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1 Introductory Remarks

The goals of the pre-enrollment "Boot Camp" were to provide an in-depth review
and to fill in gaps in some background material expected in standard first year
graduate courses (mostly on topics in abstract linear algebra and advanced calculus
which have often not be adequately treated in undergraduate courses). Problem
sessions are integral parts of this program. Problems to be discussed will emphasize
interconnectedness between different areas of mathematics, and will include some
problems from the written qualifying exams. Attention will be paid to proper writing
of mathematical proofs; critiques of student solutions will be provided.
Topics related to advanced calculus include:

o Basic properties of the reals: Limits (including upper and lower limits),
Cauchy sequences, completeness, sequential compactness (Bolzano—Weierstrass
theorem) and compactness (Heine-Borel Theorem).

« Basic tools: Cauchy-Schwarz inequality. Summation (integration) by parts.

e Sequences and series of numbers and functions, including absolute and uni-
form convergence, and equicontinuity. Applications involving power series,
integration and differentiation.

« Basic topological notions such as connectivity, Hausdorff spaces, compactness,
product spaces and quotient spaces. Emphasis on examples in Euclidean and
metric spaces.

e Compactness criteria in metric spaces. Arzela—Ascoli Theorem and applica-
tions.

e Review of multiple, line and surface integrals, theorems of Green and Stokes
and the divergence theorem.

e Jacobians, implicit and inverse function theorems, and applications. Change
of variables formula. Role of exterior calculus.

Almost every incoming student probably has seen the majority of the topics
above. What prepares a student do well in the first year graduate courses is not just
exposure to these topics, but depth of understanding and fluency of applying them.

We will spend minimum amount of time reviewing the relevant topics formally;
we will spend more time on sets of problems to explain the intuition behind the
concepts and methods, how they are applied, and help students to gain a better
understanding of these concepts and methods.

Professors Ocone and Mirek have done these analysis sessions in the last couple
years, and each has prepared some very nice written notes. I will share those notes
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and rely on them. Their notes have somewhat different emphasis and style, with
Professor Ocone’s notes being more basic and aligned with the topics listed above,
while Professor Mirek’s notes going more into some generalities and depth, with
some topics typically on the graduate analysis curriculum and with more examples
rooted in number theory.

There is not enough allotted time to go over the material in either notes. Since
the incoming students have varying backgrounds and interests, these notes give
students enough flexibility to find material suitable to their background and interest
and work on those parts in a more focused way.

I am also preparing some supplementary notes and comments. The notes by
Professors Ocone and Mirek contain some summary reviews of the topics discussed,
and some sketch of proofs. My focus in these notes will not be on a review of
topics, but on strategy of problem solving. In order to make our discussions more
productive, I ask that students do some initial study prior to the start of our boot
camp, write up solutions for as many problems in the posted diagnostic quiz as you
have time for before the boot camp starts, and submit them and any additional
topics or problems that you would like us to discuss in our sessions.

1.1 Some General Guidance

Here are a few points to keep in mind when working on a problem.

e Learn to identify some key steps which may lead to a solution of the problem
and how the given information may help to carry out these steps.

e Learn to keep focus on the key steps and set aside some non-essential techni-
calities at the beginning.

e Learn to carry out some reductions to reduce the problem to one or more
simpler sub-problems, and start with concrete/simpler cases to test out how
your ideas may or may not work out.

One can see that these suggestions are often different from one’s typical learning
experience in a math course, which is often going from the abstract to the concrete,
from the general to the specific, and, to use a variation of an often quoted saying,
“carrying a hammer to look for a nail to pound”. A good strategy to solve a problem
is to start with the problem and identify its key features and find or create the right
tools which may bring about a solution.

The suggestions above apply for mathematical problem solving in general. In
analysis, one needs to learn to “size up” different quantities and identify the ones
which play a leading order role in solving our problem. We begin with a few examples
to illustrate the suggested strategies discussed above.

1.2 Some Initial Examples

Example 1.1 Assume that =, — A as n — co. Prove that &E=Fn 5 A a9
I n n

n — o00.

We first do an analysis of the problem. From the given assumption, for all
sufficiently large n, say, for n > N, x,, is within € > 0 of A. How would this
indicate that % is close to A for large n?

We examine

T+ 4T, Tito TNt aTNg1 o+ T,
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n n

in which all terms zyxy1,- - ,x, are within € > 0 of A. How do we handle
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the first N terms? Well, when n is sufficiently large, the effect of w
is negligible.

So we can see a solution strategy now. But we can do one small reduction:
set yp, = xn, — A. Then y,, — 0 and % =A+ w, so it suffices
to prove w — 0. We will leave it to the student to write up a proof
for this last statement using the strategy discussed above.

J

Checkpoint 1.2 Find the limit lim,_, /21 -z, if z,, >0 and z,, - A > 0.

Hint. Use z = ™% for z > 0.

\

Example 1.3 Find the limit lim,,o\/ [, | f(2)|" dz for f € C[a,b].

Here we are dealing with a generic f € Cfa,b]. Obviously we can’t hope to
evaluate the integral f; | f(2)|™ dx except when |f(z)| is a constant ¢ over
[a,b], in which case the root of the integral becomesy/ (b — a)c® — c. At
least in this special case we know the answer.

For the general case, when |f(x)| is not a constant, our focus should
be on what affects this integral when n — oo. When |f(x1)| < |f(x2)],
|f(x1)|™ would be significantly smaller than |f(x2)|™ as n — oo, so this
suggests that the largest contribution would come from those x such that
()] = M 1= maxi, ) |£(3)].

First, since |f(z)| < M for all = € [a, ], it follows that

b
[ @i de <y/@=arnrm

Sincevy/ (b — a)M™ — M, we can conclude that lim sup,,_, ,\/ ff |f(z)|"dx <

M.

How does the set of points x such that |f(z)| = M contribute to the
integral?

Let z* be a point such that |f(z*)] = M. Then near z*, |f(z)| will be
close to M. More precisely, for any given ¢ > 0, there must exist some
interval I containing x* with length § > 0, in which |f(z)| > M — e. Then

\"//ab f@P do i [ (01 = o da = (M = 995,

Since /0 — 1, we conclude that lim infnﬁoo\}’f; |f(z)|"dx > (M —€). Since
this inequality holds for any ¢ > 0, we conclude that lim inf,,_, o1/ ff |f(2)|™ dx >
M. Combining the two inequalities, we conclude that lim,,,co\7 fab |f(z)|™ dx

exists and equals M.

J

Checkpoint 1.4 Drills on liminf, ., and limsup,,_,.,. Here are some often
used properties on lim inf,,_,~, and limsup,, ..

1. Properties involving sum of sequences.

liminf a,, + liminf b,
n—oo n—oo



<liminf(a, + by,)

n—oo

<limsupa, + hm 1nf b,
n—roo

<limsup(a,, + by,)

n—oo

<limsup a,, + limsup b,

n—oo n—o0

2. limsup,,_, .o /]an| < limsup,,_, - |a2:1 ‘

3. liminf,_ o |%\ < liminf, 00/ |an|.
n

4. If limy, o0 |2 Gntl| exists, then lim,, 0/ |a,| exists, and equals lim,, | =2 Anti
(The converse is not true. Give an example.)

Use the definitions of liminf,,_,., and limsup,,_, ., closely. For example, to prove
liminf, ., ¢, < B it suffices to prove that for any ¢ > 0, there exists a sub-
sequencecy,, such that c¢,, < B + e for all sufficiently large k; to prove that
liminf, ., ¢, > A it suffices to prove that for any ¢ > 0, ¢, > A — € for all
sufficiently large n ( of the full sequence).

In analysis we often need to assess the effect of algebraic manipulations of several
quantities which are tending to infinity or zero. In carrying out such an analysis
it is important to identify the leading order ones and make use of them effectively.
The following examples and exercises illustrate how to carry out such an analysis in
analyzing algebraic expressions of the form oo — 0o, 00 - 0,0/0.

Example 1.5 Analyze the limit of V22 + x4+ 1 /23 + 2 + 1 as z — oo.

First, we do a rough analysis of the orders of magnitude of the two expressions.
When & — oo, the leading order of V22 + x + 1 is V22 = |z|, and the the
leading order of W/z3 + x + 1 isW23 = |x|. Thus we need to do a more refined
analysis.

One effective way to carry this out is to factor out the leading order
terms, and do a Taylor expansion of the factored-out terms, which are now
evaluated near a finite value.

\/x2—|—1:+1=x\/1—|—x—1—|—x—2:1:{1+;(x1—|—x2)—|—0(x2)},

Vd+a+l=a¢l+a2+23=2 {1+;(:c2+x3)+0(:c4)}.

In the above, we did a Taylor expansion of /1 4+ u and respectively
Y1+ uat v =0, and treated u = ~! + 272 and respectively v = 272 + z73.
Thus we have

Val+o+1 a3 +a+1

11 11
_ = - O -1 _7_7_0 -3
3 Top TOE )~ 3.~ 32 ~0E™)
— = as r — o0
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Checkpoint 1.6 Find lim,_,o *—"—, where a > 0 is some given param-

eter. This and the following problem were originally used by Professor Kasper
Larsen.

I’Hospital’s rule is often a student’s first choice for dealing with limits of the
form 0/0. But that is only a mechanical way of dealing with such a limit. The key
is to compare the order of vanishing of the numerator and the denominator.

Hint. Use the Taylor expansion for sinx in the form of sinz = x + R(x)x® where

R(z) — —% as ¢ — 0, then use the binormal expansion on z + R(z)x>.

Checkpoint 1.7 Analyze the dependence of a(t) = > > e ™! on t. Define
a(t)y =32, e~ where p > 0 is some given parameter. Show that there exists

some « > 0 such that

lim a(t)

e exists.
t—

Also identify this limit, and identify conditions on p such that fol a(t) dt converges.
Under what conditions is [, a(t) dt convergent?

Hint. For the beginning part, use the integral estimate

o p > P o p
/e_’td:cSZe_"tg/ e "t dy

1 n=1 0

and make a change of variables in the integrals to delineate the role of t.

Example 1.8 (January 2017 WQ).

Given any polynomials 2™ + b, _12" "' +--- +byz+ by and a,,_1 2" 1 4+ - +
a1z + ag . Evaluate

/ 12" 4+ - 4+a1z+ag

%
|z|=r 2" 4+ bn_lz"_l Spoooop blz + bo
for all sufficiently large r > 0.

Even though this problem appeared as a problem in complex analysis, the

n—1
o g...Qq q g g g . An—12 +---+ay1z+ag
main insight is still to quantify the size of the quotient e 17 TT 1512150

when |z| = r is large. Based on our discussion earlier, we expect it to be

n—1
approximated by 2= = 2= and the integral of the latter is easy to

Zn z

evaluate.
To carry out this approach rigorously, we need to estimate how close the
approximation is as |z| — co. One can see that

p12"" 4+ +a1z+ag Ap_1
‘z"+bn_1z”—1—|—-~-—|—b1z+bo . ’

B 12" + -+ a12® + apz — an_1 (z" F by b2+ bo)

_‘ 2zl b, 12" - b122 4+ boz ‘

C
SW for all sufficiently large|z|.
z
Since the circle {z : |z| = r} has length 27r, it is now clear that the

approximate integral differs from the given integral by an error which tends
to 0 as |z| — oo.




Example 1.9 The first encounter with the Cauchy-Schwarz inequality.

The Cauchy-Schwarz inequality states that, for any a = (a1, -+ ,a,),b =

(b1,...,bn),
R D 1/2 D 1/2
i=1 i=1 i=1

There are many proofs of this inequality, including very conceptual and
short ones. But we will use this occasion to illustrate how one would go about
investigating such a problem in the absence of knowing the inner product
concept which underlies this inequality.

There are 2n quantities in this inequality. One interpretation of this
inequality is that, among those values of these 2n quantities which make
the right hand side a constant, the left hand side can’t be made large than
the right hand side. But how can we make the left hand side as large as
possible? Can we examine the relations between the two sides by varying
only one or two variables at a time? Why don’t we study the small n cases
first, and see whether we can gain some insight there?

Small n cases. The two sides are equal when n = 1. The n = 2 case

takes the form of
|a1b1 +(L2b2‘ < \/CL%-FG%\/Z)%-F[)%. (1.2)

There are several possible approaches at this point.

(i). Treat only one quantity, say, a1, as a variable, and the rest as parame-
ters, and prove that the left hand side is no more than the right hand
side as a function of this variable. Algebraically it is easier to try to
prove

flar) = larby + agbs|* — (af + a3) (b7 + b3) < 0.

One can use one-variable calculus to tackle this. You should carry out
the calculus to find out the roles played by the remaining variables.
Can you handle the general n case this way too?

If one works directly with the left hand side as set up in (1.2), or try

to prove aiby + asby — \/a? + a3/b? + b3 < 0, then the calculus is a
bit more tedious to handle.

(ii). Formulate the problem as a constrained maximization problem and
tackle it using the method of Lagrange multipliers. Note that if we
change (a1, az) to t(ay,as) for some t > 0, then both sides get multiplied
by t. We say that they have homogeneity degree 1 in (a1, az). So it
suffices to consider the above inequality subject to a? + a3 = 1. Then
the question becomes one of showing that the maximum of a1b, + asbs
as a function of (ay, as) subject to a? + a3 = 1 is smaller than or equal
to y/b? + b3. We can certainly investigate this by using the method of
Lagrange multipliers; in fact, we can do this for the general case of n
using a similar reduction.

(iii). But we can also investigate (1.2) directly by noting a geometric inter-
pretation of both sides: the constraint a? + a2 = 1 means that (a1, as)
is varying on the unit circle centered at the origin. Both sides of (1.2)
are also of homogeneity degree 1 in (b1,b2), so it does not lose any
information if we assume b2 +b3 = 1. Then |a1b; + asbs] is the distance




from the origin to the line through (a1, as) with (b1, bs) as unit normal-
--geometrically, the family of straightlines {(a1, az2) : a1by + azby = ¢}
for varying c all have (b1, bs) as their unit normal, so its maximum
value is 1 and is attained when this line is tangent to the unit circle, in
which case (a1, a2) = £(b1, b2).

Ilustration of the extreme values of ajb; + azby on a? + a3 = 1 is
provided at this Desmos page!.

Note that this interpretation can also be adapted to the general n cases.
If we vary two variables, say, a;, a;, for some ¢ < j, and keep all other
variables fixed, we may even keep a? + a? =72 as a constant so that the
right hand side does not change. But the dependence of the left hand
side on a;, a; is only through a;b; + a;b;. So the question is reduced to
the two variables case, and we conclude that the left hand side attains
its maximum possible value when the two factors on the right hand side
are constrained to be a constant when (a;,a;) = £(b;, b;) for any pairs
1 # j. Then a little further argument shows that they all have the take
the same signs. Thus the left hand side attains its maximum possible
value when the two factors on the right hand side are constrained to
be a constant when (a1, ,a,) = +(by,...,by).

General n cases. We set out to discuss the small n cases first, but find
quickly that the ideas for solving the small n cases can easily adapt to the
general n cases.

le 1.10 Identify the num of (37, a;) (X1, a; ') under the

int 0<a<a; <A.

This can be formulated as finding the maximum of the continuously differen-

tiable function . .
() &)
i=1 i=1

on the bounded closed set B:={a:a <a; < A1 <i<n}.
The maximum of f is guaranteed to exist, and the solution method is
standard, but some additional analysis is needed in carrying out the solution.
First, let’s see whether f has any interior critical point.

o= (E7) - (o
=1 i=1

so a critical point of f inside B must satisfy a; = --- = a,,. But at such a
point f(a) = n?, and we know by the Cauchy-Schwarz inequality that for

any a € B, ,
fa) = (Z @Vaﬂ) =n?,
i=1

so such a critical point only corresponds a minimum of f, and the maximum
of f must occur on a boundary point of B.

The boundary of B consists of many faces and edges, so it is not a trivial
task to carry out this analysis. One can get some experience by examining

Thttps://www.desmos.com/calculator/ppezzftthy
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the n = 2,3 cases first. But our computation of the partial derivative f,, (a)
contains more information:

n
fa,(a Z a; | — Z a; a,;2,
itk i#k

so it has only one zero in R, is negative before this zero, and is positive
after this zero. Thus the maximum in varying ay € [a, A] must occur at the
boundary point a or A.

We now see that at a maximum point of f on B,

ar = a or A for each k.

Since switching the order of the ay’s does not affect f(a), we may assume
that a takes the form of

a:(a,... ’a7A’...A)’
with m of a’s, m = 0,1,--- ,n. For such an a,
f(@) = [ma+ (n —m)A]ma=' + (n —m)A~1.

What remains is to identify the largest possible value among these n + 1
candidates. It turns out that

b for even n,
m =
n+
for odd n.

We thus conclude that

maxf:{<’z‘)2<g+fl>< AT = ()(1 41+
£ 1) (o + @+ A7 = (232

We could have seen the dependence of the bound on f by noting that
f(ta) = f(a) for any ¢ > 0. Although the constraint ¢ < a; < A is not
invariant under the scaling a — ta, we can replace a; by a;/a and A by A/a
in our set up: 1 <a; < %.

Example 1.11 Identify the minimum of ARV o ey ri under some
bs )

constraints on a, b.

The Cauchy-Schwarz inequality tells us that the above ratio is no greater
than one. It can attain 0 if no constraints are imposed. Suppose that there
exist 0 <a < A,0<b< B, and

a<a; <A b<b <B foralli.

What would be the minimum of the above ratio subject to this constraint?
This problem is related to #92 in Part II, Chapter 2 of Polya and Szegd’s
classic “Problems and Theorems in Analysis I”, and is an extension of the
previous example.

The ratio has homogeneity of degree 0 in a and b separately, but the

for even n,
for odd n.



constraint is not homogeneity of degree 0 in a or b. On the other hand,
using the homogeneity of the ratio, and dividing each a; by a, and each b; by
b, the bounds for the new a;’s are 1 and A/a, and the bounds for the new
b;’s are 1 and B/b, so we expect the result will depend on A/a and B/b. We
will make this reduction from here on.

Consider .

Zi:l aibi

(i) (T, 69
subject to the constraint 1 < a; < A/a and 1 < b; < B/b for each i. We first
compute the derivatives of the log of f:

f(a,b) :=

bk Qg
fa /f = n - n 5
g Dic1 @b D az2
a b
ol f = =i .

Sz aibi 3 b7
so any critical point must satisfy a = tb for some ¢ > 0. But such a critical
point would make f = 1, which is the maximum of f; furthermore, such a
critical point may not be in the interior of the constraint set. Therefore, the
minimum of f in this constraint region must occur on its boundary.

We also note that

bk D it ai — ag > iar, @ibs
(g aibi) i, af)
so when varying ay only, f,, has only one zero, is positive before the zero and

negative after the zero. So, like in the previous example, at any minimum of
f, we must have

fak/f =

akzlorg;bkzlorz.

One complication here is that rearranging the ax’s and by’s may cause a
change in the value of f. This is handled by the following algebraic fact.

Ifo<a; <ay<---<a,andb; >by>---2>0b, >0, then for
any permutation o of {1,2,--- ,n},

n n n
D aibi < aibeiy <Y aibniai.
i=1 =1 =1

In other words, Y i ; a;bg(;) is the smallest when the ordering
of the a;’s is the opposite of that of the b,(;)’s, and the largest
when their orderings are the same.

This is seen by examining the effect of permuting any two indices. Suppose
a; S CLj,bi Z bj. Then

(asb; + a;b;) — (aib; + ajb;) = (a; — a;)(b; — b;) < 0.




This algebraic fact is used in an optimization problem in queuing theory.
Suppose n tasks need to be completed in a queue. The completion times for

these tasks are t1,to,- - ,t,. We need to find a queuing arrangement so that
the total waiting time by all the tasks is minimal.
An arrangement corresponds to a permutation o of {1,2,--- ,n}. The

associated total waiting time is

lo() Tlo() Tlo@) T Fto) T o)+ +tom)
=nls(1) + (n = 1)150(2) + - F o

According to the algebraic discussion above, the minimal of this waiting time
is when the t,,’s are arranged in ascending order.

In our situation, rearranging the a;’s or b, (;)’s would not change the
denominator, so the minimum of the quotient must have them arranged in
opposite ordering.

Suppose we arrange the b,(;)’s in descending order,

B B

(b7 abv

ilyco0 i)
with & of %’s, then we must have

A
a:(lv"'7177
a

),

5°°° g

4
a

with [ of %’s. A further argument shows that I = k (You should try to
provide an argument for this statement). Thus the candidates for min f in
this constraint region are from

kE +(n—k)4
VIEE) + 1 — K[k + (n— K)(2)2]

for K =0,--- ,n. It remains to find the smallest of these n + 1 values, or find
a nearly optimal lower bound.

It turns out that, if k is allowed to be a real number (so one can use one
variable calculus to find the minimum), then the minimum is

2
AB b
Ve TV 4B
which is the bound given by Polya and Szeg6. This analysis also shows
conditions under which the inequality becomes an equality.

Hint. Setting ¢t = (n — k)/k, then t ranges between 0 and oo, and

kK +(n—k)4 Byia

VIEE?2 +n =Kk + (- k)22 /(B2 +1)[L +1(2)?)

and it’s not too hard to work out the minimum of this function of ¢ for
0 <t < 0o to be the claimed result above.

\ 7

Checkpoint 1.12 Identify the infimum of —(—45£%® __ for (u,v) in the
(uB2+4v)(utva?)

first quadrant. Here we assume that a, 5 > 0.

10



Hint. The function has homogeneity of degree 0 in (u,v), so it suffices to examine
it as a function of t = v/u.

2¢/ap _ 2
R R

Answer.

2 Inequalities: Basic Tools of the Trade

The central concepts in analysis involve various notions of convergence and com-
pactness. The bulk of the actual work in analysis to handle the issues involving
convergence and compactness is to assess the size of the different terms, to identify
the leading order ones, and use the information effectively to draw useful conclusions.
This process involves regular and judicious use of various inequalities. So a good
part of our discussions will involve inequalities.

2.1 Using homogeneity and scaling

Many of the examples of the previous subsection involve concrete functions, for
which we can often estimate their sizes in a more specific way; we often also need
to work with general functions which are not known in detail in advance, so in
estimating their sizes we would need to apply equalities or inequalities that are valid
for a class of general functions. In such a situation, using homogeneity and scaling
is often a helpful tool as a starting point. We already used these properties in the
previous subsection, here we give a bit more discussion.Any product of powers of
several quantities has a notion of degree of homogeneity for the different powers. For
example, if we treat a,b as separate entities, then ab has degree 1 of homogeneity
for both a and b, while a? has degree 2 of homogeneity for a; but if we treat a, b as
components of a single vector entity (a,b), then both ab and a? have degree 2 of
homogeneity for (a, b).

In the summations

n n 1/2 n 1/2
S (za%) (zbf) |
=1 =1 =1

if we treat a = (a1, -+ ,a,),b = (b1,...,b,) as separate entities, then each sum has
degree 1 of homogeneity in a or b.

More formally an expression E(a,b,---) is said to have degree d of (positive)
homogeneity in a if

E(M\a,b,---)=\E(a,b,---) forall A >0,a,b,---.

The principle of homogeneity analysis says that if both sides of an equality or
inequality have a degree of homogeneity in a certain variable, then they must have
the same degree of homogeneity in that variable.

Example 2.1 Degree of homogeneity in (a + b)™.

In the identity
(a+b)? =a® +2ab+b?
each side has degree 2 homogeneity in (a,b). While
(a+b)3 = a® + 3a%b? + b can’t possibly hold for all (a,b),
for, (a +b)3 — a® — b® has degree 3 homogeneity in (a,b), but 3a?b?
homogeneity in (a,b).

degree 4

11



We illustrate how to use this principle to prove some inequalities, including the
Cauchy-Schwarz inequality.

Example 2.2 Estimate (z +y)® in terms of % +y%, where 0 < a < 1,2,y > 0.

Both expressions have degree a of homogeneity in (z,y), so we can exploit
this. We can normalize to the situation that z 4+ y = 1 and find an upper
and lower bound of 2% + y®.

Since 0 < x,y <1, we have z* >z and y* > y,so0z*+y* > x+y = 1.
Thus z% + y* > (z + y)® holds.

To get an upper bound for z* + y® subject to x +y = 1 and z,y > 0,
we can eliminate the y = 1 — z and treat ® + y® = 2% 4+ (1 — ) as a one
variable function of 0 < x < 1. Using calculus we easily find that it attains
its maximum on [0, 1] at z = 1, so 2% + (1 — 2)* < 2!7%, and in general we
have 2% + y® < 217%(z + )%

To summarize, for any 0 < a < 1,x,y > 0, there holds

27z +y*) < (z +y)* < 2% +y”

Example 2.3 The Cauchy-Schwarz inequality again.

The Cauchy-Schwarz inequality states that, for any a = (a1,--- ,a,),b =
(blv' 0 ~7bn)7

o o 1/2 . 1/2
Senis (o) (3]
=1 =1 i=1

Both sides of the inequality have degree 1 of homogeneity in a or b, so it
suffices to establish it for

iaf =1 and ibf = 1.
i=1 i=1

We apply the arithmetic -geometric inequality to each a;b;

a?er?

la;b;| < 5

then sum over i to get

)

n " a2 nop2
Z |aibi| < Zz:l a; ;ZZ:I =1
=1

which is the case of the Cauchy-Schwarz inequality when Y i a? = > "' b7 =

1.

\ J

Checkpoint 2.4 Use the same technique to prove the Holder’s inequality.
The Holder’s inequality states

n n 1/17 n l/p/
|zaibis(z|ai|p) (zw> ,
=1

i=1 i=1

for any vectors a = (a1, - ,a,),b = (b1,...,b,), where p > 1 and p’ satisfy

12



1 1 _
lyl=1

Hint. First use convexity of « — P (or calculus) to establish, for a,b > 0,

You should also consult Professor Ocone’s discussion on these inequalities.

Likewise, the integrals fab f(x)dx, f; f(x)%dz, (fj f(x)? dx) i and (f; f'(z)? dx)l/2
have degrees of homogeneity in f equal to 1,2,1,1 respectively. The integrals
f: f(x)g(x) dz and (f: f(x)? dm) i (f: g(z)? daz) v have degree 1 of homogeneity

in f, g individually, and degree 2 of homogeneity in (f, g).
Using similar techniques, one can easily prove the integral version of the Cauchy-
Schwarz inequality,

IRCCEE ( / bf<x>2dx> " ( / bg@)?dx)

and Holder’s inequality,
l/p b , l/p/
p p
(@) dx) ( [ ot dx> ,

IRCCE (/b

where p,p’ > 1,%+ﬁ =1.

1/2

. b 1—1 b p 1/p
Checkpoint 2.5 Prove [ |f(z)|dz < (b—a) " » (fa ‘f(x)’ d:c) . Here p > 1
and f(z) is any function such that |f(z)[? is (Riemann) integrable on [a,b]. You
may assume that |f(z)| is also (Riemann) integrable on [a, b], although this can be
proved based on the given assumption.

The above discussion on homogeneity is about the scaling in the dependent
variable. The scaling of the independent variable also plays a role. For instance, if D

1/p
is a (nice) domain in R™, then we will see that || f||z»(p) = (fD ’f(:z) ! dx) scales

1
like (length)?, and |V fl|Le(p) = (ID“7f(w)r)dx) " seales like (length) 7"
These are based on the heuristic reasoning that the volume of a domain in R™ scales
like (length)™ and taking a derivative scales like (length)~!.
More formally, we make the change of (independent) variable x = Ly, and take
an f(x) which is supported in D---let’s assume that D has the property that 0 € D
and if € D then /L € D for any L > 1. Then for any L > 1, f(Ly) is also a
function supported in D, and

</D ‘f(Ly)‘pdy>l/p =L} (/D ‘f<x)!pda:)1/p,
(/D vls (Ly”’pdy) o (/D ’Vfuc)\pdx) "

Suppose that we believe that for a given p > 1 there is a constant C' > 0 depending
on D and some exponent ¢ such that for all C1(D) functions f(z) in D with compact
support in D there holds

(/D \f(x)\qdar>l/q <c (/D ‘Vf(x)‘pdx)l/p. 2.1)

13




Then the same inequality should also hold with f(Lx) replacing f(z) for any L > 1
(let’s assume that D has the property that 0 € D and if € D then /L € D for
any L > 1). This leads to

L% </D ‘f(a:)’qda:>l/q <cL5" (/D ‘Vf(x)’pdz>l/p.

In order for this inequality to hold for all L > 1, we conclude that a necessary
condition is

n -n 1 1

—— < p—n equivalently — > —

q p q P

1
-
Of course this reasoning only gives a necessary condition for (2.1) to hold; it
does not give an idea whether (2.1) holds. (2.1) does hold and is called the Sobolev
inequality, but its proof would require other ideas.
Another issue related to scaling in (2.1) is the dependence of C on D. It turns
1

out that if % = % — +, then C depends only on the dimension n and is independent

of D---let’s denote it as S,,, while if % > % — L then C has the form of S,,|D| %*%+%7

where |D| is the volume of D.

Proof of the above statement. Let g, be determined by qi = % — % Then, for ¢

such that % > % — %, we know g < q,. We apply Holder’s inequality to estimate
q 1/q an 1/qn
(fD ’f(x)‘ dx) in terms of (fD ’f(x dx) , then apply (2.1) with ¢, to

p 1/p
estimate the latter by (fD )Vf(x) dm) .
Here is the actual implementation.

</D ‘f(:r)‘qu>1/q <|D|i"an (/D ‘f(x) n dx)l/qn

P 1/p
<|D|i~% S, (/ V1) dx) :
D

Remark 2.6

An easier and more natural formulation of (2.1) which exhibits the dependence
of C' on the domain D is to make both sides “non-dimensionalized” with
respect to the x variable. As it stands, the two integrals in (2.1) depend on
the choice of a unit for x and scale differently on this unit, so in order to
make (2.1) valid in any choice of scale, the constant C' has to keep track of
the dependence on the scale.

On the other hand,

(|D|_1/D‘f(:c)‘qu>l/q and (D—lﬂ';/D‘vf(x)‘de)l/p

do not depend on the choice of a scale on x, and (2.1) can be reformulated as

(o )" < (o o )

for some constant C' > 0 which is independent of the choice of a scale for
D. It turns out that in the case here C' does not depend on other geometric
features of D either and depends only on the dimension n.

14



Another often used interpretation of this formulation and the change of
variable x = Ly is to treat this change of variable as transforming the quan-
tities for x € D to ones for y in some appropriatly scaled, often normalized,
region; say, if D is a ball of radius L, then x = Ly would make y to lie in a
unit ball, and once a certain equality or inequality can be established on a
unit ball, it can be used to establish an appropriate one on any sized ball by
this scaling.

Checkpoint 2.5 can be proved in this fashion by first proving it on a unit
interval and then transforming the general case to the unit interval case.

\ J

2.2 Making good use of the FTC and integration-by-parts

The Fundamental Theorem of Calculus (FTC) and integration-by-parts are essential
tools in analyzing integrals involving a function and its derivatives. We illustrate
their basic usages through some simple examples.

Example 2.7 (August 2014 WQ).

Let f(x) be a continuously differentiable real-valued function over R with
£(0) = 0. Suppose that |f ()] < |f(z)| for all z € R.

(a). Show that f(x) =0 for all z in a neighborhood (—¢, €) for some € > 0.
(b). Show that f(x) =0 for all x € R.

Solution. We should focus on how to make effective use of the assumption
|f (z)] < |f(z)| for all z € R. Whenever f(z) # 0, the assumption is
equivalent to |(In|f(«)])’| <1, which can be readily used. How to deal with
the possibility that |f(x)| transits between 0 and positive? What role does
the assumption f(0) = 0 play?

Since the assumption is easier to yield information when f(x) # 0, we will
make an argument by contradiction and assume that there exists some x* near
0 such that f(x*) # 0 and explore the behavior of f(z) in a neighborhood of
x* where f(z) # 0.

First proof. Let I be the largest interval containing x* such that
f(z) # 0 for all x € I. Then for any z € I, |(In|f(x)|)'| < 1, and, since
f(0) = 0, I must have at least one finite end point z. at which f(z.) = 0.
(Can you write down a more formal proof of this statement?)

Using the FTC, for any z,y € I,

1 /)
)

‘ :(1n|f(x)| —ln|f(y)|'

[ sy as
<ly — 2|,

from which we obtain

ezl < |f ()] <elv=l for any x,y € I.
£ ()l
Now if we let + — x,, then Hcgg‘l — 0, but this would contradict the above

inequality.

15



Second proof. Since the integral of f’(x) would give the change in f(x),
using f(0) = 0, we have, for z > 0,

[f (@) = |f(z) = f(0)] = |/0 f'(s) ds| S/O |f(s)| ds.
But the derivative of F(z) := [ |f(s)|ds is | f(z)], so this has led to
F'(z) < F(x) for x > 0.
This can be recognized to lead to
(e_””F(x))l =e *(F'(z) — F(z)) <0 for z > 0.
We therefore conclude that
e *F(z) < e’F(0) =0 for = > 0.
But this leads to

F(x)/ow|f(s)|ds§0form>0,

which forces f(z) = 0 for all x > 0. The case for z < 0 can be proved in a
similar fashion.

: 1
|

Example 2.8 Prove |f(b) — f(a)| < (]u ()P dI) ’ (b— (z)l_%.

Here, f(x) is any continuous function on [a,b] with piecewise continuous
derivative.
This is proved by applying the FTC and and Hoélder’s inequality.

b b b %
fO)-f@)=| [ f@)del< [ 17@)do < ( / f’(x)|pdx> (h—a)=.

\ J

Remark 2.9

As a consequence of the above simple inequality, we see that, if we define
X :={f €Cla,b]: f(a) =0, f'(x) piecewise continuous on [a, b]},
then for any p,q > 1, f € X,
1 fllzatas < (0= @) 7571 |oga s (2:2)

Another simple consequence of the above simple inequality is that, for
any p > 1, M > 0, the set of functions f in

Y :={f € Cla,b] : f'(z) piecewise continuous on [a, b]}

with ||f'||zr[ap) < M is equicontinuous. In particular Arzela—Ascoli
Theorem implies that the set of functions f in X with |[f'||1r[ap < M
is pre-compact in C|a,b], namely, its closure in Cfa,b] is compact there.
Put another way, for any sequence {fi} in this set, it has a subsequence
{fx, }, and a limiting function fo, € Cla,b] such that {fr,} = foo in Cla,b]
as | — oo.
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Here is the definition of an equicontinuous family of functions.

Definition 2.10

A family F of real-valued, continuous functions on a metric space X is said
to be equicontinuous at rg € X if for every € > 0 there exists a 6 > 0 such
that

)f(l’()) - f(y)‘ < e forall f € F, whenever d(xg,y) < 4.

The family F is said to be equicontinuous if it is equicontinuous at all
rzeX.

Here is the statement of the Arzela—Ascoli Theorem.

Let S be compact. A closed subset F of C(S) is compact if and only if

(7). supr || flloo < 00, (F is uniformly bounded), and,

(ii). F is equicontinuous.

Professor Ocone’s notes have a sketch of proof, while Professor Mirek’s notes
have a formulation of the notion of equicontinuity and the Arzela—Ascoli Theorem
which does not require S to be a metric space.

Example 2.12 Why do we care about inequalities such as (2.2)?

Inequalities about a general class of functions, perhaps subject to some side
conditions such as some boundary conditions, are essential for investigating
the behavior of solutions of differential equations and for their constructions.

We illustrate here a simple application of (2.2) in studying the behavior
of solutions of

u € C*a,b);u” (z) = h(z),a < x < b;u(a) = u(b) = 0.

Here h € Cla,b] is treated as a given function.

The essence of (2.2) is that the L? norm of a function is controlled by
some LP norm of the derivative of this function, provided that this function
equals 0 at one end (in fact, it suffices that it equals 0 somewhere in the
interval).

In our problem, the second derivative u” (x) of u(z) on [a, b] is controlled in
terms of h(x). Can we control u(z) and v'(x) on [a,b] in terms of h € Cla, b]?

We would like to first apply (2.2) to u/(x) on [a, b], but it requires u’(z) = 0
somewhere in [a,b]. This is guaranteed by Rolle’s Theorem based on the
boundary conditions u(a) = u(b) = 0. Thus

max [u'| < [|u”|| a5 = [12llL1[a,)-
[a,b]

Next we apply (2.2) to u(x) on [a,b] to conclude that

I[Tﬁi(|u| < lllzijan < (0—a) I[Ilab>]<|ul| < (b—a)l|llL1(a,y)-
Thus ||h]|£1[e,5 alone bounds max(, p) [u] and max(q g |u’|.
Question: Can one draw the same conclusions if only one boundary
condition of the problem above is kept? Namely, do the same conclusions

17
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hold for solutions to

u € C?a,b];u”(x) = h(x),a < x < b;u(a) = 0.

J

Remark 2.13

A variant of the above inequality is the following. Let f denote the mean of
f over [a, b]:

b
F=(-a) / f(z) da.

Then we have, for any x € [a, b],

o : 1
|f<x>—f|s</ If’(w)l”dx> (b—a)i-3. (2.3)

One way to prove this is to use the theorem of the mean to find some
¢ € [a,b] such that f(c) = f, then apply the previous inequality on the
interval between x and c.

An integral version of this inequality takes the form of

= 1,41
||f_fHLq[a,b] < (b—a)l p+q||f/||LP[a,b]v (2.4)

where p,q > 1.

Example 2.14 An interpolation inequality using Taylor’s formula.

Suppose that f € C?[a,b]. Then for any 0 < € < (b — a)/4, there holds

max | f/(z)] < emax | f”(z)| + ¢ ' max | f(z)|.
e 1/0)] < e /@) + < max 0

One typical application of such an inequality is to obtain estimates on
the derivatives of a solution to a differential equation in terms of estimates
on max, ) | f(x)|. For example, if u(x) solves

o’ (z) = (10sinz)u' (z) — 2u(x) on [a, b],
then we can use the above inequality with e = % and the differential equation
to obtain

max | (z)| <e max |u” (x)| + ¢ max |u(z
i o (2)] e " (0)] + €~ ()|

< max o (2)] + [ —= +20 ) max [u(z)
—max |u \r = max (ulxr
~2 [ab] 10 [a,b] ’

from which we obtain

max |u'(2)| < 41 max |u(z)|.
ni o' (2)] < 41 fu(a)

This can then be used in the differential equation to obtain estimate on
max(, 5] [u”(x)| in terms of maxp, p [u(z)].

Solution. This is proved by using Taylor’s formula at any = € [a, b] by
choosing h = +2¢ such that the interval with x and x + h as ends lies in
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[a,b]. The Taylor’s formula gives

2
flx+h)— f(x)=f(x)h+ %f”(c) for some ¢ between x and z + h.

It follows that

(o)) LD =IO i 1)

2max(ap [f(y)] | |hlmaxee [f”(y)]
< A + 5 ,

which readily gives us the desired conclusion.

Note that if [a, b] is infinitely long and the natural replacements of the
quantities on the right hand side, sup(, 3 | f (@), sup(qp) |f"(7)| < co, then
we can vary € > 0 arbitrarily, and by taking the € > 0 which minimizes the
right hand side, and find the following interpolation inequality

sup If'(z)] < Vsup ()] fup 7 (x

\ 7

Often we are interested in finding the optimal constant which makes (2.4) true
for all f, namely, the smallest constant C), , > 0 such that

If = Fllzagan < Coall ey Vf €Y.

We will give an easier to work with formulation in the case of p = ¢ = 2. Then the
question is equivalent to identifying

[ 1f (@) }
Cy = Jall VLT p ey o 2.5
" {f |f<x>|2dx 29

According to (2.4) for the case of p = ¢ = 2, Cx > (b —a)~2. Our goal is
to identify Cny more explicitly, and more ambitiously, to identify those f which
attain this optimal constant C. This is part of Calculus of Variations. This
part is conceptually more advanced, and is typically not considered as part of
the undergraduate mathematics curriculum, although the main ideas and most
calculations are fairly elementary.

It turns out that )
21
= — 2.
ox=(5ra) (26)

and any function f which attains C'y must be of the form of

f(x) = Asin (W) © Beos (W)

for some constants A, B.

A proof of this statement requires new ideas. The elementary methods used
earlier would not work---considering that it’s not clear how m would enter an
elementary inequality argument and how these minimizers arise. We will only touch
on briefly some ideas in proving such an inequality.

We will first use Fourier series expansion to sketch a proof a weaker statement,
requiring the functions f to satisfy the additional requirement that f(a) = f(b).
Integration-by-parts plays a crucial role behind the scene in this proof. We first
review some facts on Fourier series to be used.
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Fact 2.15 Some relevant facts of Fourier series.

For ease of notation, we set b—a = 2l,a = 0.

1. The set of functions {1, cos ("’l””) sin ("7[“”) :n € N} are mutually
orthogonal to each other on [0,2l] in the sense that

21
X(x)Y(z)de =0 for any distinct X (x),Y (x) in this family.
0

2. Any integrable function g(x) on [0,2l] has a Fourier expansion

Na0+2[ancos( )+b sin (mlm)],

where an, by, are obtained formally by multiplying both sides of the above

relation by either cos ("7[“”) or sin (”’l””) and integrating over [0, 2l].

Using the above orthogonal relation, we have

ag =

21
anzl/ g(x)cos(mlr )d:ﬂforn>1

21
bn, l/ sm )dacforn>1

3. The expansion relation above is an equality in the mean square sense.
Namely, the partial sums

Snlg]( zjj:[ancos( )—i—b sin (mlm)}

converge to g(x) in the mean square sense on [0, 2l]:

lg — SN[9]||L2[0,21] — 0 as N — 0.

4. Furthermore, the following Parseval equality holds (which is a version
of the Pythagorean Theorem in this context):

21 [e'e)
/ l9(2) 2 di = 2laol? + 13" [lanl? + [bal?] -
0

n=1

5. Assume that g(x) is piecewise C' on [0,2l]. Denote the Fourier series
expansion of g'(x) on [0,21] by

. (NTT
(e 55 P (P52 s (25
Assume further that g(x) 4s continuous on [0, 2], and g(0) = g(21).

Then o o

ag =0, and a), = (T) by, b, = — (T) ap.
In other words, under our assumptions here, the Fourier series expan-
sion of ¢'(x) on [0,2l] can be obtained by term-wise differentiation of

the Fourier series expansion of g(z) on [0, 2l].
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Remark 2.16

The following properties are used in a crucial way in deriving the above
properties of Fourier series.

0 0
/2l g'(z) cos (mlrix) dz
0
st (5) [+ (F) | strnn (%) o< clo
=(*%) /Omg(x) sin (277 ) da if g(0) = g(20);
/2l g'(x)sin (?) dz
0

nmay |#=2 (nll) /QZg(x) cos (Zﬂ) dz if g € C0, 21]
0

=s@m () |,

nm 2 nwT
:—(T)/O g(gc)cos( 7 )dx.

\ J

Checkpoint 2.17 Examine the relations of the Fourier series of a function
and its derivative. In item 5 above the assumption that g(z) is continuous on
[0,2{] and ¢g(0) = ¢(21) is essential. Evaluate the Fourier series of the following
functions and their derivatives, and examine whether the relations in item 5 above
hold.

1. f(z) =z —1o0n[0,2]
INE: ifo<z<1,
2 f(m)_{x—2 ifl<z<?2

Proving a restrictive version of (2.6) using with Fourier series expansion. For any
f €Y, f =0 satisfying the additional assumption that f(0) = f(2l), both f and f’
has its Fourier series expansion on [0, 2{]:

f(x) ~ag+ i [an coS (#) + b, sin (nlﬂ)} ,
n=1

f(z) ~al + i [a;cos (Zﬂ) + bl sin (mrxﬂ )

n=1
Note that
1 % _
agp = 2 flx)de =0 using the assumption f = 0,
0
1 2
dh= o [ F@dz=0 using £(0) = f(20),
0
al, = (?) b, also using f(0) = f(21),

m- (o
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Now, according to the Parseval equality,

21 [e'e)
wﬁmw=4|ﬂmwwﬂmw+QZW#+mﬂ,

n=1

21 00
172 00,20 = /O |f'(@)? da = 21|ap|* + 1) [lan]* + [br,|]

n=1

Mg

U (%) flanl? + Pl
()ﬂiimw+w|

(%) 1710

Since equality holds iff a,, = b, = 0 for all n > 2, namely, when f(z) = Acos (%) +
Bsin (%), (2.6) now follows. |

We now briefly describe the approach using calculus of variations. There are
several issues to deal with.

%
3
I3 j

3

1. Is there an f which attains this optimal constant Cn?

2. If the answer to the above is affirmative, is there a characterization for such
an f?7

3. Can use the information above to evaluate Cn?
We will assume that answer to item 1 above is affirmative, and briefly discuss
items 2 and 3. Set
by e 2
x 7 _
7f&b|f( ) or feY,f=0,f#0.
Jo 1f(@)? dz

First, (2.4) for the case of p = ¢ = 2 shows that the infimum of Q[f] is positive.
Next, assume that f € Y, f = 0, f # 0 attains the infimum, then for any h € Y, h =0
and any ¢, f + th is a competitor, and

QL =

Cny = Q[f] < Q[f +th] Vtsmall so that f -+ th # 0.
It is routine to see that Q[f + th] is a differentiable function in ¢, so we must have

4
dt

Q[f +th] = 0.

t=0

Since Q[cf] = Q[f] for any ¢ # 0, we may scale f, if necessary, to make f: |f(x)|?do =
1. Then a routine computation shows that

b
%LZOQ[”“L] = 2/ [f(x)l (x) = C f(2)h(2)] da.

Assuming that f is twice continuously differentiable, then integrating by parts on

the first integral gives
_ b
- / F(@)h(z) do

b
/ N@M@Mx=f@Mw)
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Therefore we conclude that

r=b

f'(@)h(x)

r=a

b
- / [f"(z) + Cn f(2)] h(z)dz =0 VYh€Y,h=0. (2.7)
If we take h € Y, h = 0, and further that h(a) = h(b) = 0, then we get
b
—/ [f"(x) + Cnf(x)] h(x)de =0 VYh€Y,h=0,h(a)=h(b) =0.

We now use the following calculus facts.

Fact 2.18

e If g € Cla,b] such that f;g(:ﬂ)h(ac) dz = 0 for any h € Cla,b] with
h(a) = h(b) =0, then g =0 in [a,b].

e If g € Cla,b] such that f:g(x)h(x) dz = 0 for any h € Cla,b] with
h =0, then g equals some constant in [a, b].

e If g € Cla,b] such that f: g(z)dx =0 and fab g(x)h(z)dx =0 for any
h € Cla,b] with h = 0,h(a) = h(b) =0, then g =0 in [a,b].

For the first property, if g(c) # 0 for some ¢, construct some hsupported nearc

to make ffg(x)h(x) dx # 0. For the second property, take any n € C|a,b],
then take h = n —n and use

b b
/ g(@)h(z) dz = / (0(2) — ] () de.

Using Fact 2.18 and noting that, if we take n € Cla, b] such that n(a) =n(b) =0
and h =n — 7 in (2.7), it takes the form of

0=—[f'(b) = f'(a)li — / [f" (@) + Cn f(@)] (n(z) = 7) dac
=—[f'(b) = f'(a)ln - / [f"(x) + Cn f()] n(x) dz + [f'(b) — ()} (using f = 0)

=—/u%wﬁhﬂmmwm

It follows that f”(x) 4+ Cn f(x) =0 on [a, b].
Now (2.7) takes the form of

Fan@| ™ =0 vhev,h=o.

r=aqa

Since we can allow h(a), h(b) arbitrary subject to h € Y,h = 0, it follows that
f'(a) = f'(b) = 0. To summarize, any function f which attains the Cy must satisfy

(@) + Oxnf(2) =0, a<z<b f(a)=F(b)=0.

The question has been reduced to finding possible values C'y for which the above
problem has a solution f which is not identically 0, and then identify the smallest

such Cy. It turns out that only when Cy = (%)2 with | = (b —a)/2 and for some
n € N, can we find some solution f; in fact, in such a case,

) - s (1052
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for some constant A. Thus we identify Cy to be (%)2

Remark 2.19

Note that in the restrictive formulation of (2.6) we require the functions to
satisfy g(a) = g(b), and the minimizers under this condition are identified to

be A cos M + Bsin @) for some constants A, B; while in the full
formulation of (2.6) we find the infimum to be the same, but the minimizers

are more restrictive. In general the boundary conditions play an integral role
in such problems and in problems involving differential equations.

\ J

Checkpoint 2.20 Identify inf Q[f] on a modified set of functions. Consider
Zy ={f € Cla,b] : f'(x) piecewise continuous on [a, b], f(a) = 0}
and
Zy ={f € Cla,b] : f'(x) piecewise continuous on [a,b], f(a) = f(b) = 0}.
Identify inf{Q[f] : f € Z1} and inf{Q[f] : f € Z2}. Also try to identify the
minimizers in each case.
3 More Applications of Integration-by-parts

We include here some more applications of integration-by-parts.

Example 3.1 Taylor’s remainder formula.

For any n+1 times continuously differentiable function f on [a,b], there
exists ¢ between a and b such that

n ) (q (n+1) (¢
9= 300 SOy
5 !

(n+1)!

Solution. We will give a proof by using suitably chosen integration-by-
parts repeatedly to express f(b) — f(a) using higher order derivatives of
!

b

fO)=fla)+ [ f(z)dz

a

b

=fla)+ [ f'(z)d(z—b)

a

b
= f(@) + @)@ - - / (z— b)f"(x) du

— f(@)+ F (@) —a) /f”ar —OF

= J(@+ F@-a) f”(x)@ﬁ:i + [ @f”’(z) da

[ s

= f(a) + f'(a)(b—a) + f"(a
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(b—a)?
2

(b—a)"

+---+f(")(a) =

= f(a) + f'(@)(b—a) + ["(a)
wy [ E

dz.

n!

In the second line above, d(z — b) is chosen so an undesired boundary term
is absent after integration by parts. This gives an integral version of the
Taylor’s reminder term. If we apply the theorem of the mean to the last
integral, we find some ¢ € (a, b) such that

b _1\n
v [ e g,
— ) () /b (b—z)" "

n!
_ p(nt1) o (B —a)™ !
_f 1 (C) (n+ 1)! N

Integration-by-parts is often used to account for cancellation in some integrals.
Here are some examples.

Example 3.2 For any continuous function f on [0, 27|, _/;)zﬂ f(z)sin(nz) de —

0 as n — oo.

Solution. When f is a constant, we see easily that fo% sin(nz) de = 0. This

property holds not only on [0, 27], for any a < b, we also have f: sin(nz) de —
0 as n — oo. This is the cancellation property we referred to.

If f € C[0,27], then we can exploit this cancellation property using
integration-by-parts as follows.

2m 1 2m
(z) sin(nz) de = — - f(z)dcos(nx)
0 0
_ f(z) cos(nz)

n

2m 1

+ = /027r cos(nz) f'(z) dx

=0 n

— 0 asn — oco.

Now for any continuous function f on [0,27], and any € > 0, we first find
some g € C1[0,27] such that |f(x) — g(z)| < € for all = € [0,27]. Then

02” (x) sin(nz) de = /02” [f(z) — g(z)] sin(nx) dx + /0277 ) sy
Now .
’ /0 [f(z) — g(z)] sin(nz) dm‘ < 2me,
and

27
/ g(x)sin(nz) de — 0 as n — oo,
0

so there exists some N such that

2
‘ / g(x)sin(nz) dx| < e for all n > N.
0
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Thus we get

2m
’ / f(z)sin(nx) dz| < (27 + 1)e for all n > N,
0

which shows that f02ﬂ f(z)sin(nx) dr — 0 as n — oo.

Note that we didn’t use the continuity assumption on f directly: the
proof relies on approximating f by C! functions, and we only need to get
the approximation in the integral sense instead of uniformly: for a sequence

of gx € C*[0, 27]
2m
J

Question: Do you know an explicit procedure to approximate a contin-
uous function on a closed interval uniformly by a sequence of C! functions?
How about approximating a Riemann integrable function in the integral
sense by a sequence of C'!' functions?

One possibility is to work with the average h™! fj+h f(y) dy.

\ 7

f(x) — gx(z)| dz — 0 as k — co.

Checkpoint 3.3 Prove that the improper integral fooo Vzsin(z?) dx is con-
vergent.

Hint. Treat the integrand /7 sin(z?) as ﬁ (Sin(x2))/.

It turns out that another way to handle the previous example is to exploit the
periodicity of one of the factors in the integrand.

q q 3 - 27 q
Example 3.4 For any continuous function f on [0, 27], [ f(z)|sin(nz)| dz —

2 jOZTr f(x)dx as n — oo.

Here we note that |sin(naz)| has period T, and

™

n 2
i de = —.
/ | sin(nz)|dx -

0

When n — oo, we can partition [0, 27] into union of short intervals of

the form [@, ’%], and approximate f on this interval by its value at one

end, say, f (%’T), which would lead to an approximation of the integral on

that interval by % f (%’T) But the sum of these approximations gives us a

Riemann sum for the integral of f on [0, 2] multiplied by a factor of 2.
Here are more details.

2
f(z)|sin(nz)| dzx
2n km
:Zﬁkim f ()] sin(nzx)| dz
k=17

e k=1

On [M k] [f(z) — f(E=)]| sin(nz)| is bounded by the oscillation of f on

n ’n
it, so when n — oo, the first term tends to 0 due to the Riemann integrability

of f, while the second term tends to % fo% f(x)dx.
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Checkpoint 3.5 Find the limit f; f(z)s(nz)dx as n — oo when s(z) is a
general periodic function. The ideas in the previous example can be generalized.
Suppose that s(z) has period T' > 0. Then

/ f(x)s(nx)dz — (;/OTs(x)da:) /abf(x)dx as n — oo.

The second mean-value theorem for the integral is often used to estimate an
integral when the integrand is the product of a monotone function and another
function whose integral has control. It’s proof under the general condition stated
below needs to work with the Riemann sum definition of integrals and use the Abel
summation-by-parts formula. But if we assume that the monotone factor is
continuously differentiable, then one can use integration-by-parts to give a simple
proof.

Theorem 3.6 Second mean-value theorem for the integral.

If f, g are integrable on [a,b] and g is a monotonic function on [a, b/, then
there exists a point & € [a, blsuch that

Leﬂ@ﬂ@dw:gwfléﬂﬂdx+MMZTNMdm

Proof. We provide a proof when g is assumed to be continuously differentiable. Set
= [ f(y)dy. Then F(z) is a continuously differentiable function, and

L/f m-[ﬁmwm

= b
=g(x)F(z) . / F(x)g' () dz.

r=a

Let m, M be the minimum and maximum value of F(z) over [a,b], respectively.
Then, using that ¢’(x) has the same sign for all = € [a, b],

b
/ F(z)g'(z) dz is between m/ x) dx and M/ dz,

so equals F' f g'(z) dz for some m < F < M. On the other hand, there exists some
€ € [a, b] such that F = F (&), so we get
b
/ g (z)dz

(9(b) — g(a))

3
3

/f ©) dz =g(b)F(5) —

=9(b)F(b) -
=9(b) [F(b) = F(&)] + g(a) F'(€)

F
=g(a x) dx b z)dx.
gULﬂ) wmlﬂ)

F(
F(

~— ~—
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Theorem 3.7 Abel-Dirichlet test for convergence of an improper integral.

Let z — f(z) and x — g(z) be functions defined on an interval [a,c) and
integrable on every closed interval [a,b] C [a,c), where ¢ may be oo. Suppose
that g is monotonic. Then under one of the following pair of conditions, the
integral [ f(x)g(x)dz is convergent.

(A). The integral f: f(z) dx is convergent, and g is bounded.

(B). The integral [ f(z)dx is bounded, and g(x) converges to 0 as x — c.

Proof. One simply verifies the Cauchy integral criterion by applying the second
mean-value theorem for the integral. |

Checkpoint 3.8 Verify that [ arctan(@)sinz 70 i5 convergent.

x

4 Modes of Convergence

When studying convergence of a sequence of functions there are different notions of
convergence. The most elementary ones are point wise convergence and uniform
convergence. In applications there is often a need to deal with convergence in the
integral sense. We will briefly discuss the relation and difference of these notions
and how they are used in applications.

4.1 Definition and Motivation

Let D denote the domain of a sequence of functions fr. We may take D to be an
interval (a,b). Let p > 1.

Definition 4.1

We say that fj converges in LP(D), if there exists a limit function f € LP(D)
such that
Ilfx — fllze(py — 0 as k — oo.

It is often easier to check whether a sequence of functions converges point wise,
but when it does, we often gain very little on behavior of the limit function. For
example, if each fi is Riemann integrable, and the sequence fj converges to f point
wise, it may not imply that the limit f is Riemann integrable, and even if it is, it
may not imply that fD | f(x) — f(2)|P de — 0 for any p > 1.

Here is an example illustrating how convergence in LP(D) arises in applications.
We will briefly describe how convergence in L?(D) arises in constructing a solution
to the mixed boundary-initial value problem for the heat equation

up(x, 1) — Ugy (z,t) = O<z<li,t>0,
w(0,¢) = u(l,t) =0 t>0,
u(z,0) = g(x) 0<z<l,

where the initial data g(x) is a given continuous function on [0,!], and traditionally
we would like the solution u(z,t) to be twice continuously differentiable in x, once
continuously differentiable in ¢ in the domain (0,7) x (0,00), and continuous on
[0,1] x [0, 00).
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There is an elementary procedure of looking for separable solutions of the
form X (x)T(t), which solves the homogeneous heat equation and the homogeneous
boundary conditions. The result is that for any n € N,

sin (—mlm) e_(¥)2t

is such a solution. Since we are so far dealing with linear homogeneous equations,
any linear combination of solutions is still a solution, so

Z Cp, Sin (nlﬂ) e_(%)zt

n€a finite set

also satisfies the same equations. What remains is whether one can choose the c¢,’s
so that this solution at ¢t = 0 gives rise to the prescribed initial data g(z). For that
purpose, first we need to form an infinite sum and demand that

Z Cp sin ( ) =g(z) on (0,) in an appropriate sense.

But we also need to make sense of the infinite series as a continuously differentiable
solution. This is a version of the Fourier series expansion. It turns out that we must

choose ¢,, such that l
2
Cn = f/ g(x) sin <@> dz.
L Jo l

We will only focus on the issue of in what sense
>0 nm 2
t):= chsin (%ﬂ) e () —glx)for0<z<l, ast—0+.
n=1

It turns out that it would take considerable effort to prove that u(z,t) is continuous
for (x,t) € [0,1] x [0,00), that u(y,t) — g(z) as y — x € (0,1),t — 0+, and one
also needs to impose g(0) = g(I) = 0 to prove that the convergence is uniform
over x € (0,1). On the other hand, it is fairly easy, and natural, to prove that
u(x,t) — g(z) in the mean square sense, namely, |u(xz,t) — g(z)|/z2(0,) — O as
t— 0+.

This is seen by using the Parseval equality: for any ¢,¢' > 0,

>

SR CORI

llu(,t) = u(, )20 =

N\l\)

2 oo
7 Z 0721 = ||9||%2(o,l)-
n=1

Now for any given € > 0, we can find N such that ZZO:NH ¢, < g, which then
leads to

- 2 | —(27)% —(z=)* 2 - 2 _ € /

Z i le 1 —e 7 <4 Z Cn§§ for t,t" > 0;

n=N+1 n=N+1

On the other hand, there exists § > 0 such that, when [t — /| < 4,

>4l

which proves that u(-,t) is (uniformly) continuous in L?(0,1), including at ¢ = 0.

2

() _ o) <

<
27
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4.2 An Integral Convergence Theorem and a Generalization

When (a,b) is a bounded interval (or when D has bounded volume), uniform
convergence implies convergence in LP(D). But when (a, b) is not a bounded interval
(or when D has infinite volume), uniform convergence does not necessarily imply
convergence in LP(D); additional control is needed to obtain convergence in LP(D).
This is in reference to the following commonly used integral convergence theorem.

Theorem 4.2 Integral Convergence Theorem.

Let fr, be a sequence of continuous functions on the bounded interval [a,b].
Assume fi converges uniformly to f on [a,b]. Then

b

b
lim fk(s)ds:/ f(s)ds.

n—r oo a

Example 4.3 A Uniformly Convergent Sequence May Fail to Converge in

L?(D).

consider fi(x) = ﬁ on [1,00). Since 0 < fi(z) < kQLH forallk> 1,2 €
[1,00), it is clear that fi(x) — 0 uniformly on [1,00). However, using the

change of variables x = ky, we see that

k 1 T
|fk(1:)—0\da::/ 7dcc:/ —dy — —,
/[1,00) [1,00) k% + 22 [,00) L+ 42 2

so fx(z) does not converge to 0 in L!([1,00)).

It is clear that the failure of convergence in L![1,00) is due to lack of
uniform control on f ;O frdx: fix any € > 0, for each k, we can find some N
such that f](\)[o frdx < ¢; but there is no such N that would work for all k.
In other words, there exists some ¢y > 0, such that for any k, there is some
N, — 00, f;;; frdz > €.

\ J

In many situations we can identify one or a finite number of locations near
which a sequence of functions f; may fail to converge uniformly, but away from
such points, fi converges uniformly; or f; converges uniformly over a set D, but
D may fail to have finite volume, the additional conditions needed to guarantee
the convergence of fi in LP(D) often come in the form of some control of fj near
these identified points. We will give below a generalization of the above integral
convergence theorem; a more general theorem (Lebesgue’s Dominated Convergence
Theorem) will be one of the main results in the first year graduate analysis course.

Theorem 4.4 A Generalized Integral Convergence Theorem.

In the following we allow b = co. Let fr be a sequence of continuous functions
on the interval (a,b). Assume that for any c,a < ¢ < b, fr converges
uniformly to f on (a,c). Assume further that there exists a function g(x),
integrable on (a,c) for any c,a < ¢ < b, such that (i). the integral (perhaps
improper) ffg(x) dx is convergent, (ii). |fx(x)| < g(x) for any x € (a,b).
Then the integral f: f(s)ds is convergent and

b

b
lim fk(s)ds:/ f(s)ds.

n— oo a
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In fact, the stronger statement

lim/ | fi(s) — f(s)|ds =0

n—oo

holds.

Proof. First we show that the integrals fab fr(s)ds, f: f(s)ds are convergent. It
suffices to show that for any € > 0, there exists some ¢,a < ¢ < b, such that for any

d,c<d <b,
|/ fk<s>ds|,|/ f(s)ds| < e.

This can be done by first identifying some c, a<c< b, such that for any ¢/, c <

d <b, |fcclg( ds| < €/2. It follows that | [ fi(s)ds| < €/2 for all k. For any
d,e<d <b, apply the regular integral convergence theorem above to fi on (¢, c),

C/
we get | [ f(s)ds| <e.
Next we show the limiting integral property along a similar line. It is clear that
point wise we have |f(z)| < g(z). We use the same set up of the above paragraph,

then
/ | fr(s (s)|ds

/Ifk |ds+/ fuls) — f(s)|ds

< ["15uts) - <>|ds+2/ o(5) ds
< 1fs(s) = f(s)|ds + e

Now we apply the regular integral convergence theorem above to f on (a,c) to get
some N such that for all k > N, [*|fi(s) — f(s)|ds < e. This concludes our proof.
|

Example 4.5 Differentiation under the integral fol |z — y|*p(y) dy.

Here 0 < a < 1 and p is Riemann integrable on [0,1]. We will show that
u(zx) == fol | — y|“p(y) dy is differentiable in z € (0,1) and

W (z) = / a(@ — y)le — 41*~2p(y) dy.

Namely we can differentiate under the integral sign here.

The main issue is that (x —y)|z —y|*~2 — o0 as y — x, so we are dealing
with an improper integral here. Furthermore, if hy — 0, then, in examining
the difference quotient

u(z + hg) — u(z Yz 4 by —yl* — |z —yl®
( k) — u( ):/ | =yl — e —yl o(y) dy,
b, 0 b,

if we fix any y # x, then

|z + hy — y|* — |z —y|*
I

p(y) = a(z —y)|lz —y|*?p(y) as k = oo,
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but this convergence is not uniform over the set y # z. However, for any
0 > 0, the convergence is uniform over (0,1) \ (z — d,z + J). So the main
issue is the behavior for y near x. For simplicity, we split the integral as
Jo+ fxl and only work out some details for the integral f; .

It turns out that it is not even easy to apply our generalized integral
convergence theorem, as the difference quotient W has its
absolute value equal to |hy|*~! at y = x, 2 + hy, which — co as k — oo, so it
is not easy to find a function g(z) satisfying the conditions in the generalized
integral convergence theorem. However, we can adapt the ideas in the proof

of that theorem to handle the situation here. We will break the integral foz
into three pieces fomfé + f;:;‘hkl + fn:/;\hkl'

Note that when y < z — |hg|, we have, by the theorem of the mean,

a—1

)

‘|w+hk—y\a—\x—yla

. ’:a|x+6kh;€—y|°‘_1Sa‘x—|hk|—y
k

for some 0 < 0 < 1, so

z—|hi| T+ hy —y|®— |z —y|® z—|hi|
’/5 | i ‘p(y)dylé/

a—1
L e

I

Since there exists some M > 0 such that |p(y)| < M, and the improper

integral
z—|hg|
/ a‘m —|hk| —y
z—§

it follows that, for any given € > 0, we can take § > 0 small enough to make

’/x“ﬂz+myw$ma
z—0 hk

a—

1
dy < 0%,

p(y) dy’ <e

On the other hand,

¢ z+hy —y|* — |z —y|*

’/ | it | p(y)dy(
z—|hg|

M xT

hi

M
(Jz+ he = y|* + |2 — y|*) dy < 77— (2lhe)**,

_m $—|hk‘ |h’k|

so for hy — 0, we see that for sufficiently large k,

‘/T |z + by —y|* — |z —y|*
z—0

o p(y) dy| < 2e.
k

It remains to examine the limit

/””“s |z + by — y|* — |z — gl
0

e p(y) dy,

but we can deal with this limit using the regular integral convergence theorem.
To put things together, we have

’/75 2+ he —y* =z —y|*
0

o p(y) dy — /Ow oz —y)|z —y|*2p(y) dy

x—0
T+ hy —y|* — |z —y|* a
<[ I =gl = ol o)l
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ol 4+ by —y|* — |z —y|* o
s [ |t m bR oo ke - ol o)l dy

/“‘|x+hky|a o=yl
0 hi

<

a(z = y)le - y|*~2|lo(y) dy + 4e.

Finally, we can find some N such that for £ > N,

)
hy —y|* — |z —y|*
/ ’|x+ E—yl*— |z —y —afe = y)lz = y1*2|lpw)ldy < e,
0

e
which leads to

‘/w |z + hy, —y|* — |z —y|®
0 hy

x
p(y) dy — / a(z —y)lz —y[*p(y) dy‘ < 5e.
0
This complete an “e — §” type argument for showing

‘/w |z + h — y|* — |z —y|*
0 Iy

lim
k— o0

p(y) dy—/ow a(z—y)|lz—y|**p(y) dy) =0.

5 Completeness and Compactness

Completeness is so essential in analysis that its role can’t be emphasized enough.
The main advantage of Lebesgue’s integration theory is that the space of Lebesgue
integrable functions is complete in the integral norm, in contrast to the space of
Riemann integrable functions. Compactness is another essential concept in analysis.
Its role is to reduce a problem involving infinitely many possibilities to a finite
number of possibilities.

5.1 Statements of the Bolzano-Weierstrass Theorem and Heine-
Borel Theorem

In Modern literature, the Bolzano-Weierstrass Theorem refers to the following
theorem.

Theorem 5.1 Bolzano-Weierstrass Theorem.

FEvery bounded sequence in R™ contains a convergent subsequence.

Definition 5.2 Compactness and sequential compactness.

A set K in a topological space X (you may take X to be a metric space) is
called compact, if any cover of K by open sets of X has a finite subcover.
A set S in X is called sequentially compact, if any sequence (x) C S
has a convergent subsequence with limit in S.
A set S in X is called sequentially pre-compact, if any sequence
(zx) C S has a convergent subsequence with limit in X.

Using Theorem Theorem 5.1, it is easy to prove
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Theorem 5.3 Bolzano-Weierstrass Theorem (Alternate Version).

A subset K in R™ is sequentially pre-compact iff it is bounded.
A subset K in R™ is sequentially compact iff it is bounded and closed.

Heine-Borel Theorem refers to the following theorem.

Theorem 5.4 Heine-Borel Theorem.

A subset K in R™ is compact iff it is bounded and closed.

It follows from Bolzano-Weierstrass Theorem and Heine-Borel Theorem that
subset in R™ is compact iff it is sequentially compact.

Historically Bolzano formulated and proved a result, which he used to prove the
intermediate-value-property of a continuous function on a closed interval, and is
equivalent to the following form of completeness of the set of real numbers.

Theorem 5.5 Bolzano’s Lemma.

Any nonempty set of R bounded above has a least upper bound.

Heine’s version of the Heine-Borel Theorem was about the finite subcovering
property of a closed interval, and he used it to prove that a continuous function
defined on a bounded closed interval is uniformly continuous.

Checkpoint 5.6 Reconstruct proofs of the uniform continuity of a con-
tinuous function on a bounded closed interval, one using the Bolzano-
Weierstrass Theorem, and another using the Heine-Borel Theorem. Then
extend your proof to a continuous function on a compact metric space.

Question: How do the Bolzano-Weierstrass Theorem and Heine-Borel Theorem
generalize in more general contexts?

Theorem 5.7 Heine-Borel Theorem in a metric space.

A set K in a metric space X is compact iff it is sequentially compact; both
are equivalent to the condition that K be complete and totally bounded.

Note that a bounded set in R™ is totally bounded, but a bounded set in a general
metric space may not be totally bounded.

Checkpoint 5.8 Prove that the unit ball in [P is not totally bounded.
Can you prove the same statement for the unit ball in a general infinite-
dimensional normed space?

Professor Ocone’s notes contain a sketch of proof of Heine-Borel Theorem in a
metric space.

Question 5.9 In Professor Ocone’s proof of “compactness —> sequential

compactness”, where did he use the metric of the space?

Professor Ocone’s proof of “compactness = sequential compactness” implies
that any infinite set .S of points in a compact set must contain an accumulation
point of S, defined as a point such that within any neighborhood there
are infinitely many points of S. When applied to a sequence of points in
S, and the sequence has infinitely many points, the argument produces an
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accumulation point of the sequence. How does this give rise to a convergent
subsequence?

Remark 5.10

When the topology can’t be given via a metric (such a space is called non-
metrizable), compactness and sequential compactness may not be equivalent
to each other. In most applications in analysis we use sequential compactness.

In Elementary analysis, the following two characterizations of the conti-
nuity of a map f: X CR" — Y at some z¢g € X are equivalent

(a) For any open neighborhood V of f(xg) in Y, f~1(V) is an open
neighborhood of xg in X.

(b) For any sequence (x) — xo in X, f(xg) — f(xo) as k — oo.

This equivalence still holds in a metric space. In a general topological
space, (a) still implies (b), but (b) may not imply (a). For example, under the
weak topology of I* (we will motivate the notion of weak topology through
an example in the next subsection, but will not have time to discuss it), the
function f(z) = ||z||n := Yoo, |z(n)| for z = (xz(n)) € I! satisfies (b), but
not (a). The verification of (b) uses the so called Schur’s Lemma, which
implies that a weak convergent sequence in I' is also norm convergent in I'.

. 7

Baire’s category theorem is an important property of a complete metric space,
and has many applications. Professor Mirek’s notes provide some discussions and
examples. The January 2011 Qualifying Exam® has a problem which can be solved
using the Baire’s category theorem. We will not have time to discuss this theorem.

5.2 Some Examples

We will first discuss an example illustrating the difference between the roles of the
notions of completeness and compactness.

Example 5.11 (August, 2012 WQ).

Suppose that (X, d) is a complete metric space with a finite diameter: i.e.
there exists D < oo such that

d(z,y) < D for all z,y € X.

Is it true that every continuous function f on X is bounded? Prove this
assertion or give a counterexample.

Solution. If we review a proof for the property that every continuous
function f on X is bounded, a key ingredient is that X be compact. A
complete metric space with a finite diameter is a bounded closed set, but we
only know that a bounded closed set of a finite dimensional Euclidean space
is compact.

Due to the Bolzano-Weierstrass Theorem in any finite dimensional Eu-
clidean space, any failure of the above property can only occur in an infinite
dimensional setting. If we take X to be the subset of functions in C|[a, b]
with supremum norm < 2, then it is a complete metric space with finite

Thttps://math.rutgers.edu/docman-lister/math-main/academics/graduate/
qualifying-exam/1267-wqw2011/file
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diameter. We examine whether it is possible to have a certain continuous
function defined on X, when evaluated at a sequence u; in X, becomes
unbounded. The key is that this sequence u; should not have any convergent
subsequence. If we take a unit step function v defined on [a, b, then it is not
continuous, and can’t be approximated uniformly over [a, b] by continuous
functions in X, but can be approximated by continuous functions in X in
the integral sense, thus if we define

flu) = (JJu = v]|L1fap) " for u € X,

then it is well defined, and there exists a sequence u; in X bounded in the
sup norm, such that ||u — v||p1[q,5 — 0, which implies that fluz] — oo.

Question: Can you construct a similarly behaving example in some
other spaces such as [P?

\ 7

Checkpoint 5.12 (August 2012 WQ). Let X and Y be locally compact metric
spaces, and let f: X — Y be a continuous mapping which is bijective. Show that

f is a homeomorphism < f~1(K) is compact for all compact K C Y.

Note: a metric space is locally compact if and only if every point has an open
neighborhood with compact closure.

Checkpoint 5.13 Any two norms on a finite dimensional vector space
are equivalent. Let X be any finite dimensional vector space over R, and let
Vi, ,Vy be a basis. For any x € X, let (x(1),---,x(n)) be the coordinates of x
in this basis:

X = Z x(k)vi.

k=1

n

Then there exits constants c¢s > ¢; > 0 such that

1/2

n 1/2 n
2 (Z |x<k>2> > |l 2 (Z x<k>|2> e X,
k=1 k=1

Hint. The first inequality follows from triangle inequality. For the second inequality,
use homogeneity and examine effect of a sequence x,, such that

" 1/2
(Z xm(k)|2> =1, but ||xm|| — 0.

k=1
We will next briefly describe an example illustrating the need for working with the
space of functions complete in the L? norm. It concerns the variational method
of constructing a solution of the boundary value problem

u'(z) = f(2),0 <z <, (5.1)
u(0) = u(l) = 0.

For an initial value problem, namely replacing the two boundary conditions
by the initial conditions of prescribing u(0), u'(0), we have a standard procedure
for constructing a solution. Professor Ocone’s notes provide a review of using a
fixed point argument to construct a solution. That procedure also relies on the
completeness of the space of continuous functions in the sup norm.

It turns out that a solution of the boundary value problem (5.1) (5.2) can be
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identified as a minimizer of the functional

Bl = | l (3@ + st ) ao

defined on the space X of continuously differentiable functions on [0, ] such that
u(0) = u(l) = 0. Namely, if u is a solution of (5.1) (5.2), then

Efu] < EJv] for any v € X; (5.3)

and conversely, if u € X satisfies (5.3), and w is twice continuously differentiable
in (0,1) (this can actually be proved based on the previous property), then it is a
solution of (5.1)(5.2).

The first claim can be seen by setting w = v — u, and noting that

l
= [ (G @R + S @ + @) + faule) + ) ) da

l l
= Elu] + 5 | Jw'(2)]dz +/O (' (@)w' () + f(z)w(z)) d,

lastly integrating-by-parts on the last integral
l l
| @a'@) + syt de = @u@=+ [ (a0 + fa) ue)do =
0 0

using w(0) = w(l) = 0 and —u’(z) + f(z) = 0.
The second claim can be seen by noting that a consequence of (5.3) is

d
0=%

t=0

l
Blu-+ tu] = [ (@)u'(@) + flayu @) da,

and that integrating-by-parts on this integral gives
1
0= [ (W@ + f@pu) do
0
!
=/ (z)w(x) 2=, —|—/ (—u"(z) + f(z)) w(z)dz, for any w € X,
0

which then implies that
—u"(z) + f(z) =0

for x € (0,1).
We now discuss the role played by completeness in proving the existence of some
u satisfying (5.3). First we argue that

m := inf E[v] is finite.
X

This is seen by applying (2.2) and Holder’s inequality as follows.

l
1
B = [ 5l @P dz = Lo ol

1
Zﬁ””'”i%o,z) = U fNe2op L2 0.0
1 1
>l Z200) — ZHUIH%Q(O,I) =PI f11Z2(00)
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1
ZZHUIH%P(OJ) - _l2||f||2L2(07l)

which shows that m is finite. Next we take a minimizing sequence for E[v], namely,
uj(r) € X such that Efu;] — m. The above argument shows that ||u}|[z2(0,) is
bounded. Furthermore, noting

Uj + Uk

E[u]] + E[uk] = 2E[ 5

1 1
]+ ZHU} — upl 200y > 2m + 1”“; — uplF2(0,)
and Elu;], E[uy] — m, we conclude that ||u} —uj|72¢ ;) — 0as j,k — oo. Namely,
the sequence {u;} is a Cauchy sequence in the norm ||u}|12(,)!

The issue is that X is not complete under this norm! The way to resolve this
issue is to define the completion Y of X under this norm, extend E[v] to Y, and
rework the previous steps in the space Y. One final step is to show that a minimizer
uw in Y is still twice continuously differentiable on (0,1), therefore is a solution to
(5.1)(5.2).

Next we use an example to illustrate the notion of compactness in an infinite
dimensional space. More examples of applications of compactness will come in the
examples of next section.

Example 5.14 A compactness criterion for a subset of 7.

Recall that, for 1 < p < oo, the space [P consists of the set of infinite
sequences {z = (z(1),z(2),---)} such that ||z|, := (> e, |:c(k)|p)1/p < 00.
[P is a complete normed space with ||z||, as its norm.

It is easy to see that the closed unit ball

B:={zel?:|z|, <1}
of [P is not compact, as the sequence
{ex = (0,---,0,1,0,---) : with the only 1 on the k' slot}

is in B, but can’t have any convergent subsequence.
We now give a compactness criterion for a subset of [P.

A subset K of [P is compact iff

1. K is a bounded and closed subset of [?;

2. For any € > 0, there exists some N such that

o'e) 1/17
( > |x(k:)p> <eforalzeK.

k=N+1

Item 2 above says that the sum of the “tail part” of x € K can be made
uniformly small (so we only need to focus on the first N components of
z € K).

We will use the compactness criterion for a set in a metric space, which
is reviewed in Professor Ocone’s notes. More specifically,

a set K in a metric space is compact iff K is complete and totally
bounded. “Totally bounded” means that for every € > 0, K can
be covered by a finite number of open balls of radius less than or
equal to e.
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We will only sketch a proof that if K satisfies our criterion, then it is totally
bounded. Consider

Ky ={(z(1),z(2), -+ ,z(N)) : z € K}.

It is a bounded and closed subset of R™ under our assumptions, so is compact
in RY. Thus there exists a finite number L of points {z,---,zz} in this
subset such that any « € K, y = (¢(1),2(2),--- ,2(N)) € Ky is in some
ball B.(z;) of radius e centered at some z;, 1 <! < L. Now for any x € K,
we apply the Minkowski inequality to imply

N 1/p o) 1/p
|z — il < (Z |lz(k) — l‘z(k)lp> + ( > k) - l‘z(k)lp>
k=1 k=N+1
- 1/p &9 1/p
§6+< > x(k)lp) +< > Ixz(k)lp)
k=N+1 k=N+1

<3¢,

which shows that K is totally bounded.

\ J

Remark 5.15

While the above example indicates that a key characteristic of a compact set
K in [P is that the sum of the “tail part” of x € K can be made uniformly
small (so we only need to focus on the first N components of x € K ), the
analogue of this property of a compact set F in C(S), where S is a compact
metric space, is that F be equicontinuous.

Roughly speaking, this property controls the size of oscillation of the
functions in F in a common neighborhood, so when

|f(y) — f(zo)| < € for all y,d(y,zo) < 0, f € F holds, and

{f(x0) : f € F} is covered by a finite number of balls of radius €
centered at fy,---, fn, then

Yy, d(y,x0) < 6, f € F,|f(y) — fr] < 2¢e for some k.

This is how we reduce the uniform convergence of a sequence of functions in
F to the convergence of this sequence at a finite number of points.

\ 7

Checkpoint 5.16 The set of points {z € I?: >°[°, l|z(I)|* < 1} is compact
in 12,

Remark 5.17

The above example provides a good illustration for the notion of (sequential)
weak convergence. Let {x}} CIP,p > 1, be a sequence such that for each
fixed index [, the sequence of the I'" components {xy (1)}, — y(l) for some
y(l), and there exists some M > 0 such that

lzkll, < M for all k.

It is easy to see that it does not necessarily follow that ||z — y||, — 0 as
k — oo, where y = (y(1),y(2),---). However, for any z € 1%, where q is the
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conjugate exponent of p: p~! + ¢! = 1, we will show that

(a2 =Y an(D2() = Y yW)z(l) = {y, 2).
1=1 1=1

This may be considered as an earliest example motivating the notion of
(sequential) weak convergence. Our claim amounts a generalization of the
Bolzano-Weierstrass compactness criterion to this infinite dimensional con-
text: Any sequence bounded in [P, p > 1 has a subsequence which converges
weakly in the above sense.

The claim is seen by using z to control the sum of the “tail” part: for
any € > 0, there exists some N such that

oo 1/q
( > z(l)q> <e

I=N+1
Then
[(zx — y, 2)]
N oo
<Y k@ -yl +1 Y (=) — (D))
=1 I=N+1
N oo 1/p oo 1/q
SIZ[%(DMU]Z(UH( > xk(l)y(l)lp> ( > |Z(l)q>
=1 I=N+1 I=N+1

M=

1 I=N+1 I=N+1

e

<I D _lze() = y(D]2(D)] + [M + M]e.

Il
—

Here we have used

L 1/p I 1/p
(Z |y<l>|p) - (;ggo > |xk<1>|p> <,
l=m

l=m

for any finite m < L to imply

&9 1/p
(Z |y<l>|p> <M.
l=m

(You will see a generalization of this in the first year graduate analysis course
in the form of Fatou’s Lemma.) Finally, our assumption implies that

1> lzk(®) — y(M)]2()] = 0 as k — oo,
=1
so we have

N
\ Z[mk (1) — y(D)]z(1)| < € for all sufficiently large k.
=1

This concludes the proof that (xy, z) — (y, z) as k — oo.

oo 1/p ) 1/p -
[z (1) — y(D]=(D)] + ( > ka(l)|p> +< > Iy(l)|p> ( >

I=N+1
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Remark 5.18

For any p,1 < p < oo, and for any y € lp/, where p’ is the conjugate exponent

of p:p '+ p'~! =1, then by Holder’s inequality

fy(x) = {y,x) = Y _a(n)y(n)
n=1

defines a continuous linear functional on [P, namely, a continuous function
f 1P — R such that

flaixy + azXso) = a1 f(x1) + az f(x2)

for all x1,x5 € [P, a1,as € R. It turns out that any such a continuous linear
functional is equal to f, for somey € IP". For this reason, the space P is
called the dual space of IP.

The weak topology on IP is defined through the union of finite intersections
of the special open sets of the form

{x:a< fy(x—x0) < b}

for some xg € P,y € I" ,a < b € R. Fix any xq € I?, by varying y €
lp/, a < 0 < b€ R and taking finite intersections of sets of the above form,
we obtain a neighborhood base for xg € [P in the weak topology of IP. Thus
any neighborhood of xg € [P in the weak topology of [P contains an open set
of the form

{x:a; < fy,(x —%x0) < by, 1 <k <N}

for some N and ay, < 0 < bg,1 < k < N. This only imposes a finite number
of linear constraints (more properly, affine constraints).

This definition is related to the definition of product topology of a family
of topological spaces.

Since [P is infinite dimensional, for any finite number N of y € lp,, there
exists some non-zero v € [? such that fy, (v) =0 forallk=1,--- ,N. Thus
for any ¢ € R, vectors of the form xy + ¢v will be in the open neighborhood
{x:ar < fy,(x —x0) < b,1 <k < N} of xg, so no neighborhood in the
weak topology of [P in bounded in the norm of [P.

6 Convexity and Some Applications

Convexity plays an important role in many extremal problems and inequalities.
Professor Ocone’s notes illustrate some basic applications (mostly in dimension
one), including in proving the Holder and Minkowski inequalities. We will add some
additional discussion here.

6.1 Convex sets vs Convex Functions

The notion of a convex set in R™ is more general than that of a convex function.

Definition 6.1

A set C in R™ is called convex, if for any a,b € C' and any t e R,0 <t < 1,
we have (1 —t)a+tb € C.
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Geometrically, the set {(1 —¢)a+tb: 0 <t < 1} is the line segment in R™ with
a,b as its ends. A convex set needs not have any interior point.

Definition 6.2

A real-valued function f defined on a convex set C' is called convex, if for
any a,b € C and any t € R,0 <t < 1, we have

f(I—tla+1tb) < (1—-1)f(a) +tf(b).
f is called strictly convex if we have the strict inequality
f(A—=ta+tb) < (1—t)f(a)+tf(b) for any 0 <t < 1.
f is called concave if —f is convex. Equivalently, the defining inequality

above is reversed for a concave function.

\ J

Geometrically, if we construct a line in R™ x R D C x R through the points
(a, f(a)), (b, f(b)), then it has parametric equation

x=((1-ta+tb,(1-t)f(a) +tf(b)),

so (1—t)f(a)+tf(b) is the “height of the line above the point” (1 —¢)a+tb. When
f is convex, f((1 —t)a+tb) stays below the height at (1 —t)a +tb of the above line
segment for 0 <t < 1. Here! is a Desmos page illustrating this geometric property.

f is a convex function iff the set {(x,y) : x € C,y > f(x)} in R™ x R, called the
epigraph of f, is convex. Another characterization of a convex function is that for
every real number ¢, the sub level set of f defined by {x : f(x) < ¢} is a convex
set.

Because of this relation, properties of convex functions can often be studied as
properties of convex functions. We will later discuss briefly the notion of supporting
hyperplane of a convex set and that of the graph of a convex function.

6.2 Some properties and applications of univariate convex func-
tions

The illustration above in the previous subsection also includes a sketch of the
argument that the slope of the secant lines on a convex function of a single variable
is an increasing function. Geometrically it seems clear that if f is a convex function
of a single variable, a < a < ¢, then f(c) stays above the secant line through
(a, f(a), (b, f(b)). This can be derived from the above property of secant lines: for
c >0,

o)~ fa) | 1) — f(a)

c—a b—a b—a

These inequalities also hold when ¢ < a.

The continuity of a convex function of one variable at an interior point is proved
using these bounds by linear functions. Say, a is an interior point. Then there
exist b, ¢ in the domain such that b > a > ¢, and the above property of secant lines
implies that for any z,b > z > «a,

1O 1@ (o 4) < fa) < fla) +

c—a b—a

fla) +

'https://www.desmos.com/calculator/mbdd9ymzug
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Then the sandwich theorem implies that f(z) — f(a) as @ — a+. The direction
when @ — a— is done in a similar way.

Question 6.3 How can we extend this argument to higher dimensions? The
function is certainly continuous when constrained along any one-dimensional

lines, but there are infinitely many lines through any given point. Here we
will see some ideas of compactness at play.

Solution. We will assume that the origin is in the interior of the domain
of f; in fact, we will assume the domain of f includes the unit ball centered
at the origin, and describe ideas to prove the continuity of f at the origin.

The key idea is that an appropriate choice of n points can be used to
form its convex hull,

{tray + -+ tpay 1t > 0,8+ oo+t = 1},

whose projection on the unit sphere S*™1 covers an non-empty open set. As
a result

f(tla1+"'+tnan) Stlf(a1)++tnf(an) SM,

where M is chosen so that f(a;) < M,i = 1,--- ,n. In fact, if we take
a; = e;, the standard basis vector in R™, then

Qi ={thar + - +tpay :t; > 0,81 + -+, =1}
={(t1, -+ ,tn):t; >0,t1 +---+t, =1}

The next idea is to bound f(x) from above for those x which lie on a
segment between the origin and a point in Q4. In fact, for any x with each
x; > 0, and

Il < =
SV
by the Cauchy-Schwarz inequality we have
1+t <Vl 4422 <1
Now we define ¢; = 2; /(21 + - - - + 2,,), and find that
ti >0ty +- -+t =1.
Further, x = (21 + -+ + ) (t1,- -+ ,ts), so for such x
fE) S = (@i F2a)f(0) + (21 + -+ an) f(tr, - tn).
This implies that
f(x)— f(0) < (M — f(0))(x1+---+z,) = 0asx — 0.

We can certainly cover S*~! by a finite number of similarly constructed sets,
and carry out this argument, which would allow us to prove that

B k) < J(U)

To prove liminfx_,o f(x) > f(0), we use the property of the secant lines as
done in the one-dimensional case. For any x such that ||x| < ﬁ We bound

f(x) from below by the secant line through (-7, f(—i77), (0, £(0)):

H0) = FCrfr)
Yok

[x][-
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F0)—f(~ 722

of f(fW), this allows us to conclude that liminfx_,¢ f(x) > f(0).

Since the slope has a lower bound due to the upper bound

The secant line property of a convex function implies that, if [a,a + €] is in the
domain of a convex function, then the slope of the secant line W has a limit
as £ — a-+, although this limit could be —oco. If a is an interior point of the domain,
then picking some ¢ < a in the domain implies a lower bound of W
of W when z > a, so in such a case, f has finite left derivative D_ f(a)
and right derivative D, f(a) at a, and D_ f(a) < D4 f(a). Furthermore, for any
k,D_f(a) <k < D, f(a),

in terms

W2D+Jc(a)2k,f0rm>a;
MSD—f(a)Sk,fOr:c<a.
r—a

This then implies that
f(z) > f(a) + k(x — a) for all z in the domain of f.

Since the right hand side, f(a) + k(x — a), represents a straight line, the above
inequality shows that a convex function has a (linear) support function at any
interior point of its domain.

The support function property of a convex function can be used to give a simple
proof of Jensen’s inequality.

Theorem 6.4 Jensen’s inequality.

Suppose that f : X — (A, B) and p(z) > 0 is a density function on X,
namely, [y p(x)dz = 1. Suppose that ¢ : (A, B) — R is convez, then

o( [ 1@peras) < [ st s

In words, “¢ evaluated at the average of f is not more than the average of

¢ o f‘”

Proof. Set f = fX f(z)p(z) dz. Tt is easy to rule out the possibility that f = A or
B, so we assume that A < f < B. Using the support property of ¢ at f, there
exists some k such that

o(y) = o(f) + k(y — f) for all y € (A, B).

Substituting y by f(z), multiplying the above inequality by p(z) and integrating
over x € X, we get

[ otr@mweras= o) [ pwras k([ somean-7 [ p(:c)dm).

The right hand side is simply ¢(f), which proves the Jensen’s inequality. |

Commonly used cases of Jensen’s inequalities include ¢(y) = —Iny or ylny.
Proofs for Holder’s and Minkowski’s inequalities also use convexity in crucial ways.
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Checkpoint 6.5 Prove that In ([, e p(z)dz) > [, u(z)p(z)dz for p(z) >
0, [ p(x)de = 1.

6.3 Some properties of convex functions of several variables

When proving the continuity of a convex function of several variables, we already
saw the complications for multi-dimensions. We do not intend to do a serious study
of properties of convex functions of several variables, but only want to briefly discuss
a few properties related to the notion of supporting planes to illustrate how the
notion of compactness comes into play.

Definition 6.6

Let K be a convex set, xo be a point on the boundary of K. K is said to
have a supporting hyperplane at xq if there exists a non-zero vector n such
that

(x —%x0) -n >0 for all x € K.

Definition 6.7

Let K be a convex set and f(x) be a convex function defined on K. Let
xo € K. The graph of f at (xq, f(x0)) is said to have a supporting hyperplane
if there exists a non-zero vector v such that

f(x) > f(xo) +v-(x —x¢) for all x € K.

\ J

Note that we use the same terminology in these two contexts, but they have a
slight distinction, as illustrated by the simple example f(z) = —y/x on [0,1]. As a
function it does not have a supporting hyperplane (a straight line here) at = 0,
but its epigraph has a supporting hyperplane at (0,0) (a vertical line).

For a convex function of a single variable we gave a proof of the existence of
a supporting line at any interior point using the property of secant lines. We can
apply this argument along any direction to a convex function of several variables,
but it alone would not give us a supporting hyperplane at a point on the graph.
The extension to multi-dimensions would necessarily involve some kind of limiting
argument and compactness. We will discuss the following theorems.

Theorem 6.8 Existence of a supporting hyperplane of a closed convex set.

Any boundary point of a closed convex set has a supporting hyperplane.

Proof. Let xg € K be a boundary point of the closed convex set K. Then there
exists a sequence x; ¢ K, x; — xo. Each xj also has a closest point px € K. This
is done either by the Bolzano-Weierstrass compactness theorem or the parallelogram
law of the Euclidean norm

2|23 Pl
and the completeness of R™. This law shows that if q; € K is such that

= |lp — xlI* + [la — xx[|* — 2|

lar — xx|| = inf{||x — xx|| : x € K},

then q; is a Cauchy sequence, therefore has a limit.
Next we claim that

(P —xk) - (x—pg) >0forall x € K. (6.1)
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This follows from considering
h(t) := (tx + (1 = t)pr. — xx) - (tx + (1 — 1)pr. — Xx).

Note that h(t) = |[tx + (1 — t)pr — xx||?, and tx + (1 — t)pr € K for 0 <t < 1, so
h(0) < h(t) for all 0 <t < 1. It follows that

h'(0) = 2(pr — xx) - (x — pi) > 0.

Define ny = (pr — xk)/|lpx — xx||. Then ny is a sequence of unit vectors, so
there exists a subsequence, still denoted by itself, and a limiting unit vector n such
that n; — n. We also know that pi — x¢ as

[Px = xoll < [lPr — %kl + [Ix5 — %ol < 2[xx — xo-

For each fixed x € K, dividing through both sides of (6.1) by ||px —xx||, and passing
to the limit, we get
n-(x—xg) >0,

which is the inequality defining a supporting hyperplane.

In summary, the idea is that, in the absence of a direct construction of a
supporting plane at the given point, one finds a relatively easy way to construct a
supporting plane at a nearby, but unspecified point, and one then takes a limiting
process to obtain a supporting plane at the given point. |

Theorem 6.9 Existence of a supporting hyperplane of the graph of a convex

function at an interior point.

Let f(x) be a convex function defined on the convex set K. If xg € K in
an interior point of K, then the graph of f has a supporting hyperplane at

(%0, f(%0))-

Proof. The epigraph Gy = {(x,y) : x € K,y > f(x)} is a convex set. Its closure Gy
is a closed convex set, and (xo, f(x¢)) is on the boundary of Gy. By the previous
theorem, there exists a non-zero vector n = (v, ¢) such that

v (x —xq) +c(y — f(x0)) >0 for all (x,y) € Gy.

Since xg € K in an interior point of K, we claim that ¢ # 0. For, otherwise, we
would have
v-(x—x%9) >0 forall x € K,

which would force v = 0.

Next we claim that ¢ > 0. This is because (X, f(x0) +t) € Gy for any ¢t > 0,
and the above inequality then forces ¢ > 0. Now it follows that for any x € K,
applying the above inequality for y = f(x) implies that

F(x) = f(x0) =™ 'v - (x = x0),

which demonstrates a supporting hyperplane to the graph of f at (xo, f(x0)). W

It is possible to prove this theorem directly using the properties of a convex
function, along the lines of proof for the one dimensional case. You should try to
construct such a proof, at least for the two dimensional case.

Checkpoint 6.10 The tangent plane of a convex function at a differen-
tiable point is a supporting plane to the graph of the function. Further-
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more, if the point is in the interior of the domain, then it is the unique
supporting plane.

Hint. If f denotes the function, and D f(x() denotes the gradient of f at xq, it
may be geometrically easier to consider

g(x) = f(x) = f(x0) — Df(xo0) - (x — o),

which is also convex.
We close this subsection by discussing a more subtle application of convex/
concave functions in an optimization problem.

Example 6.11 A different approach to Example 1.11 using concavity.

We introduce the new variables u; = a?,v; = b?, and reformulate the problem

i

in Example 1.11 in terms of w;, v;. The quotient there now becomes

2i VUil
s u) (O wi)”

and the constraints become
a® <u; < A% <y < A%
Our argument will be based on the following observation.
1. y/uv is a concave function in the first quadrant.

2. For any (u,v) in the rectangle [a?, A%] x [b?, B?], there exists unique
(p,q) with p,q > 0, such that

(u’ U) = p(a2v B2) + Q(A2a b2)'

3. In the set up above, we have
Vuv > paB + qAb,

with equality iff (u,v) equals (a?, B?), or (A2, b?), equivalently, (p,q) =
(1,0), or (0,1).

For the second item, note that for any (u,v) in the rectangle [a?, A%] x
[b2, B?], there exists a unique s > 0, such that s(u,v) lies on the diagonal
from (a?, B?) to (A2,b%), which implies the existence of a unique 0 < ¢ <1
such that

s(u,v) = (1 —t)(a?, B%) + (A% b%).

This then implies our desired relation.

We remark that in proving the last item above, only the (strict) concavity
of v/uv along the diagonal from (a2, B?) to (A?,b?) is used. It is this last
item that makes it possible to bound ), \/u;v; from below.

Now for each (u;,v;), we find (p;, q;) according to the second item above

(uiy Ui) = pi(a27 BQ) + qi(A27 b2)7
then we can bound the quotient as

iV > (piaB + q; Ab) .
V)X u) VI wia® + @A), (piB? + qib?))]
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Setting p = > . pi,q = >, ¢, o = A/a, = B/b, and after dividing the
quotient on the right hand above by ab, it becomes

B+ quo
Vi +aqa?)(pB® +q)

and now the task is to find the infimum of this quotient when p,q > 0 , and
identify when equality can occur. This calculus problem was formulated in

2+/af

af+1 "

Checkpoint 1.12, and the answer is

T2
J2 r@)g(@) dz

\/U:f f(z)2 da:) (fjf g(x)? dm)

f(z),g(x) are subject to positive upper and lower bounds. This problem is
from #93 in Part II, Chapter 2 of Polya and Szegd’s classic “Problems and Theorems
in Analysis I”

Let a, A, b, B be positive numbers such that a < A,b < B. If the two functions
f(z) and g(z) are integrable over the interval [z1, z2], and a < f(z) < A,b < g(z) <
B on the interval. Then

17 (@)ge) de L
\/<fff f(x)? dx) (fff g(z)? dx) \/’2? +4/ 2

when

Checkpoint 6.12 Prove a lower bound of

7 Some Comments on Calculus of Several Variables,
including Green’s Theorem, Divergence Theorem,
and Stokes’ Theorem

Professor Ocone’s notes contain some review on the Jacobian of a differentiable map
of several variables, and the inverse/implicit function theorems in that setting. We
will only make some comments about integrals involving several variables.

Multiple (Riemann) integrals can be defined in a similar fashion as the Riemann
integrals in the one variable case. Instead of defining integrals only on closed
intervals in the one variable case, there are often needs to define integrals over
more general sets in multi-dimensions. However, complications arise in extending to
multi-dimensions the concept of partitions over general sets; there are even bounded
open sets U in R™ for which fU f(z)dz is not well defined in this fashion for f that
are continuous over the closure U of U.

However, it is not too hard to establish the following two facts:

o If f(x) is continuous and has compact support in R™, then the Riemann
integral [o, f(x)dz is well defined.

e Suppose U is a bounded open set in R™ such that its boundary 0U has a
finite cover UV}, and each V; N QU is modeled as the differentiable image of
an open set in R* for some k < n — 1, namely, V; N OU = ¢;(W;), where W;
is a bounded open set in R¥, and ¢; is Lipschitz over the closure Wj of Wj.
Then for any f(x) which is continuous over the closure U of U, the Riemann
integral [, f(z)dz is well defined.

Although the cases covered above contain most cases that we normally encounter,
Riemann integral has the obvious defect that it is not well defined for a wide enough
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class of functions and sets; in particular, reasonable limits of integrable functions
may not be integrable. This lack of completeness of integrable functions is a
major drawback of Riemann integrals: we would rather keep the completeness, but
accept that integrals do not have to be defined in the Riemann fashion. Lebesgue’s
integration theory was developed to overcome this difficulty, and will be the focus
of the first semester’s graduate analysis course.

However, there are several aspects of the integration theory in the Euclidean
space and its submanifolds which can not be swept under the general framework of
Lebesgue’s integration theory. These include

e Change of variables formula for integrals in several variables.

o Integrals defined on submanifolds in the Euclidean space (such as hyper
surfaces).

o Integration of vector fields and more generally differential forms on submani-
folds in the Euclidean space (or more generally on abstract manifolds), and
relations between such integrals as given by Green’s theorem, Divergence
theorem, and Stokes’ theorem.

I have two separate documents discussing aspects of the above topics, one is named
CurDivergence.pdf!, another named ChangeofVar.pdf?2. You may consult these
documents if you need a review on certain topics. Here we will discuss some
examples involving these aspects.

Example 7.1 (January 2016 WQ).

Consider the vector field F(x,y,2) = (—4x23,0, z*) in R and let S be the
(compact) portion of the paraboloid z = 22 + 32 having z < 9. Use Stokes’
theorem to evaluate

/ F(]},y, Z) : d87
S

where dS is the vector surface element corresponding to the upward pointing
normal vector.

Solution. This integral could have been evaluated directly using the def-
inition. One first recognizes that S can be parametrized as a graph over
{(z,y) : 2% + > < 9}, s0

/ F(x,y,z)-dS = F(z,y, 2)0(—2z, —2y, 1) dz dy,
S z24-y2<9

where we have used

(_‘Zz’__zy’l)
NE R A

and /22 + 22 + 1dz dy as the area element of S.

as the unit normal of S,

However, the instruction asks for using Stokes’ theorem, which suggests
that we need to recognize F(x,y, z) to be equal to or related to the curl of
some vector field. Using the differential form formulation for such integrals,
we associate F(x,y, z) with the differential form

Fi(z,y,2)dy Ndz + Fa(z,y,2) dz Adx + Fs(z,y, z) de A dy

Thttps://rutgers.box.com/s/qhg3yul7o4tkabxikxwolxshpOnm5b2r
2https://rutgers.box.com/s/ur2mhmgqq7£61j111qwbpz3z72g7b9ub
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=—dzz2dy Ndz + ztdz A dy
=d(zz*) Ndy = d(zz* dy),

/F(x,y,z)~dS:/d(xz4dy):/ z2* dy,
s s as

by the Stokes’ theorem. On 9SS, z =9, so

/ zztdy = 94/ zdy = 9*3%7,
as as

where we have used |, 55 Tdy to be the area enclosed by the circle 22+y2=9
(This can be seen by Stokes’ theorem again: [, 2z dy = [, dz Ndy =
32m).

One could also apply the Divergence Theorem to evaluate this integral by
recognizing the S, together with the top 7 := {(z,y,9) : 2% +y? < 9 encloses
a solid region V', and choosing (0,0, 1) as the unit normal to T exterior to
V', we see that

SO

2+y2<9

/ F-(0,0,1)dzdy — / F(z,y,2)-dS = / div Fdx dy dz.
i s v
But div F = (—4z2%), + 0+ (2*). = 0, so

/F(x,y,z)-dS:/F~(O7O,1)dardy=/z4dxdy:94327r.
s T T

\ J

Checkpoint 7.2 Let F denote the vector field F() = (z,y, —2z) in R3, and Sg
denote the upper hemisphere {(x, y,2) 22 +y? +22=R% 2 > O}. Evaluate the
integral
F(%) - (%) do(T),
Sr
where 71(Z) denotes the unit normal vector to S at & € Sg, pointing upward, and
do(Z) denotes the area element of Sg.

Example 7.3 (January 2007 WQ).

Suppose that Q is a bounded domain in R?® whose boundary, 99, is a
C! hypersurface. Let v(y) = (v1(y), v2(y), v3(y)) denote the unit exterior
normal vector to 9 at y € 99, and do(y) denote the area form for 99.

(a). Prove that

v 0, if0eR3\Q;
JREEC TR Rl
aa Iyl 4w, f0eQ.

(b). Fix a domain  satisfying the assumptions above, define for x € R?

Vix) = /8 x =yl w(y) doy).

Prove that

i@%(x)_ 0, ifxeR3\Q;
0 oxt 4w, ifxeq.
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Solution. The domain € is not given explicitly, so we should not expect
to evaluate the integral directly. Since OS2 is a closed surface, the integral
formulated is in a form that the Divergence Theorem may be applicable. The
vector field on OS2, # has a smooth extension inside of 2 when 0 € R?\ Q,
in which case a direct application of the Divergence Theorem gives

/89 yi;'gy) do(y) =/Q div <|yy|3) dy =0,

as div (#) dy = 0.

When 0 € €2, the extension inside # becomes singular at y = 0, so we
can’t apply the Divergence Theorem directly inside of £2. We need to take a
small € > 0 so that the ball B.(0) C Q, and we can apply the Divergence
Theorem on Q \ B.(0) to get

</a - /3340)) L2 doy)
:/Q\B‘(O) div <|yy|3) dy = 0.

Using |y| = € on 9B(0), we get

y-v(y) _
/ 5 do(y) = / e 2do(y) = 4n,
8B.(0) lyl 8B, (0)

and conclude that

/ ylj(y) da(y):47r,
o0

lyl?

in this case.

Example 7.4 (January 2019 WQ).

Let (P(z,y),Q(z,y)) be a C! vectorfield in R? \ {(0,0)}. It is said to be
curl free in R?\ {(0,0)} if 9,Q(z,y) — 9, P(z,y) = 0 there; it is said to have
a potential function in R? \ {(0,0)} if there exists a C? function ¢(z,y) in
that region such that (P(z,y), Q(z,y)) = (0:¢(z,y), 0y¢(z,y)) there.
(a). Prove that (P(z,y),Q(z,y)) is curl free in R? \ {(0,0)} iff for any
(wo,%0) € R%\{(0,0)}, faDT(wo,yo) P(z,y)dz+Q(z,y) dy = 0 for all0 <
r < /a2 +y3, where D,(x9,y0) is the disc of radius r centered at
(o, Yo)-
(b). Prove that for any curl free vectorfield (P(x,y), Q(z,y)) in R?\ {(0,0)},
there exists a unique ¢ € R such that

(P(x,9), Q(z,y)) — e(——5— Z )

T 224 g2 22 4 g2
has a potential function in R?\ {(0,0)}.

Solution. (a). Applying Green’s Theorem, we have

/ P(z,y) de+Q(z,y) dy = / / (0Q(, ) — 8,P(z,)) dz dy.
dD(z0,y0) D, (z0,y0)

o1



The conclusion follows from this.
(b). First, note that, for any 0 < ry < ro,

/ P(z,y)dz + Q(z,y) dy—/ P(z,y)dr + Q(z,y) dy
8D, (0,0) 8D, (0,0)
[ (0:@(a.9) - 8,Plz,y) dudy =0,

2<p24y2<r

SO faD ©0,0) P(z,y)dz + Q(x,y) dy = 27c is independent of 0 < r for some

constant ¢ € R. Note also that (— 5) is also curl free in R?\{(0,0)},

2—&-y2 ’ 12+y
and

dx xd
/ (_ 2y st > z 2) =2r
8D.,.(0,0) 4ty ety

is also independent of 0 < r. Setting

= = y x
(P(x,y),Q(ﬁ,y)) = (P(x,y)7Q(1',y)) - C(_Wﬂ W)a

then faD ©.0) P(z,y)dz + Q(z,y)dy = 0 for all 0 < r. In the simply

connected region U C R? \ {(0,0)} by deleting the negative z-axis, by

Poincareé Lemma, (P(z,y),Q(z,y)) has a well defined potential function

)y oo
a%wz/ Bl Gllem) i
C

(@,y)
where C(, ) is the arc of circle from (y/x? 4-42,0) to (z,y). Due to the
property that faD,.(o,o) IS(x,y) dr + @(x,y) dy = 0 for all 0 < r, ¢(z,y)
extends to be a continuous function on R? \ {(0,0)}. To see that the
extended ¢ is C2 in a neighborhood of any point (x,0) along the negative
z-axis, note that each such point has a small disc D C R?\ {(0,0)} on which

(ﬁ(m, Y), @(:137 y)) has a well defined C? potential function 1. Since ¢ and ¢
differ by a constant in this disc, it follows that ¢ is also C? in this disc.
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