hand side is modified into te™'; and when B = p,1, continues
to hold if the right hand side is modified into te Prn+1?,

We now first prove Proposition 2] then provide a proof for Proposition 3] and Theorem 2} while deferring the
proof for Lemma2]to the appendix. For j < n, (i)—(iv) of Proposition 2| follow from an explicit solution basis to
(]6_3[); for j > n+1, the arguments in [32] relies on the sign of the coefficient of the zeroth order term of L; to be
negative. Our computations below verify the same properties for the o} curvature problem when k < n, although
we will only use these properties for the case 2k < n here.

Since &(r) satisfies (T4), with o = 27%(}), (T4) becomes

an Rl L S | Ea

Due to the translation invariance of (71)) in ¢, ¢6L = ;& (t) is a solution to (66) for Ay = 0; since &, (7) is another

family of solution to (71), we find ¢, = 9;,&,(r) to be another solution to (66) for Ay = 0. Differentiating the
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first integral (%)% (1 — E2)k = ¢ 4 h with respect to ¢ and h, respectively, one finds that {0y (1), 0y (1)} is
linearly independent, thus forms a solution basis to (66) for Ay = 0.

Proof of Proposition[2] For h >0, and A; = n— 1, which corresponds to ¥;(68) = 6;, we claim that

1—-0&()]e and [1+09&(t)]e™”

form a basis to (66). This is due the translation invariance of ({7)): if u(x) is a solution to (7)), so is u(x + a) for any
a € R". In terms of w(z, 0), this means that

2
wq(t,0) ;== —In|x| — —3 Inu(x+a)

is a solution to (8). Thus dg;|a=0wa(t, 0) is a solution to the linearized equation of (). But when w(z,8) = &(t),
we have

B lacowalt, 0) = _ﬁaxj Inu(x) = 3y, In[x| +w(t, 0)]
i ‘2 zi() =[1-0&(r)]€'6;.

Thus [1 —d,&(r)] €' is a solution of (66) with A; =n — 1. Since we have normalized &(¢) such that it is even in 7,
we find that [1 4 J;&(r)] e is another solution of (66) with A; =n—1. {[1 —9,&(t)] €', [1 + & (¢)] e~} becomes
linearly dependent only when they are identical (as they are both equal to 1 at + = 0), which is the case only
when d,&(r) = tanh(¢) and h = 0. When & > 0 and k < n, one can use the asymptotic expansion in [8] to see
that [1 — d,&(¢)] €' is exponentially growing. When & > 0 and 2k < n, this can be seen more directly: the solution

&(t) has the bound C, ' < 1£9,&(t) < Gy for some Cj, > 0, s0 {[1 + 9,&(t)] e, [1 — 9, &(t)] €'} forms a solution
basis for (66) with A; = n— 1, with one exponentially decaying and the other one exponentially growing, and the
conclusion of the Proposition in the case A; = n— 1 follows from the explicit basis.

For A; > 2n, we will verify that
(72) the coefficient of ¢; in (66) has a negative upper bound.

Assuming for now, we sketch a proof for properties (i)-(iv) of L; for the case A; > 2n. The key is to check

that for 0 < A small, e**' are supersolutions of L;[e**/] < 0. This is because

)

Lj[eﬂ:lt] — 2242 [1 _( . 1) Eg] 5[( ) jg; nefzké(f)(] _é:tZ)lfk
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and it follows from that for 4; > 2n,

2 C0) ke g2y1—k
)LJA(I) ne (1-¢&7)

has a negative upper bound. Furthermore, using (71), we have

n—2k+1 1—|&@1)?
n—1 2

Cl) =2 &ulr) +

_n(k_l) e_Zké n—"2k n—2k+1
Ck(n—1) 2(1f§2)k71_ n (1-&%) +m( —E&2)

_nk—=1) e (n—k)(1-&?)
C 2k(n—1) (1= E)k-1 2k(n—1)

Thus

Ct) nk—1) e ¢ (n—k)
Ar) " kn—1) (1-8)F k1)

nk—1) e (n—k)
Kn—1) e +h k(1)

is bounded from above. Here we used the first integral e(2k—n)& (1— étz)k —e¢ ™ thandasa consequence & > 0.

It is now clear that we can choose A > 0 small to make L;[e**'] < 0 for all f € R.

Now fix such a 2 > 0. We claim that if ¢(r) is a bounded solution of L;[¢] = 0 on R*, then
0(1)| <19(0)]e *™) forallr € R*,

which then implies (ii). This is because for any € > 0, |§(0)|e=*) + ge*(+1) is a supersolution of L; on R*. So
if ¢(¢) is a bounded solution of L;[¢] = 0 on R*, then by comparison principle,

10(1)] < [0(0)|e ) 4 gerH) forall t € R*.

For any fixed t € R*, since the above estimate holds for all £ > 0, we can send € to 0 to verify our claim. (iii)
now follows from (ii) and the maximum principle, and (iv) obviously is a direct corollary of (iii).
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Next, any L; has a pair of linearly independent solution basis {¢;(¢),¢>(¢)} on R. If both are bounded on
R™, and @ and b are such that ad;(0) + b, (0) = 0, then our claim implies that a¢ (¢) + by (1) =0 on RT,
contradicting their choice.

It remains to establish that there is a nontrivial solution of L;[¢] = 0 bounded on R*. Since we have verified
that L; is uniformly elliptic on R™ and satisfies the maximum principle there, we can establish the desired exis-
tence by a convergence argument for solutions which are constructed on a sequence of finite intervals that exhaust
RT.

Finally we come back to verify (72). Since 1 > 1 — &2 > 0 by Theorem C (this is also true for k = 1), we see
that, when A; > 2n, the coefficient of ¢;(¢) in is bounded from above by

nk—1) e (n—k) ne—2k8(0)
Mk =gy k- T T
-}’l(k—l) e‘zk& (n—k)- ne_zkém
=T kD -8 Tke-n | T - g
B 2ne 60 Tu(k—1) (n—1)(1-E)] 2n(n—k)
__(n—l)(l—étz)"[ £ 2 }‘kml)

B 2ne2KE0) n n 1] 2n(n—k)
k(n—1)

when n > k > 2; when k = 1, the above estimate gives

n(k — 1) €_2k§ (n — k) ne_Zkg ()
o lk@_ D& k- 1>] T gmFT

Dne—2kE() [n(k—l) (n_1)(1—§3)}_2n(n—k)

C(n—1)(1 =&k ko 2 k(n—1)

=n [e_zg(’) 72} <-n,

as &(t) > 0, which follows from the first integral

e D0 — 1) <1
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with & > 0; while for k = n and & = 0, the above estimate gives

nk—1) e 2 (n—k) ne=2k8 ()
M lk(n— D (1-&)F " kn— 1)] - gmF

2ne=2n5(0) [1 1—5,2] < ne—2n5()

=T gy 2 ST g0y

from the first integral

e (1~ EX ()" — e —p=0.

Next is a proof for Proposition [3]

Proof for Proposition[3] Define

~

¢(ta0) = ¢(ta0) - Z Ej[¢(ta 9)]YJ(9)7
j=0
where ¢;(¢) := ;[ (¢,0)] is the L? orthogonal projection of ¢ (¢, 0) onto span{Y;(0)}. Then

(73) /S L 0.0)Y;(8)d6 = /S  V9(1,6)-VY;(6)d6 = /S  86Y;(0)9(1,0)d6 =0,

for j =0,---,n. As a consequence,

[, 2000.0)8(.0)d0 =~ [ Vod(s.0)P e,
S St

(74)

1d

L, otedc0ra0= [ g.0)5.0)d0 =3 [ 166.0)2as.
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In the following we will prove separately the expected decays for @ (t,0) and ¢;(t) := m;[¢(,0)], for j =
0,1,---,n. We first estimate ¢;(r) = m;[¢(z,0)] for j =0,--- ,n. Multiplying both sides of (68) by

{ <1—|52+t>2l>" (Z:DA(I)}IYJ'(G)

and integrating over 8 € S"~!, we obtain

(75) 9 (1) + @%’»(r) + [

ne "6 5 C(t)
A(r) -

e*"g (1) + h

where
7i(t) = / 7(t,0)Y;(0)d6.
sn—1

For j=1,---,n, Aj=n—1, and ¢ (t) := (1 +E&'(1)), o, (1) :==¢'(1- &'(1)) form a solution basis to the
homogeneous equation

C)

(1)) = (n=1) ==

A0 ¢(r)=0.

Since ¢;(t) is a solution to (75) and ¢;(r) — 0 as t — oo, by the variation of constant formula,

(76) 010 =0y () +0r () [ ST g o) [ 00
for some constant ¢, where

Wi(s) = 01" ()9 (1) =97 (19" (1)
is the Wronskian of {¢, (r),¢," ()}, and satisfies

W, (s) = f;gj;wl (s).
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Integrating this equation out, using

s —n  n(k— e "5 0) /
B():<2k k=1 >§(s),

k ke sl +h
we find

Wi(s) = (const.)eniTM&(S) (ef”é(s) + h) - r

33

is a periodic function, having a positive upper and lower bound. According to our assumption on the decay rate

of r(z,0), we have

|rj(s)| < Ce P
Thus

/ & (s dsN

/“’ef(uﬁ)sdss e (4B
Jt

from which we deduce that

<e Bt

o, (¢ / OO

When 8 # 1, we also have

/’ 1Bl gy < (1B
0

¢ (s /
/ W1 ds

from which we deduce that

<e P,

~

NN NOTIO)
0, (t)/o 71W1(s) ds

Putting these estimates into (76), we have

0)() —ce (14 ()| S

When =1, gives the modified estimate.
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For j =0, ¢ (t) := é}: (1) and ¢, (¢) := dp&, (1) also form a solution basis to the homogeneous equation

Since ¢y (7) is a solution to (73) and ¢ (¢) — 0 as t — oo, a variant of (76) gives:

< ¢t (s)70(s ¢ (s)ro(s
an on(1) =05 ) [ 2 g g5y [T

where

Wo(s) = o (19" (1) — 95 (1) (1)

is the Wronskian of {¢; (1), 9, ()}, and also satisfies

Thus, as for Wi (s), Wy(s) is a periodic function, having a positive upper and lower bound. Let T'(%) denotes the
minimal period of the solution & (¢). Then &, (1 + T (h)) = &;(¢). Differentiating in h, we obtain

(78) Oy (t+T(h)+T (WE(r+T(h)) =g (1),

which implies that ¢, (r) grows in 7 at most linearly. Then (77) would imply that [¢o(¢)| < te~P*. This is not quite
as claimed, but is good enough to be used in our iterative argument in proving (20). To obtain the more precise
estimate (69), note that implies that

!

T (h)
T(h)

&) = o5 )+ =g ()

p(t) =@, (t)+ )
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is T (h) periodic—such behavior can also be deduced from the application of Floquet theory to this case. Thus

/

we can express ¢, (¢) as p(t) — 7}(%%(}5& (¢) in to obtain

/ = b (5)70(s et p(s)iT/((hh))S(P(;r(s) ?O(S)
90(1) =~ (p(t)—;((:))t¢o+(t)>/t deﬁ(f)/t ( TWO(s) > “

< & (s)7o(s = p(s)7o(s
| %V(Vo)(so)( as o0 ST

T'(h) = ¢ (T)70(7)
S Y e

h)

from which follows | (1) < e P’

Finally, we estimate the decay rate of 5 (¢,0). This part is analogous to an approach in [50]. Multiplying both
sides of (68) by

{U—lir;fglzw(z‘i)fxa)}lwne»

integrating over 6 € S"~! and using and (74), we find

o, y B(t) -~ -~ nefné(t) N
/§H {%(r,@)d)(r,e) +A(t)¢t(t’6)¢(t’9)+e;qg(wl(l—étz(l))|¢(t,9)|2} 76
(79)
C(z) - L R
_IW/SW1 |Voo(1,0)>dO _/SH 7(t,0)0(t,0)d0,
where

1,0) = {“—|52tk(’l|2)“ (Z‘ DA(;)}I r(,0) = r(t,0).
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Defining
=/ [, 16.0)pae.
then
(1) = SHqi(t,e)a(t,e))de/y(t), whenever y() > 0,
and

O 0= [ {8:0.0)6.0)+16(1.0)7} do - ()

Cauchy-Schwarz inequality implies that

YOP< [ 16.6.6)de.
Using these relations and

[\ IVob(e.0)Pd0 =20 [ |6(r.6)7 de
sn—1 1

s
into (79), we obtain

C()

0+ | e (1 =& (0) —2n7<

A0 V() = =17, )2y (),

C()

(80) y 1)+ +| e, (150 A0

" B(t) ne_"é(’) —~
B6) (t) [ ¥(6) = =7, )] 2 (sn-1)

whenever y(¢) > 0. According to our assumption on r(z, 6), we have

700, )| 2en1y < Ce P
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for some constant C > 0. By (67),

—n& (1)
_zn@ + he

A(I) e*"é(l)_i_h(l_g?(t))

B(1)
{att + mat +

} (v (0)e P

< (B*+E)V! (t)e P < —ev'(1)e P,
for some £ > 0 when 8 < B,. So z(r) := Ce ' (max V)V 1 (r)e P satisfies

C(t)  ne "0
,an + 7e—n§(t) +h

B(1)
(81) {attJrA(t)atJr

(1- éf(t))] } (z(t) =y(1)) <0,

whenever y(r) > 0. We also know that y() — 0 as  — co. We may choose C > 0 large so that z(0) > y(0). Then
we claim that z(¢) — y(¢) > 0 for all ¢ > 0, for, if not, min(z(z) —y(¢)) < O is finite, and is attained at some 7,
then y(z.) > z(t,) > 0, so holds at t =t,, and J;(z(¢) — () |i=:, =0, as well as dy(z(¢) — y(¢))|s=, > 0. This
contradicts (§I). Thus we conclude

\/ / 19(1.0)Pd0 = y(1) < Ce™ (max V)V~ (1)e F".

S}l*

We can now bootstrap this integral estimate to obtain a pointwise decay estimate
0(,0)] S e P

When f8 > B, we can simply split those components @; of ¢ with A; = 2n from o (¢,0), and estimate them as we

did for ¢;, j =0,--- ,n, and estimate (E (¢,0) with an improved exponential decay rate. (]

We now provide a proof for Theorem [2| Our proof is very much like the one in [32]] for the k = 1 case, once
we have obtained the needed linear analysis.

Proof of Theorem[2] Our starting point is still

Lg,(45)(9) + Q(0) + 2kce 4T (1,0) =0,

and our premise is:

(82) 10(9)] S e 2*  whenever we have [¢,0¢,0%¢| e ™.
We already established
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0| Se .

If ag > Pyi1, we stop and have now proved |w(t,8) —&,(t +1)| = |9(t,0)| < e Prti!, where p, 1 > /2; if
1 < ay < Pu+1, we jump to Step 3; if oy < 1, we move onto

Step 2. Recall that we now have |Q(¢)| < e 2%’ If 2ap > p,+1, then we can apply Proposition [3 directly to

conclude our proof; If 1 < 2ag < p,. 1, then we certainly still have |Q(¢)| < e~2* for some 1 < 20 < p,+1 and
can apply Proposition [3|to imply that

(83) ‘ ( ) éh t—|—7: Zaf (t+7) 1_’_5 (I—I—T)) ( )|<€720tt7

for some constants a; for j = 1,---,n, and jump to Step 3; if 20 < 1, we may take oy to satisfy 20 < 1 and
apply Proposition [3|to imply that

Z“/ (el +§h(+1’)) 1(0)] S e 2!

for some constants a; for j = 1,--- ,n. This certainly implies that

(84) 0(2,0)] S e 2%

Next we use higher derivative estimates for w(z,0) and &, (¢ + 7) and interpolation with (84) to obtain

19,09,0%9| S e 2%

for any o' < otg. Now we go back to the beginning of step 2 and repeat the process with a new @; > @ to replace
the oy there, say, oy = 1.80¢. After a finite number of steps, we will reach a stage where 2a > 1 and ready to
move onto

Step 3. At this stage, we have |¢(7,0)| < e~'. Repeating the last part of Step 2 involving the derivative estimates
for w(z,0) and &,(t + 7) to bootstrap the estimate for Q(¢) to |Q(¢9)| < e~ ™, with o can be as close to 2 as one
needs. Then, depending on whether p,,+| > 2 or otherwise, one can apply Proposition 3]to obtain (69) or (70). In

the first case, we can continue the iteration until 2c > 2. But due to the presence of e~ +7)(1 4 éé(t +1))Y;(0) in

the estimate for ¢, the estimate for Q(¢) can not be better than e~>. This explains the appearance of min{2, p,.}

in (20). O

5. PROOF OF THEOREM[3]

Remark. First, some comments on the assumptions in Theorem 3]
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(a). Assumptions (32)) and (33) imply that whenever ﬁ/(rj) =0and |B(tj) —m| < &, then |B(t;) —m| is in

fact bounded above by e>(t;)"/".
(b). In the case that Y is non-constant, it follows that

|f(0,m)]|=a>0.
Thus there exists 0 < & < € such that
(85) |f (e, y)| > 3a/4,  forall (x,y) with |x|+ |y —m| < &.
Let Ty be such that |e) (t)| < a/4 for t > Ty. Then

(86) IB"(t)| > a/2, whenever |B'(t)|+|B(t) —m| < & and t > Tp.

(c). By linearization at (1., +-), there exists B > 0 depending on f, T and the upper bound of |B(-)|+|B ()|
such that

Bt +7) — Wlte +0)| + B (1 +7) — ¥ (1 +7)|
(87)
§B<IB(t*)—w(t**)+|ﬁ'(t*)—w'(t**)+ max |e1<r>>

[t—1.|<2T

for all —=2T < v < 2T. One ingredient of our proof in case (ii) is to find a sequence of T; — o with

Tiy1 —Tj~ T as j — oo, such that ﬁ/(rj) =0 and |B(tj) —m| — 0 as j — oo. Then applying (&7) to
B(tj+ 1) and y(t) would imply that

B(z;+7) —w(@)| + 1B (5+7) — v (7) SB(/3(@-)—m|+0<rggT|e,<rj+f>|),

for0 <t <2T.

Here is an outline of the main steps in our proof: we first use (29), (87) and (86) to deduce that f(¢) will have
critical point for large ¢ with its critical value close to m; then use (a) to prove that the difference between the

critical value of B(r) with m is actually bounded above by e;(¢)!/!; then we can iterate this argument indefinitely
and account for the possible time shift between consecutive times that f3(¢) attains a critical value near m. We can
now put the ingredients together to provide a complete proof.

Proof. First, for some 1/2 > k > 0 to be determined, by (29) and (87) there exists #;, > Tp such that

(88) B(tiy +7) — W(—s+1)|+ B (1, +T) — W (—s+7)| < k&, for 7| < 2T.
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First, we will dispose of case (i): when y/(¢) = m is a constant, (31)) and (33) imply that

(89) B ()] +B(r) —m|' <A ex(r),

as long as |B'(t)| + |B(t) —m| < &. This, together with (88), apparently implies that (89) continues to hold for

allt > Ty. So we are left to deal with the case that y(¢) is non-constant. Noting that y(0) = m and v (0) =0, we
have by (88) that

B (tiy +5) —m| +|B (ti, +5)| < x&2.

We now prove that there exists & with || < 24|’ (ti, + )| such that

(90) B (tiy +s+8) =0.

Let A = supg {|y" (1)], |/ (1)|}. Then

1) [y () —m|+ |y ()] < 2Al7| < &/2,

for || < &/(4A). Together with (88) and (OT)), we know

B(tiy +5+7) —m|+|B (ti, +s+7)| < &, for|7| < &2/(4A).

Thus, by (86), we have |B” (tiy +s+7)| > a/2 for |t| < &/(4A). Then by elementary calculus, there exists &y

such that B (;, + s+ &) = 0 and

92) 80| < 2a"|B (i, +5)| < 2a'Kkey < £2/(4A),



ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE o;-YAMABE EQUATION 41

provided k is chosen to satisfy the last inequality above. We fix such a k now. Set 7y = f;, + s+ 8. Note that we
have |3(t)) — m| < &. Thus from assumption (32), we have

AlB(70) —m|" = A|B (7o) — w(0)/

< |H(0,B(70)) —H(0,y(0))|

which implies that

B 1/1
03) 1B () —m| < ( 2“0)) .
Next we apply to B (7 + 7) and y(7) to obtain
1B(t0+1) — w(7)|+|B (0 +17) — ¥ (7)]

<B <|ﬁ(10) —m|+  max el(t)|>

To<t<t9+2T

62(‘5()) 1/1
<
=B (( A ) * roéznélarl(ﬁzr fer ()]

(94)

for 0 < 7 < 2T. Repeating the above argument, and in choosing Ty also make sure that

11
ex(7)
? << A ) +T<1I‘E%)+(2T|el(t)|> < K&
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for T > Ty, we obtain &, such that 1) = 19+ T + 8, satisfies

(95) ﬁ (Tl) :07
1/
“1p 1 e2()
96) 181] < 24 W(m+TMS&zB<<A> +m;géﬂemm>7
1/i
T
97) |ﬁ(71)—m|§(ezf41)> .
We can now inductively find 7; = 7;_; + T + ; such that
98) B'(z)) =0,
/i
<24 1B (z) g (e
©9) 81 <207 B (51 +T)| < 2a B(( ) el
AN /1
(100 sy -ml< (22

B(z;+7) — w(e)| + B (1j+7) — ¥ (7)]

<B(|ﬁ(7j)—m|+ max |el(t)|)

T;<t<7;+2T

11
e (1))
<
_B<( A ) +rj§tr2%j-(+2Tel(t)>

(101)
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for 0 <t <2T. Sets;=1;— jT. Then s; =s;_| + §;, and due to estimate (99) and assumption (34) s.. =
lim;_.s; exists and equals s + Y7 §;. (IOT) can be rewritten, with = 7; + T, as

B(t) = w(t—s;)|+ B (1) — v (t —s)|

=|B(t) — w(t— 1) +|B (t) — v (1 — 1)

ex(t;) )"
(GO

'\ 1/
<B (eZ(t>> +max|e; (1) dr

‘L'jfl A t,ST
for 7; <t < 7j11, which further implies that

1B() = w(t —s0)| + B () — ¥ (7 — 520)]
<IB(t) = w(t —s;)| + B (1) = W (t = s)| + Wt —500) = Wt —5)|+ W (t —5:0) = W (£ —5)]|

<B ( <621(4Tj)
(

11

TjSlSTJ'Jr]

+ max |el(t)>+A|soo—sj|
(102)

e ‘L'j)

( 1/1 S
<B " > + max |€1(l‘)>—|—/\ Z ‘6k|

SIS T k=j+1

SN /1
<C (“/(;)) +max|ey (7)] | df

Ti—1 <t

for some constant C > 0 and 7; <t < 7j,1. (99) and our assumption (34) imply that the expression on the right
side of the above inequality tends to 0 as j — o, thus proving (33). O
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6. APPENDIX

Proof of Lemma[2] Introduce a new variable y(¢) =V (¢)¢(¢) for some V() to be chosen. Then

’ 4 2 "
V(OLi[0] =w(r) + { [1 ~(n= 1>§Ei§] (1) 2Vv<(f>)} vl + {2|Vv<(f>)2| ) vv<(f>)

ne="6(0)
L0050 - 250 + L —éf(t))} we).

Choose V(¢) such that {1 —(n— 1)58} &) — 2“///((;)) = 0. This amounts to

n—k n(k— 1)e 500
k k(e*”é(l) +h)

V() = |1- & (1)

= :(2— %)é(t) + %m (e—"€<f> +h)} .

t

k=1

Thus we can take V(1) = (!~ %)¢®) (ef”‘gm +h) " Then

" -
VL) =i 1) + {—Vv(ﬁ’)) M+ - é%))} v()

where E(t) = {Vt) Ajf\‘gg + m(l érz(t))} ; and

"

Vi) LN _n(k—l)e’"é(’)
T 2k 2k(e €W 4 h)

2
n n(k— 1)e 760

2k 2k(e "8 +h)

2(1 —-n€ g2
L (k= Dhe g | +l1

12
k(50 4 )2
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Using
o 2KEMN (] _ g2 17k_”—2k g2
Eult) = 5ee E0(1- (1)) = 1= (1= 8(0)),
and
e(2k7n)§(t)(1 _ é?([))k _ efné (1) +h,
we have

" 2
Vi) | (2k—n)? N n(n—2k)(k=2)e " nPk—1) [ 0 1 e
4k2 4k2(e—n§(t) + h) 4k2 e—nE(1) +h

n2(k—1)he "5 |E' 2
2k(e (1) + h)2

n nlk—1)e "0

S A 2
2k 2k(e="EW) +h) IE\

+ |1

2
| @2k—n)? N n(n—2k)(k=2)e " nPk—1) [ 0
T 4k (e 60 + h) 4k

N C(2k=n)  n(n—2k)(k=2)e ) n(k—1) [ e 0 ?
4k2 4k2(e*”5(’>+h) 4k2

}w

_ [(2k—n)2+n(n—2k)(k_2)ené(r) nz(k_1)< o e )2]

n?(k— 1)he ™" l no on(k— )—n:

ke T T % k(e )

452 42(e 0 +h) M2

2
N n2(k—1)he™"% N n(n—2k)e " N n2k—1) [ e &P
2k(e 60 +-h)2  dk(e W) +h) 4k e €M) 4 h

Since we are interested in getting an upper bound for E(¢), and it’s not easy to find more useful bound for terms

of the form (negative factor)\§/|2, so will drop such terms in our estimates and obtain, in the case 2k < n and
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2
(2k—=n)*  n(n—2k)(k—2)e "0 N n2k—1) [ e
4K> 4Kk%(e="E W) + h) 4k* - \ e +h

2n(n—k) 202 (k —1)e "5
Ck(n—1)  k(n—1)(e €0 +h)

(2k—n)?>  2n(n—k)
A2 k(n-1)

<

_{n(n—Zk)(k—2) n*(k—1) 2n2(k—1)} e 6 ()

4K2 e k(n—1) [ ené®) +p

B (2k —n)? _ 2n(n—k) 2(n+3)k* —4(n+ Dk—n(n—1) ne "0

412 k(n—1) 42 (n—1) e €O fh’

When 2(n+3)k?> —4(n+ 1)k —n(n— 1) > 0, we obtain

(2k—n)272n(n—k)77(n 1)2 2n (ﬁ—l)g—Z— 2

E(t)< - _ (o)A
T k(n—1) 2k n—1\k

provided 2k < n; while if 2(n + 3)k> — 4(n+1)k—n(n—1) <0, we obtain

(2k—n)*  2n(n—k) = —2n(n+3)k*+4n(n+1)k+n*(n—1)

E(t)<—
N T R ¥ s HE(n—1)
_ n+l |
= 5!
In all cases we conclude the proof of Lemma[2] |

Note added: After this paper was posted on arXiv, Lorenzo Mazzieri and Cheikh Birahim Ndiaye sent us a
very interesting preprint, Existence of solutions for the singular oy-Yamabe problem, in which they show that, for
a given finite set A of more than one point in §”, satisfying some additional assumptions involving their positions
in the case card A > 5, there are complete Riemannian metrics on S" \ A, conformal to the standard metric ggn
and having positive constant oi-curvature. Their construction complements our results in this current paper.



ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE o;-YAMABE EQUATION 47

REFERENCES

[1] A.D. Alexandrov, Uniqueness theorems for surfaces in the large I-V, Vestnik Leningrad Univ. 11 #19, 5-17 (1956); 12 #7, 15-44
(1957); 13 #7, 14-26 (1958); 13 #13, 27-34 (1958); 13 #19, 58 (1958); English transl. in Am. Math. Soc. Transl. 21, 341-354, 354—
388, 389403, 403411, 412-416 (1962).
[2] P. Aviles, A study of the singularities of solutions of a class of nonlinear elliptic partial differential equations, Comm. PDE 7 (1982),
609-643.
[3] S. Brendle and J. Viaclovsky, A variational characterization for ©, /2 Calc. Var. PDE. 20 (2004), no.4, 399-402.
[4] Luis A. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behavior of semilinear elliptic equations with critical Sobolev
growth, Comm. Pure Appl. Math. 42 (1989), 271-297.
[5] S.-Y. A. Chang, M. Gursky and P. Yang, An equation of Monge-Ampere type in conformal geometry, and four-manifolds of positive Ricci
curvature, Annals of Math., 155 (2002), 709-787.
[6] S.-Y. A. Chang, M. Gursky and P. Yang, An a priori estimate for a fully nonlinear equation on four-manifolds, Dedicated to the memory
of Thomas H. Wolff. J. Anal. Math. 87 (2002), 151-186.
[7]1 S.-Y. A. Chang, M. Gursky and P. Yang, Entire solutions of a fully nonlinear equation, “Lectures in Partial Differential Equations in
honor of Louis Nirenberg’s 75th birthday”, chapter 3. International Press, 2003.
[8] S.-Y. A. Chang, Z. Han, and P. Yang, Classification of singular radial solutions to the oy Yamabe equation on annular domains, J. Diff.
Eqn. 216 (2005), 482-501.
[9] S.-Y. A. Chang, Z. Han, and P. Yang, Apriori estimates for solutions of the prescribed o, curvature equation on s4, manuscript, 2004,
see also [10]].
[10] S-Y. A. Chang, Z. Han, and P. Yang, On the prescribing oy curvature equation on S*, preprint, 2009, 39 pages.
arXiv:0911.0375v1[math.DG].
[11] S.-Y. A. Chang, F. Hang, and P. Yang, On a class of locally conformally flat manifolds, IMRN 2004, No. 4, 185-209.
[12] S.-Y. A. Chang, J. Qing, and P. Yang, Compactification of a class of conformally flat manifold, Invent. Math. 142 (2000), 65-93.
[13] C.-C. Chen and C.-S. Lin, Local behavior of singular positive solutions of semilinear elliptic equations with Sobolev exponent, Duke
Math. J. 78 (1995), no. 2, 315-334.
[14] C.-C. Chen and C.-S. Lin, On the asymptotic symmetry of singular solutions of the scalar curvature equations, Math. Ann. 313 (1999),
no. 2, 229-245.
[15] E. Coddington and N. Levison, Theory of Ordinary Differential Equations, McGraw-Hill, 1955.
[16] D. Finn, Positive Solutions to Nonlinear Elliptic Equations with Prescribed Singularities, Ph.D thesis, Northeastern University, 1995.
[17] B. Gidas, W.-M. Ni, and L. Nirenberg, Symmetry and related properties via the maximum principle, Comm. Math. Phys. 68 (1979), no.
3,209-243.
[18] M. Gonzalez, Singular sets of a class of fully non-linear equations in conformal geometry, Ph.D thesis, Princeton University, 2004.
[19] M. Gonzalez, Singular sets of a class of locally conformally flat manifolds, Duke Math. J. 129 (2005), no. 3, 551-572.
[20] M. Gonzalez, Removability of singularities for a class of fully non-linear equations, Calculus of Variations and Partial Differential
Equations 27 (2006), no. 4, 439-466.
[21] P. Guan, C.S. Lin and G. Wang, Schouten tensor and some topological properties. Comm. Anal. Geom. 13 (2005), no. 5, 887-902.
[22] P. Guan, J. Viaclovsky and G. Wang, Some properties of the Schouten tensor and applications to conformal geometry, Transactions of
American Math. Society, 355 (2003), 925-933.
[23] P. Guan and G. Wang, Local estimates for a class of fully nonlinear equations arising from conformal geometry, International Mathe-
matics Research Notices, V. 2003, Issue 26(2003), 1413-1432.
[24] P. Guan and G. Wang, A fully nonlinear conformal flow on locally conformally flat manifolds, Journal fur die reine und angewandte
Mathematik, 557 (2003), 219-238.
[25] M. Gursky, The principal eigenvalue of a conformally invariant differential operator, with an application to semilinear elliptic PDE,
Comm. Math. Phys. 207 (1999), 131-143.
[26] M. Gursky and J. Viacolvsky, A new variational characterization of three-dimensional space forms, Invent. Math. 145 (2001), 251-278.
[27] M. Gursky and J. Viacolvsky, Fully nonlinear equations on Riemannian manifolds with negative curvature, Indiana Univ. Math. J. 52
(2003), no. 2, 399-420.
[28] M. Gursky and J. Viacolvsky, A fully nonlinear equation on four-manifolds with positive scalar curvature, Journal of Differential
Geometry 63 (2003), no.1, 131-154.
[29] M. Gursky and J. Viacolvsky, Convexity and singularities of curvature equations in conformal geometry, Int. Math. Res. Not. (2006),
Art. ID 96890, 43 pp.
[30] Z.Han, Local Pointwise Estimates for Solutions of the 6, Curvature Equation on 4-Manifolds, IMRN 2004, no. 79, 4269-4292.
[31] Z. Han, A Kazdan-Warner type identity for the oy curvature, C. R. Math. Acad. Sci. Paris 342 (2006), no. 7, 475-478.
[32] N. Korevaar, R. Mazzeo, F. Pacard and R. Schoen, Refined asymptotics for constant scalar curvature metrics with isolated singularities,
Invent. Math. 135 (1999), 233-272.
[33] D. Labutin, Wiener regularity for large solutions of nonlinear equations, Ark. Mat. 41 (2003), no. 2, 307-339.
[34] J.F. Le Gall, Spatial Branching Processes, Random Snakes and Partial Differential Equations, Lectures in Mathematics ETH Zrich,
Birkhuser, Basel, 1999.
[35] Aobing Li and YanYan Li, On some conformally invariant fully nonlinear equations, Comm. Pure Appl. Math. 56 (2003), 1414-1464.



48

[36]
[37]
[38]
[39]
[40]
[41]

[42]
[43]

[44]
[45]

[40]
[47]

[48]
[49]
[50]
[51]
[52]
[53]
[54]

[55]

ZHENG-CHAO HAN, YANYAN LI, AND EDUARDO V. TEIXEIRA

Aobing Li and YanYan Li, On some conformally invariant fully nonlinear equations, Part II: Liouville, Harnack and Yamabe, Acta
Math. 195 (2005), 117-154.

Congming Li, Local asymptotic symmetry of singular solutions to nonlinear elliptic equations, Invent. math. 123, 221-231 (1996).
YanYan Li, Conformally invariant fully nonlinear elliptic equations and isolated singularities, Journ. Funct. Anal. 233 (2006), 380-425.
C. Loewner and L. Nirenberg, Partial Differential Equations invariant under conformal and projective transformation, Contributions to
Analysis, Academic Press,245-275, 1975.

M. Marcus, and L. Veron, Boundary trace of positive solutions of semilinear elliptic equations in Lipschitz domains, arXiv:0907.1006,
[math.AP], 16 Jul 2009.

R. Mazzeo and F. Pacard, A construction of singular solutions for a semilinear elliptic equation using asymptotic analysis, J. Diff.
Geom. 44 (1996), no.2, 331-370.

R. Mazzeo and F. Pacard, Constant scalar curvature metrics with isolated singularities, Duke Math. J. 99 (1999), no. 3, 353—418.

R. Mazzeo and N. Smale, Conformally flat metrics of constant positive scalar curvature on subdomains of the sphere, J. Diff. Geom.
34 (1988), 581-621.

R. Mazzeo, D. Pollack and K. Uhlenbeck, Moduli spaces of singular Yamabe metrics, J. Amer. Math. Soc. 9 (1996), No. 2, 303-344.

R. McOwen, Singularities and the conformal scalar curvature equation, Geometric Analysis and Nonlinear Partial Differential Equa-
tions (Denton, Tex., 1990), Lecture Notes in Pure and Appl. Math. 144, Dekker, New York, 1993, 221-233.

F. Pacard, The Yamabe problem on subdomains of even-dimensional spheres, Topol. Methods Nonlinear Anal. 6 (1995), 137-150.

R. Schoen, The existence of weak solutions with prescribed singular behavior for a conformally invariant scalar equation, Comm. Pure
Appl. Math. 41 (1988), 317-392.

R. Schoen and S.T. Yau, Conformally flat manifolds, Klein groups and scalar curvature, Invent. Math. 92(1988), 47-72.

J. Serrin, A symmetry problem in potential theory, Arch. Ration. Mech. 43 (1971), 304-318.

Steven D. Taliaferro and Lei Zhang, Asymptotic symmetries for conformal scalar curvature equations with singularity, Calc. Var. Partial
Differential Equations 26 (2006), 401-428.

L. Veron, Singularités éliminables d’équations elliptiques non linéaires, J. Diff. Eq., 41 (1981), 225-242.

J. Viaclovsky, Conformal geometry, contact geometry, and the calculus of variations, Duke Math. J. 101 (2000), 283-316.

J. Viaclovsky, Some fully nonlinear equations in conformal geometry, Differential equations and mathematical physics (Birmingham,
AL, 1999), 425-433, AMS/IP Stud. Adv. Math., 16, Amer. Math. Soc., Providence, RI, 2000.

J. Viaclovsky, Estimates and existence results for some fully nonlinear elliptic equations on Riemannian manifolds, Communications in
Analysis and Geometry 10 (2002), no.4, 815-846.

J. Viaclovsky, Conformally Invariant Monge-Ampére Partial Differential Equations: Global Solutions, Trans. Amer. Math. Soc. 352
(2000), no. 9, 4371-4379.

DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, 110 FRELINGHUYSEN ROAD, PISCATAWAY, NJ 08854

E-mail address: zchan@math.rutgers.edu

E-mail address: yyli@math.rutgers.edu

Current address, Eduardo V. Teixeira: Universidade Federal do Ceard, Departamento de Matemadtica, Av. Humberto Monte, s/n, Fortaleza-
CE, Brazil. CEP 60.455-760

E-mail address: eteixeira@ufc.br



	1. Description of the results
	2. Several preliminary properties of solutions to (7)
	3. First proof of Theorem 1: exploiting the ODE satisfied by the radial average
	4. Proof of Theorem 2 and second proof of Theorem 1
	5. Proof of Theorem 3
	6. Appendix
	References

