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Abstract

We prove that any positive solution of the Yamabe equation on an asymptotically
flat n-dimensional manifold of flatness order at least "7_2 and n < 24 must converge at
infinity either to a fundamental solution of the Laplace operator on the Euclidean space
or to a radial Fowler solution defined on the entire Euclidean space. The flatness order
”T_Q is the minimal flatness order required to define ADM mass in general relativity;
the dimension 24 is the dividing dimension of the validity of compactness of solutions
to the Yamabe problem. We also prove such alternatives for bounded solutions when
n > 24.

We prove these results by establishing appropriate asymptotic behavior near an
isolated singularity of solutions to the Yamabe equation when the metric has a flatness
order of at least ”T_Q at the singularity and n < 24, also when n > 24 and the solution
grows no faster than the fundamental solution of the flat metric Laplacian at the singu-
larity. These results extend earlier results of L. Caffarelli, B. Gidas and J. Spruck, also
of N. Korevaar, R. Mazzeo, F. Pacard and R. Schoen, when the metric is conformally
flat, and work of C.C. Chen and C. S. Lin when the scalar curvature is a non-constant
function with appropriate flatness at the singular point, also work of F. Marques when
the metric is not necessarily conformally flat but smooth, and the dimension of the
manifold is three, four, or five, as well as recent similar results by the second and third
authors in dimension six.
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1 Introduction

On a compact smooth Riemannian manifold (), g) of dimension n > 3, the Yamabe
problem, which concerns the existence of constant scalar curvature metrics in the conformal
class of g, was solved affirmatively through Yamabe [61], Trudinger [59], Aubin [4] and
Schoen [52]. The problem is equivalent to solving the Yamabe equation

n+2

—Lyu=n(n— 2)sign(A)un—2 onM, u>0,

(= 21)) , A\, is the Laplace-

Beltrami operator and 2, is the scalar curvature of g, and sign()\l) € {—1,0,1} is the sign
of the first eigenvalue of —L, on M.

Solutions of the Yamabe equation on the standard unit sphere S™ were classified by
Obata [51]. Namely, they must be positive constants (2~ "2 in our formulation) modulo
Mobius transforms. The same conclusion was proved on S™ \ { '} by Gidas-Ni-Nirenberg
[20, 21] and Caffarelli-Gidas-Spruck [11], where A is the north pole. Equivalently, the
theorem on S™ \ { N} asserts that every positive solution of the Yamabe equation with the
flat background metric

where L, = A;—c(n)R, is the conformal Laplacian with ¢(n) =

n+2

— Au=n(n—2)unr-2

oY)

in R™ has to be the form A"z (1 + A2|z — ,|2)"2", where A > 0 and 2, € R™. This
Liouville type theorem implies that there is no posmve solution of the Yamabe equation on
S™ which is singular only at one point.

In the same paper [11], Caffarelli, Gidas and Spruck further studied the isolated sin-
gularities of positive solutions of (1). First, they classified all positive solutions of (1) in
R™\ {0} (or S™ \ {N,—N}) with 0 being a non-removable singularity by proving that
they are radially symmetric and solve an ODE studied by Fowler [22]. We refer these
radial singular solutions on R"™ \ {0} as Fowler solutions. The radial symmetry was also
obtained by [21] under some decay assumption on the solution at infinity. Second, they
proved that every positive solution of (1) in the punctured unit ball B; \ {0} with 0 being a
non-removable singularity must converge to a Fowler solution:

u(x) = up(x)(1 +0o(1)) asz — 0, (2)
where ug is a Fowler solution which can be written as
uo(|]) = o[~ ¢ (In |z])
n+2

and 1) is a positive periodic solution on R to ¢ (t) — %@D(t) +n(n—2)¢(t)»2 =0. A
different proof and refinement of results in [11] were given by Korevaar-Mazzeo-Pacard-
Schoen [30]; in particular, they improved the o(1) remainder term to O(|z|*) for some
a > 0. See also Chen-Lin [13] and Li [35] for alternative arguments and generalizations of
[11] in establishing the upper bound of u, and Q. Han-Li-Li [25] for higher order expansion
of O(|z|).



It is a natural problem to ask whether the theorem of Caffarelli, Gidas and Spruck [11]
on a punctured ball still holds when the background metric is not conformally flat. This
problem was solved positively, when the background metric is smooth, by Marques [45]
for 3 < n < 5 and by Xiong-Zhang [60] for n = 6 recently. In this paper, we prove that
the theorem of [11], as described by (2), continues to hold for 3 < n < 6 as well as for
7 < n < 24, even if the metric g is not smooth across {0}, as long as it has an expansion at
0 of flatness of order 7 > "T_Q, as given by (7) below.

The problem is also formulated as the study of asymptotic behavior at oo of solutions
of the Yamabe equation with an asymptotically flat background metric.

— Lyu=n(n—2ur2 inR"\ B, u>0, 3)

where g is a smooth Riemannian metric defined on R" \ B; satisfying the standard asymp-
totically flat condition

Z ‘Vm (gij(ﬂj) — 5,;j> < Cle|7™™™ forz € R"\ By, 4
ij=1
where 7 > ”772, C' is a positive constant and m = 0,...,n + 2. Note that 7 > n=2 jg

2
necessary to define the ADM mass in general relativity; see Denisov-Solov’ev [17] and

Bartnik [6]. This exterior formulation (3) is equivalent to the punctured unit ball setting
[11]if g is flat, since (1) is invariant under Kelvin transforms.
Our main results are as follows.

Theorem 1.1. Let u be a solution of (3) with the metric g satisfying the asymptotic flatness
(4). If 3 < n < 24, then either there exists a positive constant a such that

u(z) = alz[* " + O(Jz|'™) asz — o0
or there exist o € (0,1) and a Fowler solution ug such that
u(z) = uo(|z))(1 + O(|z|™*) asx — oo.
Both of these alternatives can happen. In higher dimensions, we have

Theorem 1.2. Let u be a solution of (3) with the metric g satisfying the asymptotic flatness
(4). If n > 25 and
lim sup u(z) < oo, Q)

T—00

then the conclusion of Theorem 1.1 still holds.

The existence of complete conformal metrics of positive constant scalar curvature on
S™\ A and related problems have been studied by Schoen [53], Schoen-Yau [55], Mazzeo-
Smale [49], Mazzeo-Pollack-Uhlenbeck [48], Mazzeo-Pacard [47], Bettiol-Piccione-Santoro



[7] and others, where A is a closed set. It was proved in [55] that the Hausdorff dimen-
sion of A is necessary to be at most ”T_Q See Byde [10] and Silva Santos [56] on other
manifolds.

When the scalar curvature is negative, the first study of this problem goes back to
Loewner-Nirenberg [43], where the dimension of A was proved to be at least 1%2 Later
work on the negative scalar curvature case was done on general manifolds by Aviles-
McOwen [5], Finn-McOwen [19], Andersson-Chrusciel-Friedrich [3], Mazzeo [46] and
etc. See also the recent paper Q. Han-Shen [26] and references therein for related work.

By performing a Kelvin transform, (3) is equivalent to

— Lyu=n(n—2ur2 inB\{0}, u>0, (6)
and (4) translates into
IV™(Gij(z) — 6;5)| < Cle|™ in By \ {0} for0 <m <n+ 2. (7)

Note that the scalar curvature [?; might not be continuous across 0 if n < 6, but we still
have |R;(z)| < C|z|™2 in By \ {0}, which implies that |R;(z)| € LF(B;) for some
p > n/2. The general case of the De Giorgi-Nash-Moser theorem implies that any solution
u of (6) which is bounded in B; \ {0} must extend to a Holder continuous solution in By,
and as a supersolution of L;u = 0 in By, u(0) = lim,_,ou(x) > 0, see, e.g., [57]. We
refer to such a situation as x = 0 being a removable singularity, and the solution u(z) as a
classical solution. The assumption (5) in Theorem 1.2 for n > 25 translates into

lim sup |z|"?u(z) < oco. (8)
z—0
Theorem 1.3. Suppose that u is a solution of (6) with g satisfying (7). If n > 25, we
assume further that u satisfies (8). Then either 0 is a removable singularity, or there exists
a constant C' > 0 such that

1 n- e
5]$|_T2 <u(x) < Cla|™"%  forz € By \ {0}. 9)
Moreover, we have P(u) < 0, and P(u) = 0 if and only if 0 is a removable singularity,

where P(u) is the Pohozaev limit of u defined in (92).

Theorem 1.4. Under the same assumptions as in Theorem 1.3, if O is not a removable
singularity, then there exist o € (0, 1) and a Fowler solution g such that

uw(x) = uo(|z])(1 + O(|z|™*) asz — 0.

Based on previous work in this area, a key in proving Theorems 1.1, 1.2, 1.3, 1.4 is to
prove, for an unbounded solution u of (6), (9) holds.

When ¢ is conformally flat, the proofs of the upper bound in (9) of Caffarelli, Gidas
and Spruck [11] and Korevaar-Mazzeo-Pacard-Schoen [30] rely on inversion symmetries
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of (1), using different variants of the Alexandrov reflection. When the background metric
is not conformally flat, that approach is no longer directly applicable, as u — Uyc fiection
now satisfies an inhomogeneous linear elliptic equation and thus a key ingredient of the
reflection argument (maximum principle) is not directly available.

Chen-Lin [14] introduced an idea of constructing suitable auxiliary functions, when
employing the moving planes method, to compensate for the loss of invariance under Mo-
bius transformations of the prescribing scalar curvature equation

n+2 .
—Auy = Kur—2 in B

when K is a positive non-constant continuous function—they used the method to deal with
solutions with or without isolated singularities. For the case of a solution with an isolated
singularity at 0, they obtained a sharp flatness criterion of K (x) in another paper [15] to
have the asymptotic behavior (2) for isolated singularities—their criterion turns out to be
Slzlt < |VK(x)| < Clz|"~" for some constants C' > 1 and [ > “72. A counterexam-
ple was constructed when the flatness is less than ”T_Q See also Zhang [62], Taliaferro-
Zhang [58] and Lin-Prajapat [41, 42]. This idea of constructing auxiliary functions was
adapted and developed to study the compactness of solutions to the Yamabe equation by
Li-Zhang [37, 38, 39] via the moving spheres method, and to study isolated singularities of
the Yamabe equation by previously mentioned paper Marques [45] and Xiong-Zhang [60]
for n < 6. The situation in these papers is somewhat different from that of the prescrib-
ing scalar curvature equation in that one can not impose some condition analogous to the
positive lower bound |VK (z)| > &|x|"~" as in [15].

The auxiliary functions in [45] and [60] are radially symmetric. In our situation, we
need to construct non-radial auxiliary functions and prove some needed quantitative esti-
mates. A major part of these estimates is proved by applying and refining the blow up
analysis developed in the studies of compactness of solutions to the Yamabe problem by
[54, 40, 18, 44, 38, 39, 33] up to dimension 24. In particular, for n > 7, we adapt some
arguments from Li-Zhang [38, 39] and Khuri-Marques-Schoen [33], where the spectral
analysis of the linearized Yamabe equation at the spherical solutions played an important
role. However, our situation is different from theirs, as the solutions and the metric contain
singular points and the blow up analysis is implemented near those points. If n > 25, the
assumption (8) is used to ensure the desired sign of the Pohozaev integral in the notation
of [33] for some specific blowing up sequence of solutions. Note that the compactness of
solutions to the Yamabe problem on smooth compact manifolds which are not conformal
diffeomorphic to the unit sphere fails in dimension n > 25, see Brendle [8] and Brendle-
Marques [9].

Once we have the upper bound, the lower bound in (9) is proved via the method of [14]
and [45], based on an analysis of behavior of solutions of an ordinary differential inequality
satisfied by the spherical average of the solution and the Pohozaev integral. However, there
is a non-trivial linear term in the differential inequality of the spherical average of solutions
in our case, which causes a technical issue when 7 = ”7_2 When n = 6 and the background
metric is smooth, this issue was solved by finding a good conformal metric in [60]. Here
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we prove a refined ODE type estimate to prove the lower bound in (9).

The results of [11] and [30] have been extended to some fully nonlinear Yamabe equa-
tions or higher order conformally invariant equations, see, for example, Li-Li [34], Li [36],
Chang-Han-Yang [12], Han-Li-Teixeira [28], Jin-Xiong [29], and the references therein.

The paper is organized as follows. In Section 2, we reduce the exterior problem to (6)
and outline a proof of the upper bound of solutions with an isolated singularity in Theorem
2.1, deferring the details of the construction of auxiliary functions used in the proof to
Section 4. In Section 3, we recall some local blow up analysis for smooth solutions of the
Yamabe equation up to dimension 24, and set up conformal normal like coordinates to be
used later. In Section 4, we provide details in proving the upper bound in Theorem 2.1.
We divide the construction of the auxiliary function used in the moving spheres argument
into the cases 3 < n < 6 and n > 7. The difficulty of former case lies in the singularity
of the metric while that of the latter lies in high dimensional effect. In Section 5, we prove
the lower bound and give a criterion of removability in terms of the sign of the Pohozaev
integral. In Section 6, we provide details of some improved ODE type estimates for the
spherical average of the solution, which are used in Section 5.

Acknowledgment: This work was started when J. Xiong was visiting Rutgers Univer-
sity during the academic year 2019-2020, to which he is grateful for providing the very
stimulating research environments and supports. All authors would like to thank Profes-
sor YanYan Li for valuable discussions and comments. This work was posted on arXiv as
arXiv:2106.13380v2.

2 Reduction to an isolated singularity and outline proof of
the upper bound of solutions with an isolated singularity
Let u be a positive solution of (3) with the metric g satisfying (4). We shall use an inversion

to transform the problem into one with an isolated singularity on the punctured unit ball.
Forany z € R" \ By, letx = mp forz € By \ {0}. Then we see that

1 2t 27

) (A )

=: U(z)ﬁgkl(z)dzkdzl,

(@) gy (a)da'de’ = (

where v(2) = r=u(;%), and

g9(z) = gkl(z)dzkdzl = gij(—z ) (s — 22’"2”“)(5% — 2zizl)dzkdzl. (10)
29
By (4), we have

> [0 (dua(2) — 6) | < Cols™ forz € Bi\{0), m= 0,142
k=1



which is the same as (7). By the conformal invariance of L,
— Lyv=n(n—2v+2 in B\ {0}. (11)

Hence, the study of solutions of (3) with the metric g satisfying (4) has been reduced to the
study of solutions of (11) with the metric g satisfying (7). If the assumption (5) in Theorem
1.2 holds, then it implies the upper bound (8) for v:

lim sup |2 2v(z) < oo.
z—0

To avoid using too many variables, from now on we will rename the z variable in
By \ {0} as z, g as g, and v(2) as u(x), namely, we will study u(z), which satisfies (6).

Theorem 2.1. Let u be a solution of (6) with the metric g satisfying (7). When n > 25,
suppose that (8) holds. Then

lim sup |x\n772u(:c) < 00. (12)
z—0

When g is a smooth metric in By, Theorem 2.1 was proved by Marques [45] forn < 5
and by Xiong-Zhang [60] for n = 6.

Our proof of Theorem 2.1 follows the classical approach initiated by Schoen, further
developed by many authors over the last three decades as described earlier; we do need to
overcome difficulties caused by the potential singularity of the metric at O when 3 < n <6
and the high dimensional effect when n > 7. We will discuss the technical aspects of this
analysis a bit later, much of which will follow the approach in [60].

For now, we will first outline the setup for proving Theorem 2.1. Clearly, it suffices to

consider
n—2

2
If (12) were invalid, there would exist a sequence x; — 0 such that

T =

|xk\n7_2u(xk) — o0 ask — 0. (13)

Lemma 2.2. The sequence xj, in (13) can be selected to be local maximum points of u.
Moreover, there exists 0 < oy, < |xy|/2 such that

u(z) <27 u(zy) V€ By, (z1)

and o,
3 2 —
]}1_%10 u(zg)oy,> = o0.
Proof. The proof is standard by now. See page 3 of [60] for details. [



We will do a blow up analysis of u(x) near z;. To carry out a more refined analysis
needed later on, we will work with a conformal normal like coordinate system {z} centered
at zj. The precise formulation will be given as Lemma 3.4 in section 3. The key is to set
up this coordinate system on a common ball centered at z = 0 for a certain neighborhood
in metric g “centered at” x; which includes B (xk), via a coordinate map ¢,, (z) with
appropriate control, and with ¢,, (0) = xy, ¢, (—x) = 0.

We will work with uy(2) = (kg,u) 0 ¢g, (2) for z € Byjo \ {—x1}, where x,, , ¢, , and
gr(z) are defined as in Lemma 3.4, with z;, as Z there, (46) holds for gx(z), and

det gi(2) =1 in By, (14)

As usual, the analysis in this work uses multiple rescalings and multiple coordinate sys-
tems. To avoid excessive notations, we may reuse the same variable names in different
contexts. For example zj, is selected in the = coordinate in B; \ {0} for u according to
Lemma 2.2, but in the conformal normal like coordinate z, the = 0 point corresponds to
2z = —x}, SO we are using xy in two different coordinate system.

According to Lemma 3.4, u;(2) is well defined for z € By, \ {—x}} for large k, and

— Ly up(z) = n(n — ug(z)"2  in By \ {—ax}. (15)

Let 2
Mk = Uk(O), lk = MF, Sk = —lkl'k,

and
op(y) = My ('), y € By \ {Sk}.

By Lemma 2.2, limy,_,, |Sx| = oo. By equation (15) of uy, we have
n+2 .
— Ly ue(y) = nln = 2)ue(y) "2 in By \ {Se}, (16)

where (gx)i; (y) = (9)i; (I v)-

By Lemma 2.2 and Lemma 3.4, we know that z;, = ¢,,(0) is a critical point of u
and r,,. Thus Vv, (0) = 0. It follows from local estimates for solutions of linear elliptic
equations that, up to passing to a subsequence,

ve(y) — Uly) inC}

loc

(R") ask — o0
for some nonnegative function U € C?(R") satisfying
AU(y) +n(n—2)U(y)»2 =0 inR",
U)=1, VU(0)=0.

By the classification theorem of Caffarelli-Gidas-Spruck [11], we have

Uy) = (1+ |y]*)

2—n
2 .

7)
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Later on, we may write U(]y|) = U (y) without causing confusion.
Recall that the Kelvin transform of a function f defined on some measurable set ) C
R"™ with respect to the sphere 0B, A > 0, is defined as
A A2
ly) = <W)H f(y"), fory such that y* := % € Q.
Y Y

Applying the Kelvin transform to U(y), we note that U*(y) = U(y) for all y when
A=1, and
{U)‘(y) < U(y) for0 < A< 1andy with |y| > A, and

UMy) > U(y) for A > 1and y with |y| > \.

In fact we have a more precise estimate

>c(n)(T =N (lyl = Ny)'™, if0<A<land|y| >\,
Uly) - UMNy)g =0, ifa=1, (18)
< —c(m)A=D(lyl = Nyl'™, ifA>1land |y > A,

where ¢;(n) > 0 is a dimensional constant.
Using (18) and vy(y) — U(y) = (1 + |y|?)*=" in C2

7 (R™), we see that for A > 1, y
with |y| > A,

ve(y) — v (y) < —c1(n)(A = 1)(|y| — A)|y|*~™ for sufficiently large k. (19)

For any fixed N’ > A > 1 and R > X, we can choose a common £’ such that the above
holds for any £ > k' and X < |y| < R; but for our purpose it suffices that for each fixed
ly| > A > 1, there exists some &’ such that the above holds for k > £'.

On the other hand we shall apply the method of moving spheres in ¥4\ { Sy } to wy (y) =
vi(y) — v (y) (for simplicity we omit the subscript k in w)) to show that

uk(y) = va(y) + frr(y) = 0 fory € 35\ {8k}, (20)
for 1 — 9; < A <1+ 4, and for sufficiently large k, where

Elj\ = BQll;IC/Z \ B)m

Fax(y) is an auxiliary function constructed to make vy, (y) — v3 (y) + fax(y) a supersolution
of a linear operator (30) related to Ly, and f) x(y) — 0 uniformly over y € 35 as k — oo,
and for the 3 < n < 6 cases d; can be taken as %, and for the n > 7 cases §; € (0,1/2) is

determined to make it possible to construct the auxiliary function f f’) (y)forl—6; < A <
1+ 601 from (84). Furthermore, according to Proposition 4.3 to be proved later, (); > 0 can
be taken such that

Sy € BQM}C/Q'



The construction of f) ;(y) with the desired properties is carried out in Lemmas 4.6, 4.7,
and Proposition 4.8 for % < A < 2inthe 3 < n < 6 cases, and respectively, in Lemma4.11,
(85), and Proposition 4.12 for 1 — 6; < A < 1+ ¢, in the n > 7 cases; and the moving
spheres argument for the n > 7 requires a minor modification to 2%, as done in Proposition
4.12.

The two opposing estimates (19) and (20) on v;,(y) — vy (y) are obtained under the
assumption (13). We now fix some 1 < A < 1+ §; and some y with |y| > A: on the
one hand, for sufficiently large %k, we have (19); on the other hand, f)(y) — 0 implies
that for sufficiently large k, ¢;(n)(A — 1)(|y| — M) |y|*™ > fax(y), which, together with
u(y) — 0} (y) + Fraly) = 0. Teads to vy(y) — v2(y) + cun) (A — D(lyl — Ay > 0.
This contradiction shows that the scenario of (13) can’t happen.

To apply the method of moving spheres, we first need to work out the equations satisfied
by w,. We first record the expansions for the coefficients in L, based on Lemma 3.4,

o = Dy, — C(n)ng (Z)

= A+ mﬁj (g,zj(z) det gk(2)> 0; + (g,ij(z) — 0ij)0i5 — c(n) Ry, (2) (21)

=: A+ b;(2)0; + d;j(2)0;; — c(z),

L

with

T—2
bi(2) = {oum el 2l < olal,

O(|z + x|™™h), |z| > ol|xy,

oy = [OUBIE, el <ol
K O(|z 4 xx|7), 2| > oz,

T—4 2
o) = {oum Pl < olal

O(lz+xx"™%), 2] = ol

where o > 0 is independent of k, and we drop the subscript £ of b;, d;; and c for brevity.
After the scaling y = [z, by (21) and the definition of g after (16), we have

Lg, = A+ bi(y)0; + dij(y)0i; — (y) (22)
where the differentiations are with respect to y and
bi(y) =1, 0l y)

O 2|z 2|y )), y| < o|Skl,
_ )OSl D) |y < oSk] o3
Oy = Sel™Y), |yl = oSk,
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dij(y) = dij (1, 'y)

O ™2 1yl*), Iyl < ol Sl,

- (24)
Oy = Sel™)s |yl = oSkl
and
c(y) = () Ry, (1)
_ O o™ yl?), 1yl < olSkl, 25)

Oy — Skl™™), Iyl = oSl

Unlike in the locally conformally flat case, here, v (y) no longer satisfies an equation
of the exact same form as vy (y) so we can’t directly apply the moving spheres method

to wy(y). But a direct computation, using the equation for v;(y) at y and y*, as well as
n+2
Avdy) = (&) Ay, yields

lyl

[A +b;()0; + dij(y)0;; — e(y)] waly) + Ex()wa(y) = Ex(y), y € S5\ {Si}, (26)

where

o uW)E ),
5)\(3/) — n<n 2) 4Uk(y) . U;i\(y) ) f k(y) # k(y)7 (27)
n(n + 2)1}?(3/), if u(y) = v,;\(y),
and
_ A A ni2o, 2 A 7 A 7 A
Byy) = (c<y>vk<y>—<m>n o) only >)—(bi<y>awk<y>+dz-j<y>aijvk<y>)
2 (b)) + iy (5o 28)

Y]

What is going to make the moving spheres method work to prove Theorem 2.1 is that
we are able to construct some f,(y) (we have dropped the index & for f)(y)) such that

[A+0:()0; + dij(1)Di; — e(v)] Fr(y) + &) Hrly) < —[Ex(y)| in 2}
with control, including f)(y) = 0 for y € 9B, and
AW+ IV Aa(y)| = o(1)|y[* ™ uniformly for y € X5 (29)

We remark that (29) for the 3 < n < 6 cases follows from Lemma 4.6 and Lemma 4.7, and
for the n > 7 cases follows from Proposition 4.12. In fact, we need to modify Y5 slightly
into 3% for the n > 7 cases—see Proposition 4.12 for the construction of fy(y) for the

11



n > 7 cases and the definition of f]’}\, and Proposition 4.8 for the 3 < n < 6 cases. Using
fr(y), we have

[A +0i(y)0i + dij ()i — ()] [wa(y) + L)) +E[waly) + Fr)] <0 in DX\ {S}.
(30)
Our construction allows us to show that the moving spheres process can be started:

wi(y) + fly) >0 in X5\ {Sp} forA e[l —6,1—6,/2], (31)

Indeed, for any A € [1 — d;,1 — §;/2] (the arithmetic below is worked out assuming
1 —61/2 < 3/5 to get a clean constant in the estimate), by (18) we have

2¢1(n)

Uly) = UMNy) > —

(lyl = Ny['™  for |y| > X;

in addition, £ - V (U(y) — U*y)) > W for y with |y| = A. Since v, (y) — U(y)

Tl
in C?.(R") as k — oo, for any fixed R >> 1 we have

c1(n)
5%

A

vk(y) — v (y) > (Jyl =Myl A<yl <R, (32)

provided £ is sufficiently large. We also have
ve(y) < (1 =3eo)lyl* ™", |yl = R,
where £5 > 0 is some constant. By Proposition 4.2 to be proved later,

ve(y) > (L —eo)ly* ™, |yl > R.
Thus

altd(lyl = My[*", A< |yl <R,
') > { 2 (Jyl = Nyl ] a3

Uk(!/) -0 _
g 20ly2", R < |yl < Qul)?.

Our estimate (29) implies that for all sufficiently large k we have vy, (y) — v (y) + fa(y) > 0

on\ < |y| < Qll,i/Q. Therefore, (31) follows.
The critical position in the moving sphere method is defined by

A= sup{A < 1461 vp(y) — vl (y) + fuly) >0, Vye Eﬁ\{Sk} and 1—0; < pu < A}

By (31), A is well-defined. In order to reach to the final contradiction we claim that A\ =
1+01.
If A < 1+ &y, by the definition (56) of Q; and |f\| = o(1)M, " on OB, /2, we still
ol

have v, — v,i‘ + f3 > 0on 8BQ1111€/2. By the maximum principle, vy — vy + f5 is strictly

positive in Eg and %(vk — vi‘ + f5) > 0 on OBj, therefore we can move spheres a little
further than X by a standard argument in the moving spheres method—the presence of a
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potential singularity of vy, at Sy does not create any issues in applying this method, as was
done in [15, 36, 45, 60]. This contradicts the definition of \. Therefore, the claim is proved.
Sending k to oo in the inequality

wey) — o (y) + faly) =0 for1+6 = A < |y| < Q:1/”,

we have ) B
Uly) > UMy) forall |y >A=1+4,

which is a clear violation of (18). This contradiction concludes the proof of Theorem 2.1.

3 Blow up analysis for local solutions to the Yamabe equa-
tion

In this section, we summarize a few key facts in Khuri-Marques-Schoen [33] needed for

our analysis of the behavior of u(z) near x = z; (namely for uy(z) near z = 0) for the

n > 7 cases.
Suppose that g;, are smooth metrics defined in B; satisfying

||9k||Cn+2(Bl) S C, detgk =1 in Bl, (34)

where n > 3 is the dimension and k£ = 1,2,..., and B; is a normal coordinates chart of
gr(z) = exp(h;j(x)), where we dropped the subscript % of h;;, and in addition,

Z hij(z)x! =0 and trace(hy(z)) = 0.
J

Define, when n > 6,

Hl](flf) = Z hijal’a,

2<|a|<n—4
H(x) =Y hijaa®,  [HPP =" |hijal*,
lor|=l || =l
where o = (ay, ..., a,), o; > 0 are integers, |a| = oy + - -+ + «,, and
o - 0%h;;(0) _ 001003 . ..aﬁﬁhij(O)'
e o! oq! o)

Then H;;(z) = Hj;(x), Hij(x)z? = 0 and trac(H,;(z)) = 0. By the Taylor expansion,

1 1
ng — 8,8Jh” + Ql(Hijc’)lH,-l) — §8jHZ~j31Hil + ZﬁlHijE)lHij

d 35
<O Y hijal |z 4 Claf

laf=2 i.j

13



and

| Ry, — 0i0;hj]

- (36)
<C YD Ihigal’a2 4 Claf?,
lof=2 i.j
where d = [%52], see Proposition 4.3 of Khuri-Marques-Schoen [33] (see also Ambrosetti-

Malchiodi [2] Brendle [8]). For ¢ > 0, let
I:[ij(y) = Hij(gy)'
If n > 8§, it was proved in section 4 of [33] that there exists a solution ZE (y) of

AZ(y) +n(n+2)Un2 (y) ZZaaH” (), (37)

=4 1,

satisfying that Z.(0) = 0, VZ.(0) = 0,

/ Z(y)dS = Z.(y)y'dS =0, r>0,i=1,...,n
OB 0B,

and .
V" Ze)| < C D0 3 el hgal (14 [y, (38)
la|=4 4.j
where U(y) = (1 + |y|2)—"7_2, c(n) = ((n oL C > 0is mdependent of ¢ and H;;, and

m = 0, 1,2. Note that if Z.(z) = Z( )and U.(z) = "2 (€2 + |z[2)~ "2, we have

AZ.(x) +n(n + 2) U () Z.(x) = ¢(n) i > 0.0,H) () U.(2), (39)

=4 ij
and )
V" Z(2)| < C"F 30 hijal (e + |2, (40)
la|=4 4]

where C' > 0 is independent of € and H;;, and m = 0, 1, 2.
Suppose that {u }72; is a sequence of solutions of

n+2

— Lgup, =n(n—2)u; ™ inBy, u >0 41)

with g, satisfying (34).
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We say 0 is an isolated blow up point of uy, if limy_,, ux(0) = 0o, 0 is a local maximum
point of uy, and
n—2
up(z) < Aylz|” 2 in B,

where A;, py are positive constants independent of k.
We say 0 is an isolated simple blow up point of uy, if 0 is an isolated blow up point and

rnT_Qﬂk(r) has exactly one critical point in (0, p)

for some constant p € (0, py] independent of k, where

ﬂk(T) :]éB U ds.

2
Define €, = uy(0)” »—2 and
vr(y) = €,2 ug(epy) fory e Byye,.
In the following proposition, we take h;;, = 0 and Zek = 0 whenn <5.

Proposition 3.1. Let 0 be an isolated simple blow up point of uy. Then, for |y| < ps;!,

d—1
V(o = U~ Zsk)(y)( <C YN el ey | Yo (1 + [y|)Hel+2onom

la|=2 1]
+Ce (1 +|y))™ ™, form=0,1,2,

where C' > 0 depends only on the upper bound of ||gi||cn+2s,), Ar and po, 0] = 1 if
|| = 252 while 6),) = 0 otherwise.
If6 <n < 24, then

d
Yo > lhials ey < Cep?, (42)

la|=2 i,j
where C' > 0 depends only on the upper bound of || gi||cn+2(s,), A1 and po.

Proof. The first part can be found in [40, 18, 44, 38] for n < 5, and in [33] for n > 6. The
second part can be found in the proof of Theorem 6.1 of [33].
]

The dimension restriction n < 24 for (42) of Proposition 3.1 is necessary to guarantee
a positive lower bound of the Pohozaev quadratic form; see Theorem A.4 and Theorem A.8
of [33]. We note that when (42) holds for u and g, then a corresponding version holds for

n—2
the rescaled vy (y) = 7, wk(7xy) and g (y) = gr(7y) for 7, — 0 such that v, (0) — oo,

as in the set up for the proof of Lemma 8.2 of [33], with €, replaced by vk(O)*ﬁ, thus
Lemma 8.2 of [33] continues to hold without the dimension restriction n < 24, as long as
(42) holds. Therefore we have
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Proposition 3.2. Let 0 be an isolated blow up point of uy. Suppose that either n < 24
or (42) holds for some constant C' independent of k. Then 0 is an isolated simple blow up
point of uy, and

V™up = U = Z:,)(y)| < Cep (L fyl) o

forevery |y| < ps,zl andm = 0, 1,2, where C' > 0 is independent of k. The latter estimate
is equivalent to

V™ (uy, — Us, — Ze) ()| < Cep® (e + Ja]) =™ (43)
Jor |z| < p.

Proof. Tt suffices to show that 0 is an isolated simple blow up point of uy, since the esti-
mates will follow from Proposition 3.1 and (42). If n < 24, this is what Lemma 8.2 of [33]
asserts. If n > 25 and (42) is assumed, as discussed above, the conclusion of Theorem 7.1
of [33] (the local sign restriction of Pohozaev integral) still holds and the same proof of
Lemma 8.2 of [33] applies.

Therefore, we complete the proof. [

The reason we are willing to assume (42) in Proposition 3.2 for n > 25 is that, in
the setting of (13), assumptions (7) and (8) imply that a relevant version of (42) holds for
appropriately rescaled u; see (80).

We formulate a version of (42) for the more general situation: For any local maximum
point of uy inz € By /5 with uy, (z) > 1, there exists a conformal normal coordinates system
centered at = such that

d
D D 10%(g)is (0) ez | e e < O (44)
la|=2 i,j

for some constant C' independent of k, where €5, = uk(f)_ﬁ

Proposition 3.3. Suppose that 0 is a local maximum point of wy, and limy,_,« ux(0) = oo.

If n > 25, suppose further that for any local maximum point of uy, in T € By with

uk(Z) > 1, there exists a conformal normal coordinates system centered at T such that (44)

holds. Then 0 is an isolated simple blow up point of uy, in some ball B, with 0 < p < 1.

Proof. If n < 24, the proof amounts to localizing the arguments in section 8 of [33] on
compact manifolds. There are only two places which need some modification. First, by
considering the function (1/2 — |z])"2 ux(z) in B, /2, We can obtain a local bubbles de-
composition in By /; to replace Proposition 8.1 of [33]. In fact, this was done by Lemma 1.1
of Han-Li [27]. Second, to prove a positive lower bound for the distance between centers of
bubbles (Proposition 8.3 of [33]), we can use a selecting process to find two almost closest
two bubbles and scale them apart; see Lemma 2.1 of Niu-Peng-Xiong [50] or the proof of
Proposition 8.2 of Almaraz [1]. The rest of section 8 of [33], in particular Lemma 8.2, can
be applied identically and Proposition 3.3 follows.

If n > 25, (44) implies (42). Given Proposition 3.2, the proof is similar as above. [
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We next formulate and prove the properties of the conformal normal coordinates in our
set up.

Lemma 3.4. Let g be a smooth Riemannian metric defined in B, \ {0} and satisfy (7). Then
there exist constants 0 < 0 < & < 1/16 < A, depending only n, g and Cy in (7), such that
forany z € B(0, %) \ {0} one can find a function x5 € C*°(B)) satisfying

1
K S Rz S A, Kg(z) = 1, |V/f2(2)| = 0 (45)

such that the conformal metric » = ﬁ;ﬁg has the following properties. There exists a
smooth bijection ¢ : By — Bys + {Z} satisfying
(i) ¢:(0) = 2z, Vs(0) is the identity matrix, ¢5(—Zz) = 0,
A< |Vo:| <A and [V™¢: < AlZ|TY in By
form =2 ....n;
(ii) In this coordinates system (By /2, ¢z), write s¢(¢z(x)) = »;(x)da’da’. We have

detsg;i(x) =1 for|z| < o|Z|

andform =20,1,2,...,n

2”: V™ (565(x) — 05)] < {//::j:;(éfn)bm“@—mv()} Zz:z: i ;ZE:’ (46)
ij=1 :
Proof. Foreach zZ € By \ {0}, we set 7 = |Z| and define
9" (y) == gi;(y)dy'dy’  for [y| < 1/2,
where g7 (y) = gij(Z + 7y). By (7), we have, for |y| < 1/2,
IV (gl(y) — ;)] < CF7 forl=0,1,...,n+2. (47)

Hence, there exists a constant oy > 0 independent of Z such that the exponential maps
exp () centered at 0 of (Bi/2, 4" (y)) is well defined for |z| < &, namely, z, |z| < do,
provides a geodesic normal coordinates for y = exp! (z) in the metric ¢" (y).

By Giinther [24], there exist a positive function x(y) € C*(By,4) and 6; < % such that

the metric h(y) = K (y)g” (y), when expressed in terms of = via y = expl(z), satisfies

det(h;j(exph(z))) =1 for |z| < 26,. (48)
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Moreover, (expp(0)) = 1, Vr(expp(0)) = 0,
At < k(exph(z)) <A, |V™k(expp(z))] < A7 for |z| < 46, m=1,...,n,
where A and 9, depend only on Cy and n. Since

8yl 8xk 8351 83/]

k=1

and h(a%k, 8%1) = 6 + O(|x|?) near z = 0, it follows from (47) that

0
S 1| < A
8:1: x=0
where (gg)‘ is the Jacobi matrix at z = 0 and [ is the identity matrix. Hence, we can

2=0
find 0 > 0 such that for 7 < &, there exists a smooth bijection map ¢ from R" — R"
extending y = expl(x) for || < 26, such that

¢(x) = for |x| > 44;.

Set o := 26; and .

We can extend and modify x(y) = k(expl(z)) for 26; < |z| < 44; so that
k(p(x)) = k(0) for |x| > 461,
and
(CA)P < k(g(x)) < CA, |V"R(p(x))] < CA|Z]” for|z| eR", m=1,....n

Set
)- (50)

Then

() = wlo( ) Z S () o (e o) 52 (5).

and it is easy to check that rz(2), 5;; (x), and ¢ () satisfy all the conclusions in the lemma.
Therefore, we complete the proof.
0
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4 Details in proving the upper bound in Theorem 2.1

We now furnish details for the construction of f) satisfying (29) and (30). The construction
has some differences between the 3 < n < 6 and n > 7 cases. We first summarize lower
bounds of wuy and vy, in Propositions 4.1 and 4.2, and then an upper bound of |xy| in terms
of l,i/ % in Proposition 4.3.

By Lemma 3.4, g is at least Holder continuous in By, and |Ry(z)| < Clz|""2. By
Hardy inequality, there exists a 6 > 0 such that

/ <|Vggz5|2 - c(n)|Rg|902> dvol, > lp|> dvol,, ¥ € Hy(Bs). (51)
Bs

Bs
Without loss of generality, we assume 6 = 1/2.
Proposition 4.1. There exists ¢y > 0 independent of k such that uy(z) > cq in By s.

Proof. Since the conformal factors ~,, are uniformly controlled, it suffices to prove that
u(x) > ¢ > 0on By \ {0} for some ¢ > 0. Since u(z) is a positive solution of (11)
in By, \ {0}, it is a positive supersolution of L, there. The Hardy inequality for g on
Bs (we have taken 6 = 1/2) implies that there exists a classical solution v(x) on Bj 5 of
Lyv(x) = 0 with v(z) = u(x) on 0By, and that v(z) > 0 in B;,—we have used the De
Giorgi-Nash-Moser theory here as explained in the introduction. The maximum principle
holds for L, on Bj /7, and just as in proving Bocher’s theorem for harmonic functions, we
conclude that u(x) > v(z) on By 5 \ {0}, it then follows that u(x) > ming, v >0. [

Proposition 4.2. For any given ¢y > 0, there exists R > 0 such that for all sufficiently

large k

) l
ue(y) > 1—e)lyl™, R<l|yl < 5’“ (52)

Proof. By Proposition 4.1, we have vg(y) > c¢o/My. Hence, (52) holds if |y| > lz/ =
3

2(n—2)
M, . »
Next, we consider |y| < lk/ . Since vy — U in C}

> (R") as k — oo, for any ¢y > 0
small and R large, we have

wly) = (1= DA+ )™ Wl <R (53)

when £ is large. Let G, € C?(By), \ {0}) be a nonnegative solution of
—Lngk =0 1in B1/2 \ {0}, Gk =0 on 831/2
and

: n—2 o
ll_r)I(l) |2|" " Gr(2) = 1.
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Making use of the standard local estimates of linear elliptic equations, we have
Gi(2) = |2[*™" + a"(2), (54)
where
ja" ()] < ClzP7
for some constants C' > 0 and 0 < « < 1 independent of k. By (53) and (54), we have

u, > (1 — 2)M, Gy, on OB it When k is large. Applying the maximum principle to

u, — (1 — £)M, "Gy, we obtain

€ _ .
um@—(y-fm@%%@)zolan\Bm?,

where we have used — L, is coercive in H& (Bl/g), i.e., (51). It follows that

€o

n _ 1
wly) > (L= D (1= CU ) for R <yl < Sh

Hence, if further |y| < 1¥* we have

€0 -3 2-n 2-n
ve(y) = (1= ) = CL M)y = (1 —eo)ly™™, (55)
provided k is sufficiently large. This completes our proof. 0

Proposition 4.3. Under the assumptions of Theorem 2.1 and Lemma 2.2, we have
i) < ClL M
for some C' > 0 independent of k.

Proof. If n > 25, the proposition follows immediately from the assumption (8). Now, we
assume n < 24, and define @, (y) = |2x|"2 we(|zr]y) and Ge(y) = gr(|ze|y). Then i (y)
is a smooth solution of o

— L, =n(n—2)a; > in By,

and 0 is a local maximum point of iy, 1x(0) = |:rk|%Mk — 00 as k — oo, and
det g =1 in B,, ||§k||C"+2(Bl) <C

for some C' > 0 independent of k. By Proposition 3.3, 0 must be an isolated simple blow up
point of wu for some 0 < p < 0. As a consequence of the last estimate of Proposition 3.2,
U (0)ag(y) < C for |y| = p for some C' > 0 depending on p and all sufficiently large k.
However, for |y| = p,

. - n-2 n-2 ne e
U (0)x(y) = x| = Mylag| = up(|zely) = o]~ Myu(loely) > colar]" "> My,
where ¢y > 0 is the constant in Proposition 4.1. So we obtain an upper bound for |z;| <
_ 1
Clz.
O
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Let ()1 > 0 such that for all A < 2

Qul}
4

2 () < M for ly] = =, (56)

where ¢y > 0 is the constant in Proposition 4.1. This choice of (); can guarantee that
vp < vy, near the boundary of B o172 due to (52).
k

. . 1/2
Remark 4.4. We now summarize the relations among |xy|, lk/ and |Sk| for future refer-
ences:

Skl = lg|xk| = 0o as k — oo,
(ii). |ze) < CLY2 1S < CL? <

(iii). 1T = My, I7%|zp| ™72 = I7|SKI72 = M Sk "2 and 14|y = 17| S =

_ n—10 . _
MY S, 72, using T = 252,

4.1 Caseof 3 <n <6.

Here we first provide an upper bound for £, as defined in (28) in terms of some powers of
ly| and |y — Sk|, then construct f(y) with respect to these power functions in Lemmas 4.6
and 4.7.
Let xi € C°(Bys,/2(Sk)) be a cutoff function satisfying 0 < x; < 1 and x, = 1in
B|Sk|/4(Sk>~ Let
O = Hvk — UH02(32). (57)

We have 0, — 0 as k¥ — oo. Note also that % < 7 < 2 here.

Proposition 4.5. Suppose n < 6. For A € [1/2,2] and \ < |y| < Qll,i/Q, we have

Ex(y) < G (B () + BP () (58)
where Cy > 0 is independent of k,

-7 T—4|,,|4—n -7 —21 1—n
5y, ly| > oSk,

and
2 —T —-n T—
EP(y) = LTSk |y — Sel" 2 xn(y).

Proof. If |y| < o|Sk|, the proof is identical to that of Proposition 2.3 of [60]; see also
Proposition 2.1 of [38]. We include the proof here for reader’s convenience. We start from
the second term of Fy:

I := (b;(y)0;v)(y) + dij(y) D03 (1))
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Since y is conformal normal for gx(y) in |y| < 0|Sk|, we have
0= (Ag, = )V (y) = (0;(y)0; + dis(y)95)V (y) (59)

for any smooth radial function V' (y) = V(Jy|) and |y| < o|Sk|. It follows that, for |y| <
0’|Sk|,
1

By a direct computation,

o (22 - 06} =0 { (22 b - )0 +

|yl ly|

o0 (20 - )
_ 0, {(ﬁ) b= 000+ o (ot o - 0 |
rod o tad - 0+ oo - 01 |

Since d;; = dj;, using (59) with V (y) = ()" 2, we have

Yl

(b; ()05 + dij(y)83)[(ve — U)y)].

A
Y]

r=toy{ (o - )}

I=(Cr e o - 06 | + 2050004 (o o - 016}
20005 (- 00,

for |y| < o|Sk|. To evaluate terms in I, we observe that for z € B,

(vx = U)(2) = O(ow) |2,
V- (0r = U)(2)] = Olok) |2, (60)
[VZ(ox = U)(2)] = O(oy),
) =

where we have used (v, — U)(0 |V (v, — U)(0)] = 0. Here we recall that o, =
|ve = Ullc2(p,) — 0. It follows from the first components of (23), (24) and (25) that

= 0(|9:k!T_2)0kl;2(!y\z_"!yHyAHVyyA\ 1y Pyl Ve
P R V3 + 19,00 (61
=l 2O (| 72yl ™" = ol TO(SKI ™)y, Tyl < ol Sil.
Similarly,
(| |)"+2 (b5 (M) 050n (1) + diy (y™)Dijur(y))
=0l [yl " Ok ")y ™" = owl, OS2yl ™, lyl < o Skl
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and

[e@)llvi(y) — U*y)l + (ﬁ)"*ZIE(yA)Ilvk(yA) — Uy

=0l 'Ol ")y ™" = owl TO( Sk lyI™ for  |y| < o|Sk|-

Finally, using the estimates of ¢ we have

cy)UMy) — (‘%')"HC(yA)U(yA) = L Ol = LT OISk ly [

This finishes the proof for the case |y| < o|Sk|.
If |y| > o|Sk|, by the estimates in (23), (24) and (25), we have

Ex(y) < Oy — Sk™2|y> ™" + L2 w2y 2™

=COL7(ly = Sel ™ lyl " + 1Sl 2|y >
< CLT(ly = Sl ™ 215k " x(y) + |y|™™).

This finishes our proof. [

We next construct supersolutions of the linearized operator (26). Since Egl)(|y|) is
radial, we let fil)(r) be the radial solution of
d? n—14d
AR = e = ) = SNED@), e (i),

dr2 r

1 (62)
1 1

R0 = A0 =0,

where N > 2C + 2 is a constant.

Lemma 4.6. Suppose that 3 < n < 6. Let (), be a constant defined in (56) and \ €
[1/2,2]. Then for A < |y| < Qll,lg/Q, there hold

Ay <0, £V(yl) = o) M (63)

and
[A + bi(y)0; + dij(y) 0y — 5(?/)} fil)(y) + (N - 1)E/(\1)(y) < E/(\2)(y). (64)

Proof. By solving the Cauchy problem of (62), we obtain

| s B
W) = —N/ o (/ " BN (@) dt) ds.
A A
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Since ES) is positive, fA(l)(r) <0Oforr > \> % Note that for p € R and % < A<2,

"1 s ol N~ | if p #£ 0,
/ — </ tn—ltp—n dt) ds=1?7 K /\1 on S 1 p 7£
N A [y s "Insds ifp=0,

1, ifp<n-—2,
<C{Ing, itp=n-—2,
rpt-n ifp>n-—2,

where C' > ( depends only on n and p.
By the expression of E&l) and using p = 4 or 0 as well as the relation |z;|” =

Ty _n2 e . :
|Sk|Tzlk = ]Sk|TZM,;1 as recorded in (iii) of Remark 4.4, we obtain, for |y| < o|Sy|
and when 3 < n <5,

AW < ON (G a1yl + only el )
gCNM,;l(\Sk\JTiQ—i-Uk\Sk‘*&Tn) ©5)
= o(1)M;Y for |y| < o|Skl,

where o(1) is with respect to k — oo; for the n = 6 case, we only need to modify the |y|®™"

term in the first line into ln(‘—?j\|) and the | S;|~ "= term in the second line into |:S),| 2 ln(‘S/\—’“‘).
For |y| > o|Sk| and 3 < n < 6—with the same modifications as above for the n = 6

case, we have
)]
(1) T T ) T p()
= £y (a|Sk])| + N s 51\ "B ()] dE + "B ()]t | ds
oSk o

Sk

< ON (L ar ™96l 4+ only e 77%)
o+ ON (1 il 1S40 + ol el ™2 Skl> " 1n ]
+ ONIT|S 2
< CNM,;l(\skr"T” + ak\skr%") = o(1)M ",
(66)

Hence, (63) is proved.
Next, we shall prove (64).
i). If ly| < o|Sk|, we have Agkfil)(y) = Afil)(y) = —NE/(\I) and

) £ W) < ONT o™yl (G eyl + oul o)
— Cle_T|Sk;|T_4|y|4_n (l];T|Sk|T_4|y|4 + O_klI;T|Sk|T—2|y|n—2) ]
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Recall that

EM(yl) = ekl y [ + ol a2y
= L7186yl (1 + ol Skl ly) )
> 17|y

for |y| < o|Sy|. We shall show that |&(y) f\" ()| = o(1)E{" ().
First we note that for |y| < o|S/,

LISE ylt < o1 TISk]T = otk |T — 0.
Furthermore,

Ukl];'r|sk‘7'—2|y‘n—2 < O'kO'n_2l;T|Sk|T_2+n_2
3n—10

S O_ko_n—le 2

3n—10 n—6

=00 %Q, 7 " —0,

l7T+3n210
k

when n < 6, where we have used |y| < |Si| < Qll,iﬂ. Therefore, \E(y)fil)(yﬂ =
o(l)E/(\l)(y) for |y| < o|Sk|. In conclusion,

[A +bi(y)0; + dij(y) 5 — &(y)] fil)(y) =(—N+ 0(1))E§1)(y) for |y| < o|Si|. (67)
ii). If o] S| < |yl < Qut/°, then [} 7|S, ™ > 0" ~2QF 12" and
E/(\Q)(?/) = LTSk =Sk x> 0" PQT T y— ST = 0" QT M, P ly—Sk|T?

when [y — Si[ < |Sk|/4; when |y — S| = [Sk[/4, [y = Sk = [y| = [Sk] = [y] — 4y — S|,

s0 5|y — Si| > |y| and due to 7 < 2, we have |y — Si|772|/|y|7" < 52T |y[" 2 < Cl,:%
for some C > 1, and

EV () + EL () = Lyl + 571SKP "y — Sel ™2

1 —T T— on 1 — T—
25% ly — Sk71,2 :EMk2|y—5k| %

for some C' > 1—this certainly holds as well when |y — Si| < |Sk|/4.
In this region, we may no longer have (b;(y)0; + d; (y)&-j)fil)(]m) = 0, but by the
estimates (23), (24) and (25) of b;, d;; and ¢, we have

1B: )0 £ (Iyl) + iy ()05 £ () — 2w) £ (L)

—T T— d T d2 T—
< Ot (Jy = Su SO uD ]+ by = S| A0+ by = S8 (i)

= o()M; 2|y — Si|"2 = o()(EV ([y]) + EP (),

(68)
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where we have used (66), and

d N
L) = / P ED (1) dt < ONME T,
dr rn=b J
d2
3

when r > oSy
It follows from (68) that, for o|Sk| < |y| < Qll,i/Q,

n—1d _n=2_
V() < OBV () + —— | ()] < ONM "5,

(A +bi(y)d; + dyy0y; — 2(y)) £ () + (N = DE (y])
saﬁ”@»ﬂa@mf9<>+¢n>@yS<> c) Y )+ (V= 1DED(jy)
== BV (Jyl) + o) (B (ly]) + B ()
<E(y).

This completes our proof of Lemma 4.6. [

Next we construct auxiliary functions to handle the E§\2) (y) term. To exploit the confor-
mal normal property of gi(y) inside B,s,|/2 so that we can use radial auxiliary functions
as much as possible, we modify gi(y) outside of Bys,|/2 into g,(y) as a smooth Riemann
metric defined on R" satisfying

~

() = gr(y) inBys,2,  (Gr)ij(y) = ;5 inR™\ Bys,),
det gx(y) =1 inR",

and
V™ ((9)i(y) — 6ij)| < CU2 | 2ly[*™™ fory € Bys, and m =0, 1,2,

where this last estimate is due to (46) of Lemma 3.4 applied to gx(z) for |z| < o with
z = xy, and gx(y) = gr(l;'y). In particular, |(gx)i;(y) — 6ij| < Clzx|™ — 0 uniformly
over R" as k — oo.

We will also require that y be a geodesic coordinate system for g, on R™. This can
be done by first expressing gx(y) = exp((hi)i;(y)) for y € Bys,), where (hi)i;(y) =
(hi)i; (I 'y) satisfies (a) > " (h)ii(y)y; = 0, and (b) trace((hy)ij(y)) = 0 in By,
Then it is trivial to modify (hk)”( ) outside of Bys,|/2 and extend (hy)ij(y) toy € R"
such that (hy,);;(y) = 0 fory € R™ \ B,s,| while maintaining the two conditions (a) and
(b), which guarantee that y is a geodesic coordinate system for g, and its determinant = 1
on R" .

Let 77,(:) be the smooth solution of

AN @) = ISPy — Se T wly) inR™\ By,

26



with the boundary condition

n,gl/)\ =0 on0dB,, and lim n,(gl/)\(y) = 0.

ly|—o0

By the upper bound estimate on the Green’s function G k(y, z) of A4 due to Littman, Stam-
pacchia and Weinberger [32] (see also Griiter and Widman [23]),

)

Gr(y,z) < Cly — z|*™ for some C' > 0 independent of k, and all y, z with A < |y|, |2

we have
6—n
o< ISP [y S
Bys, 1 /2(Sk)
Ef s for [y| < 2|k,

Y[ Sk| "2 for |y| > 2[5/

‘_n_

Furthermore, 0 < Grn,(f}/)\(y) < Oy Sk *3* on 0By, where Cy, > 0 is independent of \ and
k (if k is large), and

M) < 20|k 77 (Jy| = A) for A < |y] < A +2.
Let
2 —n=2 - —-n
N2 (lyl) = Q - Co| S =2 (A 2[y[>" — 1),

where () > 0 is depending only on n such that 7, \ := n,ili + 77,(62; < 0inR™\ B,. Since y

is a conformal normal coordinate for g, on R”, A;, 77,(5) = An,(ji = 0. Hence,

— ANy ea() = I1Se* "y — Skl 7T xk(y) =0 inR™\ By,

Mmex =0, Oner <0 ondB,.
Moreover,

n—2

— <C 1Sl =7y = Sl 3018kl < [yl < 21Sk], 6
V™ e (y)] < o |-252 | 2nm > 9l (69)
Skl 2" |yl ; [yl = 2[Skl,

form =1, 2. Let
2 —T
§ )(Z/) = (2C + DI mea(y).

We have dropped the subscript & of f§2) (y) here.
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Lemma 4.7. Let f§2) (y) be defined above. Then we have
FPW) <0 inR*\ By, fP(y)=0 ondB, (70)
and for A < |y| < Qll;m,
[A+Bi()0, + diy(1)y; — elw)] 17 () + 20 B0 () < o(E(v), (7D
\fiz)(y)| = o(1)M; "  uniformly over \ < |y| < Qll,lg/Q. (72)

Proof. By the definition of f )(\2) and its construction, (70) and (72) hold. It remains to show
(71).
If |y| < 30|Sk|, we have Gr = gk, and thus

A+ Biw)ds + diy ()9 — )] 12 ()]
= [e(y) /{7 ()|
< Ol |y - 17|l =
It follows that
[ [A +Bi(y): + dis(9)2y — ew)] 7 w)
BV (y)

uniformly over |y| < $0|S| as k — oo.
Let us note that

< Cly|" 217|197 = 0

— T— —-n 1 T —(n—2)— —T — —
BV (yl) 2 G sl ™l 2 Slanl ISk 2 el M8

for 20/Sk| < |y| < o|Sk|, and recall (68)
1
C

for o|Sk| < |yl < Qll,i/ 2, Making use of (69), the properties of g, and the coefficients
estimates (23), (24) and (25), we obtain

1 2 —r 7—2111/2129—n,
EP(y) + EP () > S5y — Sl L)

o1
(A = 25) K7 W) < CM2ISK72 = o(E (1y]) if So|Sk| < [y] < 0[S

(A = 2012w =0 if [y > o|Skl,
and
|(B:(y)0: + dij ()05 — ew)) £ 2 ()
M| Sk 72, s0|Sk| < Jy| < oSkl
<Cq,; I 2— 1/2
lk |y - Sk|T 'lk ’Sk|T+ " ‘7|Sk| < |y! < Qllk

= o(1) (B (1) + B (v)).
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Hence,

[A+Bily)h + dy ()0 — ely)] [2y) = =21+ 1) EL () +o(1) (B (1) + B ()

which implies (71). This completes our proof of Lemma 4.7.

O
Proposition 4.8. Ler f\ = fA(l) + fiQ). By taking N > 2C + 2 in (62), we have
(A +bi(y)0i + dij(y)0i; — c(v)] fr(y) + W) rly) < —|BEa(y)]  in 35,
fly) =0 ondBy fily) <0 inXf, (73)
AW+ VAW =o()M " uniformly in X% as k — oo. (74)

We remark that when y € 3%, |y| < Qu1}/%, so [y2™ > Q% "l 7" and the estimate
|fa(y)] = o(1 )]\4,;1 certainly implies (29), namely, i) +|V iy )| = 0(1)]y|2_" on k.

Proof. By Lemma 4.6 and Lemma 4.7, we have

[A 4+ bi(y)0; + dij() 85 — e(y)] Frly) + Ew) fr(y)
<-(N=1DEV ) + EP(y) - 201+ DEP (y) + o) ES (y)
= —C(E" (y) + EP () < —|Ex(y)],

where we have used &,(y) > 0.

(73) and (74) follow from our construction of fA(l) and f§2) in Lemmas 4.6 and 4.7
respectively. This completes our proof. [

4.2 Caseofn > 1.

The way we handled the term &(y) v} (y) — (‘;‘| )" 2e(y* Yo (y*) for |y| < Z|Sk| in construct-

ing fil)(r) when 3 < n < 6 is no longer adequate for the n > 7 cases. We will need to
modify the construction of fA(l) (r) here, which uses more delicate estimates. The key is to
identify leading order terms as given in (83) and construct the auxiliary function f§3) with
respect to these leading order terms as in (84). In this process we need to obtain refined
estimates for uy,(z) near z = 0, or equivalently for v;(y) —U(y) in terms of |x;| and |Sy,|~*,
as given by Lemma 4.9.

Since 7 = ”T_z > 2if n > 7, we can expand the conformal Laplacian as

Lg, = A+ bi(y)0i + dij(y)9y; — c(y)
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with
bi(y) =l "bi(1;'y)
O %k ™2 yl), [yl < o[ Skl

- 1 (75)
O(M, |yI™™), [yl > oSk,

dij(y) = di (I, 'y)
O 2 |ze ™2 y?),  |y| < oSk,
_ (k\lk| yl1%),  lyl < oSk 76)
OM " y™),  ly|l > o|Skl,
and

c(y) = c(n) Ry, (y) = c(n)ly "Ry, (I 'y)
O ™ yl?), Iyl < ol Skl,

= (77)
0L W™2), ol > oIS,
Recall that
_ A A ni2o 2 A 7 A 7 A
B = () - (el - (o) + 4,05 0)
FE™2 ()0ns) + dy0)D00)

|y

We rescale g, and uy, so that the local maximum of wu;, at 2 = 0 and its singular point at
z = —uy, are of unit distance. Let (wy);;(2) = (gx)ij(|xx|2) for |z| < 1. By (14), we have

detw, =1 in B,.

Moreover, ||@y||cn+2(p,) < C. We shall apply the results in Section 3 to (coy);;(2). Write
(w)ij(2) = ehi(?) where we dropped the subscript & of h;j. Define H;;, ﬁij, Z. and Z.
etc. as there. Since (46) holds for g;(z) with Z = z, it follows that, for z € B,,

for some C' independent of k. Furthermore, it follows from (36) and (78) that

d
R (2) = 0:0;Hij ()] < C D ) hija 12172 + Cllhijll o2 21"

la|=2 1]
< C|lzal™ + 2] 7|2"70),

(79)

30



where H;; = ?:_44 8i8jHi(Jl») if n > 8 while H;; = 0 otherwise. Define

n—2
= 2 < _
Then
= Tk,
— Lo, 0, = n(n — 2); inB 1 \{——1},
2l | |xk_|

0 is a local maximum point of ¢, and ¥, (0) = |S,|"2° — 0o as k — oc.
If n > 25, we shall verify (44) in the current setting:

d
Z V' @n(2) P2y ezl = o(1)en;? (80)
for any z € B, with ¢ (2) > 1, where € = p(2) » =3 By (78) and (8), we have, for
any point z € B,,
(Viwe(2)|? < Clap]® < Cup(|ze]2)™", 1=1,2...,n+2,
here, we have used |zj| < C|¢,, (|xk|Z)| for Z € B,. Furthermore, using

__2
exp = |ak] up (|l 2) 772,

we get
wn(lael2) ™ = ik ] "T < Cert unllnaln) ™,

from which we get
|2k |" 7% < Cug(|ax]2) ™" < Cely?.

Then, for 1 <[ <d,
Vi (2)[e2y < Clag|*2e2), < CeZim 2,
and for [ = d,
V0, (2) P25 | Inez | < Cez,? 2| Ine: x| = o(1)el,>.

It is now clear that (80) holds.

We are now ready to deal with the case of n > 7. It follows from Proposition 3.3 that 0
is an isolated simple blow up point of v, with some p > 0 independent of k. We may take
p = o0 /2 without loss of generality. Note that

ve(y) = 1Sk~ U8k ty)
and gy (y) = wx(|Sk| y).
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Lemma 4.9. Let ¢, = |S;,|~!. We have
m ~ n— —1-m o
V™ ok =U = Zo) ()l < Ce (4™, lyl < S 19K,

where C' > 0, m =0,1,2, and ng solves (37) with the bound

n—2
2

V™ Z.,(y)| < Cmin{|z|"eh, e, H1+ [y))s ™

Proof. Tt follows by applying Proposition 3.3 and Proposition 3.2 to the solution ¥y (z)
with respect to the metric w,—note that vy (y) is the normalization of ¢ (z) by |Sk|. O

Let

n(n —2)Wr 22002 e N £,

n(n 4+ 2)U(r)»—2 if A =1.

Define
O)\ = {y (- BQll}f \B)\ . Uk(y) < 2@2(@})},

where (); > 0 is the constant defined in (56). It is easy to see that O, CC BQ /2 Vi(y)
L
provides a good approximation for &, (y), as given below.

Lemma 4.10. Let &) be the function defined in (27). Then we have
P o
() = VA)| < CISK™ = g™ for A <[yl < SISk

and
() = Va()| < Cly|™ fory € Ox.

Proof. By Lemma 4.9, we have

ar(y) == vk(y) —U(y) = O(g,> ) and by(y) :==vp(y) — UNy) = O(g,* )

if |y| < §|Sk|. By direct calculus, we have

N

n

(U(y) + ax() ™2 = (U (ly]) + b(y))
(U(lyl) + ax(y)) — (UAlyl) + br(y))

o / (0 + (1 = U (1)) ™ dt + O() (Jan()] + be(y) 1"~
1 nT_Q n—~6

This proves the first inequality of Lemma 4.10. The second inequality is obvious.
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We now work out the leading order terms as described at the beginning of this subsec-
tion. First, by (79) and Proposition 4.3, we have
| Ry () — |S%]720:0; Hij (|1Sk| ™' y) | < Cla P18k 7% + [ T[Sk [y]" ™)

i (81)
< COMI(ISe 2+ 1Sk 72 [y 70).

It follows that for A < |y| < Z[Sk|, A € [1/2,2],

Ry, (5)UNy) — ﬁ

= |S|"2(3:0;Hy (15K ') UM y) — (—

)" Ry, (yMU (y)
A

Iy
O M (I1S6] [y~ + |56l =" 9] 7).

n—4
n— — —n A
= A ? | k| l|y|l (1 - (| |

)" 20:0; Hi (1Sk| "y MU (1)

10,0, HO (LU (1) + O() M S 2 |y~ (82)

||
By (77), for |y| > §|Sk|
A
R, (y)UMNy) — (, ‘)"”ng( MU (YY)

< C(M My + L oMy < OMHyl 7

Let
L) A2 SISyl (1 = (200 HY (U (WY), A< Jyl < ISk,
k\Y) = _
A2 3G Iyl’"(l—( ) )53H (|y|)U(yA), ly| > %1%/
Hence,
A
Ry, (y)U(y) (m)”Hng(yA)U(yk)
MY S 2 |y, A< |yl < %Sk, (83)
= Ti(y) + O(1) ’“1 ’
7 — ly| > |Sk|-
Since
00, HY (y) = / v HO () =0, a=1,....m,
ly|=1 ly|=1
we have
Y — y
0)
aZaJHij (| |> :Z}/l5<m)7
s=2



where Y] ; are some spherical harmonics of degree s on S"~, orthogonal to each other in
LA(S™71). Let

2

NS = (MU, A< < 51

Tlgl)(r) = _ A A2
NI = MU, gl

By Proposition 6.1 of [38], there exists a small constant §; > 0 depending only on n, such
that, for every A € [1 — 01,1 + d], the boundary value problem

s(s+mn—2)

2 Vs = —c(n)Tk(l)(r), A<r< Qll,i/Q

1)+ Pl g )+ (V) —

with

fl,s(/\) = fl,s(Qll;/2) = 07

has a unique solution. Moreover,

| frs(r)] < OIS 1+, A<r <[5,
U= o2, 1Sk <7 < Qi

We remark that the restriction on A € [1 — dy, 1+ 4] is to ensure that V) (|y|) is sufficiently
close to Vi (r) = n(n + 2)U(T)ﬁ. Let

n—4 -2
- flS |y| lS | |)
=4 s=2
Then ) )
AR W)+ WY R7(Y) = —c(n)Ti(y) - in By 2\ By, )
f)(\g) (y) =0 on 8(BQ1l]1€/2 \B)\)
Using (78), we have
max 0,0 HY (%n < Clay|” and ms(%)\ < Clay",
which leads to the following crucial estimate for fis) (y):
CSk|~ k(1 + |y o, lyl < %[5kl
VR ()] < L ’ (85)
Clag|"(L+ |y)= ™, lyl = 55kl
form =20,1,--- ,n+ 2. Next we have

. . Skl Pl Iy o7, Tyl < 1Sk],
|(bi()0s + dij ()0 — e £ ()] < © I . ’
M el Tlyl™™, lyl > 519
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By Lemma 4.10,

|_L+6

| Sk |2k, lyl < 5|Sk],

@xw@@w@@>so{

zklTlyl 727 Jyl > §1Skl, y € On
Since |z, < C1; "% and | S| = l| x|, it follows that

] &) + &) 1P ()
a+d¢>@f—aw>§%m+wwww—@@mﬁ”@ﬂ
MSK Tyl < 9IS,

[A + bi(y)0; +d21( )0i; — (y)
= (A+ V)R () + | (Bi(y)

= A+ +oM g T )
M lyl= =yl > %[Skl, y € Ox.

(86)
Let
Ex(y) = [A +bi(y)0; + dij(y)dy — e(y) + )] (wr + £V W), |yl > A,

where w) (y) = vk (y)—vp (y). Recall that [A + b;(y)0; + di;(y)0;; — e(y) + &x(y)] waly) =
E\(y). We have

- M‘1|5 Tyl A< Jyl < g8k,
Bwl<ey 87)
|y|_ ) |y’ > %‘Sk|7 Yy e OA-
Proof of (87). By Lemma 4.9, we have
2-n o
V™ (o = U)(y)] < ClSil = for [y| < S [S]. (88)

By (83) and (77), we have
A A

c(y)vi;(y) — (m

=dwww><m

M,
m+wwﬁw+om{

)" 2e(y o (y)
22N U () + ey) (0 (y) — UA(y) — qg
CHUSETE R IS T, A <yl < g1SK,

n+2

Myl ly| > 2| Skl

From the proof of Proposition 4.5, and using o), < C|Sk|~ 7 , which is based on Lemma
4.9, we know that

10;()0vp () + di () Oijvp (y)| < Coglwr ™24 |y ™"
< OIS ™% M Sk "2 Jy| " = O M, S| ~2|y| ™"
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when A < |y| < Z[Sk|. By (75) and (76), we have

n+2

165 ()00 (y) + dig () D0 ()| < CM y|~=
when |y| > Z[Sk|. Similarly, we have
A

(m)wr2 (bs ()0 (™) + dij (™) Osv (1))
M7SE 2yl 72 A< |yl < 2|8k,
<c

M Myl ly| > Z|Sk|.

Making use of (86), we complete the proof.

Let f §4) (r) be the radial solution of

_d2 (4)_n—1d
dr2’? r dr

4 d ,u
KN =R =0,
where () > (5 + 2 is a constant to be fixed. In fact,

@\ —1jq |1y -1 L A 1 An-2 b
£ () = QM7 15k] A (n—S;_(n—2)(n—3)(;) _n—2><0.

— AW = W= QM ST, > A, (89)

Lemma 4.11. By taking a large () independent of k, we have

(A + ()0 + dig ()05 — &) + Exw)] L7 (y]) < —(Co + 1) M ST ]~
for X <yl < Qi1
Proof. If A < |y| < oSk

[A + bi(y)0; + diy ()3 — ()] 17 (Jy))

= AfO () — er O ly)

< —QMIS Myl + COSel 2k )M | Sel~ =
< —(Q = )MYS Myl

, by (77) we have

If 0| S| < |y| < Qul}*, by (75), (76) and (77) we have

[A + 0,0, + diydi; — ] (1))
< —QM Sk Myl 7P 4+ C(M |y )M Sk y P
< —(Q = )M, Sk |yl 2.

Since &, > 0 and f§4)(|y|) < 0, and @ > 2C5 + 2, the lemma follows immediately.
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Proposition 4.12. Let fy\(y) = f§3) (y) + f§4)(]y|), where X € [1 — 01,1+ 01] and §; €
(0,1/2) is determined to make it possible to construct f)(\g) (y) from (84). Then

[A +b5(y)0; + dij(y)Di; — e(y) + E(y)] (wr+ f)(y) <0
2

HAW)=0 ondB\, AW+ VAW =oD)y* " fory € 55,

foryeXF =0, U{y: A< |y < 0|8k

i) =o(1)M;" ondB

In particular, Qu/>

Proof. The differential inequality follows from (87) and Lemma 4.11. The boundary condi-
tion fA(y) =0 on 0B, follows from the construction of f,(y). To obtain the estimate for

LA (®)[+]V 2 (y)]. we apply (85) to obtain | £ (y)|+|V £ (y)| < Clag|7(1+]y[)> ™. Fur-
thermore, the estimate for |f§4) (y)| implies that |f)(\4) (y)| + |Vf)(\4) (y)| = O(|Sk| )M, ! =

n—2

O(|Sk]_1)l,:n2 ,but for A < |y| < Q11’7 we certainly have [, 2 = O(|y|>™). Since
|zk|, Skl — 0 as k — oo, we thus conclude that |f§4)(y)| + |Vf)(\4)(y)\ = o(1)|y|*™
n—2

for A < |y| < Qll;/Q. Finally, on aBQlll/g, [yl = Q7 ", * ., we see that |f\(y)| =
k
o(1)M,*. O

5 The lower bound and removability of the singularity

Suppose that « 1s a solution of (6) with g satisfying (7). If n > 25, we assume further that
(8) holds. It follows from Theorem 2.1 that

w(z) < Clz|™" forz € By, (90)
where C' > 0 is independent of z.

Lemma 5.1. Suppose that v is a solution of (6) with g satisfying (7). If n > 25, we assume
further that (8) holds. Then

<C i
r/2rg|3f<§2ru(x) =0 r/21§rﬁr|l§2r u(z)

and
Vu(z)| + |o]|Viu(z)| < Cslz| u(z)

forevery 0 < |z| = r < 1/4, where Cs is independent of r.
Proof. Forany = € B4 \ {0}, letr = |Z| and

2

v(y) =17 u(ry).
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By (6), we have
—Lgv, = n(n — 2>Ur(y>%§ =0 in By, \ {0},

where g;;(y) = gi;(ry). Since g satisfies (7), we have |V'(g;(y) — 6;;)| < r™ for < |y <
4,1=0,...,n+2. By (90), v,(y) < Cfory € By \ Bis. Applying the standard local
estimates and Harnack inequality to v, in the annulus B, \ B4 and scaling back to u, the

lemma follows immediately.

[
Recall that the Pohozaev identity for u is
n—2
P(r,u) — P(s,u) —/ 2 4w V) (L, — Auds, ©1)
B,\Bs

where 0 < s <r < 1,

—2 1 —2)2 n
P(r,u) = / (n u@ — —r|Vul® + TI%F + uru"2—2) ds;,
9B, T T

2

and d.S, is the standard area measure on 05,.. By Lemma 5.1 and the flatness condition (7)
on g, we have
n—2
[
As in previous sections, we take 7 = “=2. It follows that |P(r,u) — P(s,u)| < Cr™ for
any 0 < s < r and hence the limit

u+x-Vu)(Ly — A)u| < Clz|™".

lim P(r,u) =: P(u) (92)

r—0

exists.
Lemma 5.2. Assume as in Lemma 5.1. Then we have
P(u) <0.
Moreover, P(u) = 0 if and only if lim inf,_,o |z|"= u(z) = 0.

Proof. Let {r;} be any sequence of positive numbers satisfying limy_,, 7 = 0, and let

n—2

uk(y) =1, u(rey).
By the proof of Lemma 5.1, we see that, up to passing to a subsequence,
vp — v in CF (R™\ {0}),

where s
—Av=n(n—2)v~—2 inR"\ {0}, v>0.
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It follows that
P(1,v) = lim P(1,v;) = klim P(rg,u) = P(u).
—00

k—o00

By [11], P(r,v) is a nonpositive constant independent of r and P(1,v) = 0 if and only
if v is smooth cross {0}. Clearly, if P(u) = 0 then liminf,_,o |z|"= u(z) = 0; otherwise
—2

vk(y) = &ly|~" for some C' > 0 independent of k and thus v is singular at 0.

On the other hand, if liminf, .o |x|an2u(x) = 0, by Lemma 5.1 we can find r, — 0
such that vy, defined as above has trivial limit v = 0. Hence P(1,v) = 0 = P(u).

[
Let a(r) = f,; udS, be the average of u on 9B,. Lett = —Inr and a(r) =
"2 'w(t). By a direct computation,
~ ny (n -2 )
U, = —€2 W+ wy |,
2
n - 2
Upy = et (%w + (n — Dw, + ’wtt) )
Therefore, we have
_ n—1_ nt2 n—2
Upp + . Uy = € 2 t(wtt—( 5 )2w>.
By Lemma 5.1 and the flatness condition (7) on g, we have
n -2 n
— clw"% —cze T < wy — (nT)Qw < —cgwntg + cse . (93)
Proposition 5.3. Assume as in Lemma 5.1. If lim inf, o |z|"= u(x) = 0, then
lim |xl%u(x) =0 94)

z—0

and 0 is a removable singularity.

Proof. Our proof will largely follow the approach initiated by Chen-Lin [15], but we need
to prove some necessary bounds in our context, as given later in Lemma 6.2 and Lemma
6.3. We argue by contradiction. Since lim inf,_,o|z|"2 u(z) = 0, by Lemma 5.1, if the
conclusion of the Proposition does not hold, we would have lim sup,,_,, u(z)|z|"2" > 0, so

limsup w(t) > liminf w(t) = 0.
t—00 t—o0
Making use of (93), w is convex (w” > 0) when w small and ¢ is large. It follows that there
exist

1—00
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such that
w(t;) =w(t]) =€, limw(t)=0
1—00
t; is the unique minimum point of w in (¢;, t}),
where €y > 0 is a small constant. Hence, w is decreasing in (;, ¢;) and increasing in (¢;, ;).
Using (93), we will prove the following estimates

2 w(t) 2 N w(t)
1 —C<t—t; <[——+Ce ™)1 C, t;,<t<t, (95
n—2 wlt) == _<n—2+ ‘ )nw(ti)+ st=t, 9
"y 2\, ()
w w _
| —C<t,—t< 1 ! <t <t
e L Rl t_(n_Q) v tC Bstsn 09

where C, C" > 0 is independent of i.

Marques obtained a cruder version of these estimates in [45], replacing % on the left
inequality in (95) by % — ce” ™ with 7 = 2 and some ¢ > 0, and similarly, replacing %
on the left inequality in (96) by % —ce~ % and % on the right inequality in (96) by %—i—
ce~ T, His proof was based on that of Chen-Lin in [15], which estimates the e~ factor
in (93) by its value at the left end of the interval and estimates the resulting differential
inequality as one with constant coefficients. His estimates are adequate to handle his cases
of 3 < n < 5, but are not adequate for our cases. We will provide our proof for (95) and
(96) in the next section. The key is to tackle the e~ "'w term directly. The behavior exhibited
is somewhat analogous to the behavior as in [31]—see also Theorem 8.1 (and Problems
29-31) in Chapter 3 of [16], but our proof does not rely on the method for treating linear
systems as in [31], instead relies on some comparison principles.

We denote r = |z,

=e o rp=e o ori=e .,

Thus 7; > r; > r}.
First, we can compute P(r,v) in terms of v(t, 0) := e~ "2 ‘u(e~'f) as

— |Sn71|
N 2 S§n—1

v(t, 0)>

P(r,u) [Uf(t, 0) — |Vou(t,0) — (n — 2)? (T — (¢, 0%)} do,

and using the Harnack and gradient estimates on u(z) as given by Lemma 5.1 we see that,

in terms of v(t, ), we have
[Vo(t,0)] = O(Dw(t),

uniformly for § € S"~1, so it follows that

[0~ 1Vt 0P @00 asi o
Snfl
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and
P(u) = lim P(r;,u) = 0. 7)
1—00
Next we claim a more precise estimate for |Vu(¢;,0)| at t = t;, which implies an
equivalent estimate for u(x) on |z| = r;.

|Vo(t;, 0)] = o(1)w(t;) uniformly for § € S"*. (98)

Indeed, let (;(y) = uriv) \where e; = (1,0,...,0). We have

u(rier)

n—2 4

Ly G =nln—2) (7 ulrien)) T G in B\ {0),

where (g;)x = gri(r7y). By Lemma 5.1, (; is locally uniformly bounded in R" \ {0}. By
2

n—

the choice of r;, r, 2 u(r;e;) — 0 as i — oo. Hence, ¢; — ¢ in C? _(R™\ {0}) for some ¢
satisfying
~AC=0 inR"\ {0}, (>0,

((e1) = 1 and 0, (fgn—l C(ro)r"e d9> = 0 at r = 1, which is based on the choice of

r; in the definition for (;(y). By the Bocher theorem and the two normalizing conditions
above, ((y) = aly]*™ + b with @ = b = 1. In terms of v(¢,6), this is implying that
v(t; + 7,0)/v(t;, e1) converges to cosh(7) uniformly on any compact interval of 7 x S"~1,
and its derivatives converge to the respective ones of cosh(7). This in particular implies that
Vov(t;+7,0)/v(t;, e;) — O uniformly at {7} x S"~! at any 7, and Vv (¢;,0) /v(t;,e1) — 0
uniformly for # € S"~1. Hence, (98) follows.

Making use of (98), we have |v(t;, 0)—w(t;)| = o(1)w(t;) and |V gv(ts, 0)| = o(1)w(t;)
uniformly for # € S"71, so

Pmmozﬁwﬂ[—é(ngz)zﬁ@»a+oa»

(n—2)* ]

g wn (t:) (L +o(1))

Hence for sufficiently large ¢
w?(t;) < cp| P(ri, u)|. (99)

It follows from the Pohozaev identity (91) and (97) that

B

T r¥
4 4

|P(7"l-,u)]§/B ’ ]A(u)\der/ ()| dz

where




By Lemma 5.1, we have

|Aw)] < Ol

Hence,
I, <C(r})" =Ce™™.

By the first inequality in (95), we have

w(t) < Cw(ti) exp ((” > 2)(75 - ti)) L t<t<t

which implies

w(z) < Cw(t)e x> forrd < x| <.
7

By Lemma 5.1, we also have

[Au)(@)] < Cul@)?|2["%.

Hence,

(2

I < Cw(ti)%_(n_mti/ 2P da < cw(t;) e ()R
r<|z|<r;

By (95) and (96), we see that

€0 2 €0
|
w(t) + C, n

<ti—t;+C.
n—2  w(t) *

2
5 + Ce_m) In

t-ti< (
n_

Hence,

n—2

22+Cem)@—u+c>

t-ti< (
n_

+C<ti—t;, +C", (100)

for some constant C” > 0 independent of i, where we have used e~ ™" (t; — t;) < e~ "'t is
bounded above independent of 7. Using (100) we can estimate /; more precisely:

I < Cw(t;)?e”=2b(px)l=3
_ Cw(ti)Qe—(n—2)ti+(nT_2)t;‘

< Cw(t;)?e ™.
Combining the estimates of /; and I, we have,
|P(ri, u)| < Cw(t;)?e ™ 4+ Ce™ ™. (101)

Using (99) and (101), we can combine terms to obtain w(t;)? < Ce~™%, which is

1 n—2
log —— > —¢* — C. 102
8Ly = 4 (102)
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From the first inequality of (96) and the first inequality of (95), we have

_ 2
n—2  w(t)
and 5
£t > In—"- —C.
n—2 w(t)
Adding them up and using (102) and (100), we have
g > 1 —O>t-C,
! “n_2" w(t;) -

which implies ¢; < C. This contradicts t; — oco. Therefore, (94) holds.
Based on (94) we clearly have w'(t) < 0 for ¢ > T;, where T; is sufficiently large.
Equation (93) now implies

n—2
wy — ( 5 —6)?w >0 fort>T,
where § > 0 is some small constant. Thus for ¢ > T}, w? — (”T_Q —0)%w? is non-increasing,
non-negative due to w(t) — 0 as t — oo, and the integration of this quantity leads to

w(t) < w(Tl)eXp(—(nT_Z _§(t-T1), t>T.

whose equivalent form is
u(z) < C(8)|x|™.
Then standard elliptic estimate immediately implies that « has a removable singularity at

the origin.
Therefore, we complete the proof of Proposition 5.3. [

Proof of Theorem 1.3. It follows from Lemma 5.2 and Proposition 5.3.
O

Proof of Theorem 1.4. By Lemma 5.1, we have
n+2 nt2 n+t2
—u 2 Au=—u 2Lu—u »2(A—Lju
=n(n—2)+0(ja|"% - |af T
=n(n—2)+O(|z|") asz — 0.

Since 0 is not a removable singularity, (9) holds. Then the theorem follows immediately
from Theorem 1 of Taliaferro-Zhang [58]—one step in its proof, (2.25), relies on a state-
ment from [11], for which one can also appeal to Theorem 3 of Han-Li-Teixeira [28]. [

Proof of Theorem 1.1 and Theorem 1.2. By the discussion in Section 2, the study of asymp-
totical behavior at the infinity of solution of the Yamabe equation (3) with asymptotically
flat metric g satisfying (4) is equivalent to the study of isolated singularity of solutions of
(6) with g satistying (7), after taking a Kelvin transform. Hence, Theorem 1.1 and Theorem
1.2 follow from Theorem 1.3 and Theorem 1.4.

O
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6 Details of improved ODE estimates (95) and (96)

First, we recall a comparison principle.

Lemma 6.1. Suppose n(t) and b(t) are C* functions defined on [t1,ts], and b(t) > 0.
Suppose that

" (t) = b(E)n(t) = 0

If
n(t) 20 and 7' (t) 20,

then n(t) > n(t1) and n'(t) > 0 on [t1, ts].

If
n(ty) >0 and 1n'(t2) <0,

then 1(t) > n(t2) and i (t) < 0 on [ty,ts].

Proof. Suppose that n(t;) > 0 and n'(t1) > 0, but n(t) < n(t1) for some ¢ € (t1,t2]. Then
there must be some point ¢; < # < f such that n(f) = n(t;) and n(t) < n(t,) for t € (t,7).
By Hopf lemma, we have /() < 0. Let

t*=inf{t, <t <t:n(s)>n(t)>0,17(s) <0 fort<s<t}.

Then either t* = ¢, or 1/(t*) = 0. In either case Hopf Lemma would apply at ¢* and
imply that 7/(t) < 0, which would be a contradiction. We conclude that n(t) > n(t1).
Now it follows that " (t) > b(¢)n(t) > 0, so 1/’ is non-decreasing on [ty t5], which implies
n'(t) =1/ (t) > 0 on [t, t].

If n(t2) > 0and 1/ (t2) < 0, the proof is similar. Therefore, Lemma (6.1) is proved. [

The following lemma will be used to prove the left side inequalities in (95) and (96).

Lemma 6.2. Suppose that a,b,t,,ts and T are positive numbers, and 1 < t; < to. Suppose
that n is a positive C? function defined on [t,, ;] and satisfies

n'(t) — (a® +be ™n(t) <0 fort, <t <ty (103)
(i) If ' (t2) > 0, then

cosh(a(t —ta2) — f(t))
cosh(f(t2)) ’

where f(t) = %e*”. Consequently,

n(t) < n(tz)

t1 <t <ty (104)

1
tg—tz —In n(t) —C,
a  n(t)

where C' > 0 depends only on a,b and 7.
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(ii) If 7' (t1) <O, then

cosh(a(t —t1) + f(t))

) nt)—_ iy

ty ST <y, (105)

and
n(t)
n(t1)

1
t— tl Z —1In - C,
a
where C' > 0 depends only on a,b and .

Proof. We remark that the left hand side of (103) can be transformed into a Bessel type
equation, after the change of variable x = e, so we can apply Lemma 6.1 to n(¢) with a
solution of this Bessel type equation. But here we give an explicit comparison function.

Let
() = % cosh(alt — t5) — £(1)).

Differentiating ¢ and using f'(¢) = —7f(t), we find that

C10) = (a0 sinbla -~ )~ F(0),
0 = o 2 (<72 @) sinba(e — ) = £(0) + (0 + 7 (0) coshlalt ~ 1) ~ £10).
Hence,

¢"(t) — (a® +be™)C(t)

_—n(tQ) a+T 2 — (a* +be ™)) cosh(a(t — ty) —
= ot @+ TI0) = (@2 + be™) coshlalt = t2) = (1)
— 72 f(t) sinh(a(t — t,) — f(t))>

77t2) b

—b)e " cosh(a(t —ty) — f(t)) =0,

2
( ar 2at

(
= osh(f(52))

where we have used sinh(a(t — t5) — f(t)) < 0if ¢ < t5. Moreover,

((t2) =n(t2) and ('(t2) <0.

By Lemma 6.1, we have 7(t) < ((t) for t € [t1, t5]. Therefore, (104) is proved.
The proof of (105) is the same. Therefore, Lemma 6.2 is proved. [

Proof of lower bounds in (95) and (96). For the lower bound in (95), we apply (i1) of Lemma
6.2, identifying t; = ?; and ¢, = ¢;. For the lower bound in (96), we apply (i) of Lemma
6.2, identifying ¢, = t; and ty = t;. O
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Lemma 6.3. Suppose that b, c,n, t1,t, and T are positive numbers, t* < t; < ty andn > 2.
Suppose that w is a positive C* function defined on [t1,t] and satisfies

n—2
2

- 2 n
R("T)Cw(t)n“ﬁ > 0,20 > w(t), fort, <t <t

(106)
Then there exist positive constants t*, £y, C1 and Cy, depending only on b, ¢, n and T, such
that:

w”(t) — ( V(1 =be M w(t) +

(i) If w'(tg) <0, then there holds

2 t
ty—t < (——=+Cie ™) In w(t) +Cy fort; <t <t (107)
n—2 w(ts)
(ii) If w'(t1) > 0, then there holds
2 t
ty—t < ( + Cre” ™) In w(t) +Cy fort; <t <t (108)
n—2 w(ty)

Proof. The estimates in this lemma were proved by Marques [45] for 7 = 2, which in turn
is based on the argument of Chen-Lin [15]. These upper bounds are also adequate for our
purposes, so we only sketch a different proof following the previous proof of Lemma 6.2.
The upper bound in our (96) is stronger than that in (107), where our set up also gives us
w'(t) < 0fort; <t < ty. Although the stronger version is not needed for our proof of the
main theorems of this paper, we will describe how to prove it at the end.

Let

((t) = Beosh " (a(t — 1)),
where a = /1 — Ae~" for some A > 0 to be fixed, Bﬁc = 1, and t > t, such that

((ta) = w(ty). Then by a direct calculation similar to the one in the proof for the previous
Lemma, we have

- <<” 2 g M2
2 a ! 4 —Tt Q*Tn
{ n — 2 cosh?(a(t _5)) +(“2—1+mbe )}Cosh (a(t — 1))
—2) 2B 4 o
B (e o — A e o ol )

if we take ¢, to be sufficiently small so that %0507 < 0.1, say; and take A such that
0.9A > b. Moreover,

C/(t2> Z Oa
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since t > t.
Let z = w — (. It follows that

)~ (20 v + " eyt 2 o

where
n(n +2)E(t)2 = n(n - Q)M(t)n; - C(t)ma it w(t) # (1),

n(n+2w(t) =2, if w(t) = ().
Note that ( (), w(t) < gq for t; <t < ty, so by taking £y small and ¢* large, we then have

n—2
2

21— by - M Deyats >

(
By Lemma 6.1, we have w — ¢ > 0 in [t1, t5]. Hence, (107) follows immediately.
The proof of (108) is the same.
Our proof for the upper bound in (96) is a modification of the proof in [45]. We use
the set up in (107), identifying ¢; = t; and ¢; = t,. Multiplying both sides of (106) by
2w'(t) < 0, we have

n—2
2
n—2
2

21 — be ™ w(t)? 4 ¢ 5 )2 (t)n- 5 V2brw(t)?
n—2

2

02 |u0? - ] (5

2n

Pt

21— be ™ w(t)* + ¢

sow (t)? — (%52)2(1 — be ™ w(t)? + c("T_2)2w(t)% is non-increasing in ¢, and

n—2 n —

2n

)2(1 - be_Tt)w(t)z + C( 2)2w(t) n—2

n—2 2n_

> = (U= be () + o

from which we obtain
n—2

2
+ b(

W (£ (2021 = be ™) [w(t)? — wi(ts)?] — f
n—2

5 )2(677—1}2 - 67Tt)w(t2)2.

When w(t)/w(ty) < 2, then for ¢* sufficiently large, €y > 0 sufficiently small, there exists
0 < & < lsuchthatfort < s < ty, we have w”(s)— (%52)?(1—0)%w(s) > 0, so by Lemma
6.1, w(s) > w(tz) cosh["52(1—4)(s—t2)], from which we get 2 > cosh["52(1—6)(s—t2)].
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This gives an absolute upper bound for t, — t/, where ¢’ is defined by ¢t < ' < t, such that

w(t')/w(tz) = 2.
Fort; <t <t,setn(t) =w(t)/w(tsy), then n(t) > 2, and

n—2 —7 4 2n —Tto —7
H(1? 2 (5 { (1= be™™) [0(t)? = 1] = cwt) ™= [n(®)F2 = 1] +b(e™ =)}
For ¢* sufficiently large, we have b(e ™2 — e~ ™) > —0.1(1 —be ™) and 1 — be™ ™ > 1/2,
So we get
2 s (P20 —rt 2 = 2n
(1) 2 (—5—) (1 =b0e™™) (n(t)” = L1 = 2cw(ty) =2 |n(t)"=2 — 1] ;.

Now if we introduce s = ”T_Z ttQ V1 — be~Tidt, then we get

d
TP > 2 — 11— 2cw(ty) [nn : —1}
S

%

Set s’ = 22 *2\/1 — be—7td{. Then, on the one hand,

w(t)/w(ts) d ¢

S—S’S/ 1 §10gw<)+C’
2 2n w(tQ)
n?—1.1- ch(tg) [nn - 1}
for some constant C', where the integral on the right is estimated in a similar way as in [15]
and [45]. On the other hand, s — s’ = ™52 ft V1—bemidt = 222 [t' — t + O(1)]. The
upper bound in (96) now follows. [l
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